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Preliminaries G2 manifolds

G2 manifolds

Definition

Let M be a 7-manifold. A G2-structure on M is a 3-form ϕ on M that is
nondegenerate in the sense that ϕ determines a metric and orientation via

(X ϕ) ∧ (Y ϕ) ∧ ϕ = C gϕ(X ,Y ) volϕ.

a G2-structure exists on M iff M is orientable and spinnable

Definition

Let ϕ be a G2-structure on M. Let gϕ be the induced metric with
Levi-Civita connection ∇ϕ. Then (M, ϕ) is a G2 manifold if ∇ϕϕ = 0.

this is a nonlinear PDE for ϕ

G2 manifolds are Ricci-flat, admit a parallel spinor, and have
holonomy contained in G2
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Preliminaries Calibrated submanifolds

Calibrated submanifolds

Let (M, ϕ) be a G2 manifold, and let ψ = ?ϕϕ be the Hodge dual 4-form.
Then ϕ and ψ are both calibrations (closed forms of comass one).

an oriented 3-d submanifold A in M is associative if ϕ|A = volA

an oriented 4-d submanifold C in M is coassociative if ψ|C = volC

up to orientation, C 4 ⊆ M7 is coassociative iff ϕ|C = 0

A link to physics and mirror symmetry

[G2 manifolds : M-theory] ↔ [Calabi-Yau 3-folds : string theory]

[associative submanifolds] ↔ [J-holomorphic curves]

[coassociative submanifolds] ↔ [special Lagrangian submanifolds]

SYZ conjecture: mirror symmetry via fibrations of CY by sLag.

Motivates study of fibrations of G2 manifolds by coassocatives
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Cast of characters Riemannian conifolds

Riemannian conifolds

The coassociative submanifolds in our story are Riemannian conifolds.
Let Cn = (0,∞)×Σn−1 be endowed with a cone metric gC = dr2 + r2gΣ.

Definition

We say that (N, gN) is asymptotically conical (AC) to C with rate λ < 0,
if outside of a compact set K ⊆ N, we have N \ K ∼= (R,∞)× Σ, and

gN − gC = O(rλ) as r →∞

Definition

We say that (N, gN) is conically singular (CS) to C with rate λ > 0, if
outside of a compact set K ⊆ N, we have N \ K ∼= (0,R)× Σ, and

gN − gC = O(rλ) as r → 0
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Cast of characters Multi-moment maps

Multi-moment maps

Let G be a 3-dimensional Lie group acting on (M, ϕ) preserving ϕ, with
infinitesimal generators X1,X2,X3.

Definition (Madsen–Swann)

The action G on (M, ϕ) admits a multi-moment map if there exist maps
µ = (µ1, µ2, µ3) : M → R3 and ν : M → R such that

ϕ(X2,X3, ·) = dµ1, ϕ(X3,X1, ·) = dµ2, ϕ(X1,X2, ·) = dµ3,

ψ(X1,X2,X3, ·) = dν.

Madsen–Swann showed that multi-moment maps exist if G = T 3,
and discussed the geometry of the “reduced space”.

The groups that are relevant for us are SO(3) and SU(2), where the
theory is still not well understood.

We will exhibit partial results on existence in our situation.
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Cast of characters Hypersymplectic structures

Hypersymplectic structures

Let N be an orientable 4-manifold and let η ∈ Ω4(N) be nowhere zero.

Definition (Donaldson)

A hypersymplectic structure on N is a triple (ω1, ω2, ω3) of symplectic
forms such that ωi ∧ ωj = Qijη for a positive definite symmetric Qij on N.

a hypersymplectic structure is hyperKähler iff Qij = Cδij for C > 0.
a hypersymplectic structure determines a Riemannian metric on N

Lemma

Let (M, ϕ, gϕ) be a G2 manifold and N ⊆ M be coassociative. Suppose

ϕ = Fh1 ∧ h2 ∧ h3 + h1 ∧ β1 + h2 ∧ β2 + h3 ∧ β3,

where dhk = 0 on M and hk |N = 0. Then the triple (ω1, ω2, ω3) defined
by ωk = βk |N is a hypersymplectic structure on N.

Note: The “hypersymplectic metric” is not the induced metric gϕ|N .
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Cast of characters The Bryant–Salamon manifolds

The Bryant–Salamon manifolds

The Bryant–Salamon manifolds are complete noncompact G2 manifolds,
the first discovered (1989). They are of cohomogeneity one and explicit.

Each of the three Bryant–Salamon manifolds comes in two versions:

the smooth version (Mc , ϕc), which induces a metric gc that is
asymptotically conical to a G2 cone (M0, ϕ0) where c > 0

the cone version (M0, ϕ0) that is the asymptotic cone of (Mc , ϕc)

in all cases, Mc is the total space of a vector bundle M over a
compact base K and M0

∼= M \ K

1 spinor bundle /S(S3) of the round S3, topologically R4 × S3

2 bundle of anti-self dual 2 forms Λ2
−(S4) of the round S4

3 bundle of anti-self dual 2 forms Λ2
−(CP2) of the Fubini-Study CP2

In the “limit” as Vol(K )→∞, each (Mc , ϕc) “converges” to (R7, ϕR7).
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Case One: /S(S3) Group actions and coassociative fibration

Group actions and coassociative fibration

Recall M = /S(S3) ∼= H× S3 ⊆ H×H and SU(2) ∼= S3 is unit quaternions.
We also have SO(4) = (SU(2)× SU(2))/{±(1, 1)}.

SU(2) acts fibrewise on M and M0 by p · (a, x) = (pa, x)

SO(4) acts fibrewise on M and M0 by (p, q) · (a, x) = (paq, x)

Theorem (Coassociative fibration)

Let M = (/S(S3), ϕc) and M0 = (/S(S3) \ S3, ϕ0).

(a) The canonical projection π : M → S3 is a coassociative fibration.
All fibres are SO(4)-invariant and diffeomorphic to R4.

(b) The canonical projection π0 : M0 → S3 is a coassociative fibration.
All fibres are SO(4)-invariant and diffeomorphic to R4 \ {0}.
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Case One: /S(S3) Multi-moment maps and hypersymplectic structures

Multi-moment maps and hypersymplectic structures

Proposition (Multi-moment map)

The SU(2) action on M or M0 admits a partial multi-moment map:

ψ(X1,X2,X3, ·) = dν where ν = 6(3c − r2)(c + r2)
1
3 − 18c

4
3 .

However, the 1-forms αk = ϕ(Xi ,Xj , ·) are not exact (nor even closed).
[They are related to the hyperKähler moment map in a mysterious way.]

Proposition (Hypersymplectic structure)

Each coassociative fibre of M or M0 inherits an induced hypersymplectic
structure (ω1, ω2, ω3).

Up to a scale factor of 4
√

3, this hypersymplectic structure is the standard
Euclidean hyperKähler structure on R4 or R4 \ {0}, respectively.
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Case One: /S(S3) Induced Riemannian geometry and flat limit

Induced Riemannian geometry and flat limit

Proposition (Induced Riemannian geometry)

Each coassociative fibre N of M or M0 inherits an induced Riemannian
metric gN by restriction.

(a) On M, the induced metric on the coassociative R4 fibres is
conformally flat and asymptotically conical with rate −3 to the metric

gR+×S3 = dr2 + 4
9 r

2gS3 .

(b) On M0, the induced metric on the coassociative R4 \ {0} fibres is
exactly the above cone metric, which is conformally flat, but not flat,
and so is not smooth at the origin.

Proposition (Flat limit)

As Vol(S3)→∞, the coassociative fibration of M limits to the trivial
coassociative R4 fibration of (R7 = R4 ⊕ R3, ϕ0) over R3.
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Case Two: Λ2
−(S4)

Case Two: Λ2
−(S4)
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Case Two: Λ2
−(S4) Group action and coassociative fibration

Group action and coassociative fibration
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Case Two: Λ2
−(S4) Nonlinear ODEs for SO(3)-invariant coassociatives

Nonlinear ODEs for SO(3)-invariant coassociatives

We parametrize (most of) S4 ⊂ R5 = R3 ⊕ R2 by

x ∈ S4 ⊂ R3 ⊕ R2 ↔ x = (p cosα,q sinα)

where p ∈ S2 ⊂ R3 and q ∈ S1 ⊂ R2 are given by

p = (cos θ, sin θ cosφ, sin θ sinφ), q = (cosβ, sinβ).

This determines an orthogonal frame Ω1, Ω2, Ω3 for Λ2
−(S4) by

Ω1 = sinαdα ∧ dβ − cos2 α sin θdθ ∧ dφ,

Ω2 = cosαdα ∧ dθ − sinα cosα sin θdφ ∧ dβ,

Ω3 = cosα sin θdα ∧ dφ− sinα cosαdβ ∧ dθ,

thus determining fibre coordinates a1, a2, a3. We let

a1 = t, a2 = s cos γ, a3 = s sin γ.

Thus we get local coordinates (α, β, θ, φ, s, t, γ) on our 7-manifold.
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Case Two: Λ2
−(S4) Nonlinear ODEs for SO(3)-invariant coassociatives

Nonlinear ODEs for SO(3)-invariant coassociatives

One can show that ϕc vanishes on the 3-dimensional SO(3) orbits.

Thus by Harvey–Lawson’s local existence theorem, there exists a
coassociative thickening of each orbit.

The coordinates θ, φ, γ are SO(3)-invariant. Thus we seek a curve
s(τ), t(τ), α(τ), β(τ) so that this family of orbits is a coassociative.

Theorem (Nonlinear ordinary differential equations)

The nonlinear ODEs for SO(3)-invariant coassociatives are β̇ = 0 and

0 = s sinα(tṫ + sṡ) + 2(c + s2 + t2)s cosαα̇,

0 = t sin2 α(tṫ + sṡ) + (c + s2 + t2)(4t sinα cosαα̇− 2 cos2 αṫ).

From these we find the following constants on each coassociative fibres:

β, u = t cosα, v = 2(c + s2 + t2)
1
4 sinα.
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Case Two: Λ2
−(S4) Multi-moment maps and hypersymplectic structures

Multi-moment maps and hypersymplectic structures

Proposition (Multi-moment map)

The SO(3) action on M or M0 admits a partial multi-moment map:

ψ(X1,X2,X3, ·) = dρ where ρ = s2 cos2 α.

However, the 1-forms αk = ϕ(Xi ,Xj , ·) are not exact (nor even closed).

[However, by taking particular functional linear combinations of X1, X2, X3

we do get a “moment map” The precise meaning of this is not clear.]

Proposition (Hypersymplectic structure)

Each coassociative fibre of M or M0 inherits an induced hypersymplectic
structure (ω1, ω2, ω3). This satisfies ωi ∧ ωj = 2QijvolN where Q is

diag
(

2(c+s2+t2)
1
2

2c cos2 α+(s2+t2)(1+cos2 α)
, c+s2+t2

2c cos2 α+(s2+t2)(1+cos2 α)
,2(c+s2+t2)

1
2 sin2 α

)
.

This hypersymplectic structure is not hyperKähler.
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Case Two: Λ2
−(S4) Induced Riemannian geometry

Induced Riemannian geometry

Theorem (Induced Riemannian geometry)

Each coassociative fibre N of M or M0 inherits an induced Riemannian
metric gN by restriction.

(a) All the coassociative fibres (smooth and singular) in M or M0 are
asymptotically conical, with rate at least −2, to the cone over RP3,
equipped with the cone metric

gAC = dr2 + 1
4 r

2σ2
1 + 1

2 r
2(σ2

2 + σ2
3).

(b) All the singular coassociative fibres in M are conically singular to the
cone over RP3, equipped with the cone metric

gCS = dr2 + 1
2 r

2(σ2
1 + σ2

2) + r2σ2
3.

(c) The unique singular coassociative fibre in M0 is exactly a Riemannian
cone, equipped with the cone metric gAC above.
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Case Two: Λ2
−(S4) Flat limit

Flat limit

Consider the map π : C3 → C given by π(z1, z2, z3) = z2
1 + z2

2 + z2
3 .

For τ ∈ R we have an SO(3)-invariant fibration of C3 by complex surfaces
given by

NL(τ) = {(z1, z2, z3) ∈ C : π(z1, z2, z3) = τ}

τ = 0 is C2/{±1}, which is topologically the cone (R+ ×RP3) ∪ {0}.
τ 6= 0 is blow-up of C2/{±1} at origin, topologically T ∗S2.
This is the classical Lefschetz fibration.

Taking the direct sum with R gives a translation invariant and
SO(3)-invariant coassociative fibration of R7 = C3 ⊕ R.

Proposition (Flat limit)

As Vol(S4)→∞, the coassociative fibration of M limits to the the
translation invariant Lefschetz coassociative fibration of (C3 ⊕ R, ϕ0).
[M has a commuting U(1) action that becomes translation in the limit.]
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Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)

involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M

fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”

this motivates us to do the same for our T ∗S2-fibration of Λ2
−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .

Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Base metric and harmonic 1-form on base

Base metric and harmonic 1-form on base

Joyce–K. [JDG’20] constructs new compact G2 manifold from (M, ϕ)
involves family of T ∗S2 spaces fibred over an associative L3 in M
fibres equipped with Eguchi–Hanson metrics parametrized by a
harmonic 1-form λ on L3, obtained by integrating ϕ over S2 “bolts”
this motivates us to do the same for our T ∗S2-fibration of Λ2

−(S4)

Theorem

For c = 0, the induced metric k0 on the base R3 of the fibration of M0 is
the union of two non-flat cone metrics on half-spaces R+ × S2

+( 1√
2

).

For c > 0, the induced metric kc on the base R3 of the fibration of M is
asymptotically conical with rate −2 to k0.

Let λc be the 1-form on R3 obtained by integrating ϕc over the S2 bolts.
Then λc is harmonic with respect to kc .
Moreover, |λc |kc gives the bolt size. Thus if c > 0, then λc vanishes only
on the critical circle S1

c , and if c = 0 then λ0 vanishes only at the origin.

22/32



Case Two: Λ2
−(S4) Vanishing cycles and thimbles

Vanishing cycles and thimbles

In the study of calibrated fibrations (particularly in symplectic geometry),
two central objects are vanishing cycles and thimbles.

Consider a path for t ∈ [0, ε) in the base B of the fibration of M,
through generic smooth fibres for t ∈ (0, ε) and ending at a
degenerate singular fibre at t = 0.
Along this path, one finds that a certain cycle (cohomology class) in
the smooth fibres collapses to zero. This is a vanishing cycle.
The family of cycles for t ∈ [0, ε) gives a thimble in M.
The vanishing cycles should have special geometry in the fibres, and
the thimbles should have special geometry in M.

Theorem

∃ a natural SU(2)-structure on each smooth fibre T ∗S2 in M or M0 such
that the “bolt” S2 is special Lagrangian. [This is not Calabi–Yau.]
The corresponding thimbles in M or M0 are associative submanifolds.
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Case Three: Λ2
−(CP2)

Case Three: Λ2
−(CP2)
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Case Three: Λ2
−(CP2) Group action and coassociative “fibration”

Group action and coassociative “fibration”

The space CP2 is a quotient of C3 \ {0}. Choose a splitting C3 = C2 ⊕C.
Then SU(2) acts on C3 by the standard action on C2 and trivially on C.

This descends to an action of SU(2) on CP2 which lifts to Λ2
−(CP2).

Theorem (Coassociative fibration)

Let M = (Λ2
−(CP2), ϕc) and M0 = (Λ2

−(CP2) \ CP2, ϕ0).
There exists a 3-parameter family of SU(2)-invariant coassociatives, which
(together with the zero section CP2 when c > 0) cover M or M0.
However, these “coassociative fibres” intersect in a codimension 4 set.

(a) The generic fibre in the fibration is smooth and diffeomorphic to
OCP1(−1). Each OCP1(−1) fibre generically intersects a 2-parameter
family of other OCP1(−1) fibres in the CP1 zero section.

(b) The remaining fibres form a codimension 1 subfamily and are each
diffeomorphic to R+ × S3. Moreover, these R+ × S3 fibres do not
intersect any other fibres.
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Case Three: Λ2
−(CP2) Nonlinear ODEs for SU(2)-invariant coassociatives

Nonlinear ODEs for SU(2)-invariant coassociatives

We parametrize (most of) S5 ⊂ C3 = C2 ⊕ C by

x ∈ S5 ⊂ C2 ⊕ C ↔ x = (p sinα,q cosα)

where p ∈ S3 ⊂ C2 and q ∈ S1 ⊂ C are given by

p = (e i(η+ 1
2

(ψ+φ)) cos θ2 , e
i(η+ 1

2
(ψ−φ)) sin θ

2 ), q = e iη.

Quotienting by the e iη action gives local coordinates (α,ψ, φ, θ) on CP2.

This determines a particular orthogonal frame Ω1, Ω2, Ω3 for Λ2
−(CP2)

(which we omit), thus determining fibre coordinates a1, a2, a3. We let

a1 = r cos γ, a2 = r sin γ cosβ, a3 = r sin γ sinβ.

Thus we get local coordinates (α,ψ, φ, θ, r , γ, β) on our 7-manifold.

26/32



Case Three: Λ2
−(CP2) Nonlinear ODEs for SU(2)-invariant coassociatives

Nonlinear ODEs for SU(2)-invariant coassociatives

We parametrize (most of) S5 ⊂ C3 = C2 ⊕ C by

x ∈ S5 ⊂ C2 ⊕ C ↔ x = (p sinα,q cosα)

where p ∈ S3 ⊂ C2 and q ∈ S1 ⊂ C are given by

p = (e i(η+ 1
2

(ψ+φ)) cos θ2 , e
i(η+ 1

2
(ψ−φ)) sin θ

2 ), q = e iη.

Quotienting by the e iη action gives local coordinates (α,ψ, φ, θ) on CP2.

This determines a particular orthogonal frame Ω1, Ω2, Ω3 for Λ2
−(CP2)

(which we omit), thus determining fibre coordinates a1, a2, a3. We let

a1 = r cos γ, a2 = r sin γ cosβ, a3 = r sin γ sinβ.

Thus we get local coordinates (α,ψ, φ, θ, r , γ, β) on our 7-manifold.

26/32



Case Three: Λ2
−(CP2) Nonlinear ODEs for SU(2)-invariant coassociatives

Nonlinear ODEs for SU(2)-invariant coassociatives

We parametrize (most of) S5 ⊂ C3 = C2 ⊕ C by

x ∈ S5 ⊂ C2 ⊕ C ↔ x = (p sinα,q cosα)

where p ∈ S3 ⊂ C2 and q ∈ S1 ⊂ C are given by

p = (e i(η+ 1
2

(ψ+φ)) cos θ2 , e
i(η+ 1

2
(ψ−φ)) sin θ

2 ), q = e iη.

Quotienting by the e iη action gives local coordinates (α,ψ, φ, θ) on CP2.

This determines a particular orthogonal frame Ω1, Ω2, Ω3 for Λ2
−(CP2)

(which we omit), thus determining fibre coordinates a1, a2, a3. We let

a1 = r cos γ, a2 = r sin γ cosβ, a3 = r sin γ sinβ.

Thus we get local coordinates (α,ψ, φ, θ, r , γ, β) on our 7-manifold.

26/32



Case Three: Λ2
−(CP2) Nonlinear ODEs for SU(2)-invariant coassociatives

Nonlinear ODEs for SU(2)-invariant coassociatives

We parametrize (most of) S5 ⊂ C3 = C2 ⊕ C by

x ∈ S5 ⊂ C2 ⊕ C ↔ x = (p sinα,q cosα)

where p ∈ S3 ⊂ C2 and q ∈ S1 ⊂ C are given by

p = (e i(η+ 1
2

(ψ+φ)) cos θ2 , e
i(η+ 1

2
(ψ−φ)) sin θ

2 ), q = e iη.

Quotienting by the e iη action gives local coordinates (α,ψ, φ, θ) on CP2.

This determines a particular orthogonal frame Ω1, Ω2, Ω3 for Λ2
−(CP2)

(which we omit), thus determining fibre coordinates a1, a2, a3. We let

a1 = r cos γ, a2 = r sin γ cosβ, a3 = r sin γ sinβ.

Thus we get local coordinates (α,ψ, φ, θ, r , γ, β) on our 7-manifold.

26/32



Case Three: Λ2
−(CP2) Nonlinear ODEs for SU(2)-invariant coassociatives

Nonlinear ODEs for SU(2)-invariant coassociatives

One can show that ϕc vanishes on the 3-dimensional SU(2) orbits.
Thus by Harvey–Lawson’s local existence theorem, there exists a
coassociative thickening of each orbit.
The coordinates ψ, φ, θ are SU(2)-invariant. Thus we seek a curve
r(τ), γ(τ), α(τ), β(τ) so that this family of orbits is a coassociative.

Theorem (Nonlinear ordinary differential equations)

The nonlinear ODEs for SU(2)-invariant coassociatives are β̇ = 0 and

0 = cos γ cos2 αṙ + (c + r2) sin2 α(− cos γ ṙ + r sin γγ̇ − 4r cos γ cotαα̇),

0 = r2 sin γ cosα(1 + cos2 α)ṙ − 2(c + r2)r sin γ sinα(1 + 3 cos2 α)α̇

− 2(c + r2) sin2 α cosα(r cos γγ̇ + sin γ ṙ).

From these we find the following constants on each coassociative fibres:

β, v = 2(c + r2)
1
4 cosα cot γ.
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Case Three: Λ2
−(CP2) Nonlinear ODEs for SU(2)-invariant coassociatives

Nonlinear ODEs for SU(2)-invariant coassociatives

There is still one more “constant of the motion” u that is missing.

When c = 0 (the cone case), we can solve explicitly that

u =
2 cos2 α− sin2 α sin2 γ

cos2 α cos γ
.

When c > 0 we are unable to integrate the final ODE in closed form.
The equation reduces to the following ODE in the (γ, α) plane:

cosα
(
(v4 sin4 γ − 16c cos4 α cos4 γ)(2 cos2 α+ sin2 α sin2 γ)− 2v4 sin2 α sin4 γ

)
γ̇

− 2 sinα sin γ cos γ
(
v4 sin2 α sin4 γ + (v4 sin4 γ − 16c cos4 α cos4 γ) cos2 α

)
α̇ = 0.

For c > 0 we use dynamical systems to study fibration structure.

However, for c > 0 we cannot compute induced hypersymplectic structure.
[We can do it for c = 0 but it is extremely complicated.]
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Case Three: Λ2
−(CP2) Multi-moment maps and induced Riemannian geometry

Multi-moment maps and induced Riemannian geometry

Proposition (Multi-moment map)

The SU(2) action on M or M0 admits a partial multi-moment map:

ψ(X1,X2,X3, ·) = dρ where ρ = 1
4
r2 sin2 α(4 cos2 α+ sin2 γ sin2 α) + 1

2
c(1− sin4 α).

A before, the 1-forms αk = ϕ(Xi ,Xj , ·) are not exact (nor even closed).

Due to the lack of an explicit formula for the third conserved quantity
when c > 0, we only get partial results on induced Riemannian geometry.

With respect to a coframe σ1, σ2, σ3 for SU(2) ∼= S3, define metric cones
gA and gB on R+ × S3 by

gA = dR2 + 1
6R

2(σ2
1 + σ2

2) + 1
4R

2σ2
3,

gB = dR2 + 1
16R

2σ2
1 + 1

4R
2(σ2

2 + σ2
3).
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The SU(2) action on M or M0 admits a partial multi-moment map:

ψ(X1,X2,X3, ·) = dρ where ρ = 1
4
r2 sin2 α(4 cos2 α+ sin2 γ sin2 α) + 1

2
c(1− sin4 α).

A before, the 1-forms αk = ϕ(Xi ,Xj , ·) are not exact (nor even closed).

Due to the lack of an explicit formula for the third conserved quantity
when c > 0, we only get partial results on induced Riemannian geometry.

With respect to a coframe σ1, σ2, σ3 for SU(2) ∼= S3, define metric cones
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Case Three: Λ2
−(CP2) Induced Riemannian geometry

Induced Riemannian geometry

Theorem (Induced Riemannian geometry)

Each coassociative fibre N of M or M0 inherits an induced Riemannian
metric gN by restriction.

(a) For M0 the generic smooth fibre OCP1(−1) is asymptotically conical
with rate −1 to the cone gA.
A non-generic set of smooth fibres OCP1(−1) is asymptotically conical
with rate −4 to the cone gB .
Of the singular fibres R+ × S3, some are exactly cone gA, some are
exactly cone gB , and some are AC with rate −1 to gA and CS to gB .

(b) For Mc the generic smooth fibre OCP1(−1) is asymptotically conical
with unknown rate to the cone gA.
A non-generic set of smooth fibres OCP1(−1) is asymptotically conical
with rate −4 to the cone gB .
The singular fibres R+ × S3, are AC with unknown rate to gA and
unknown as r → 0 (but likely CS).
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Case Three: Λ2
−(CP2) Flat limit

Flat limit

Identify R7 = ImO = ImH⊕He for e ∈ H⊥ with |e| = 1. Recall that
SU(2) ∼= S3 is the unit quaternions.

Fix ε ∈ ImH with |ε| = 1. Then for τ ∈ R we have an SU(2)-invariant
coassociative fibration of (R7, ϕ0) due to Harvey–Lawson as follows:

NHL(ε, τ) = {rqεq + (sq)e : q ∈ S3 ⊂ H, r ∈ R, s ≥ 0, r(4r2 − 5s2)2 = τ}

τ = 0 is a union of two cones: flat C2; and Lawson–Osserman cone
(L–O) whose link is the graph of a Hopf map S3 → S2.

τ 6= 0 has two components: one is OCP1(−1) and is AC to L–O;
other is R+×S3 and is AC to C2 at one end and to L–O at other end.

Proposition (Flat limit)

As Vol(CP2)→∞, the coassociative fibration of M limits to the
Harvey–Lawson coassociative fibration of (R7, ϕ0).
[M has a non-commuting U(1) action; makes limiting fibration nontrivial.]
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Case Three: Λ2
−(CP2) Flat limit

Thank you for your attention.
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