Random models on regularity-integrability structures
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Abstract

We prove a convergence result for a large class of random models that encompasses the
case of the BPHZ models used in the study of singular stochastic PDEs. We introduce for
that purpose a useful variation on the notion of regularity structure called a regularity-
integrability structure. It allows to deal in a single elementary setting with models on
a usual regularity structure and their first order Malliavin derivative.

1 — Introduction

The introduction by M. Hairer of the theory of regularity structures opened a new era in the domain
of stochastic partial differential equations (PDEs). It provided in particular a robust solution theory
for a number of equations, called ‘singular’, whose study is beyond the range of the methods based on
stochastic calculus. The singular feature of these equations is related to the fact that their formulations
involve some ill-defined products. The development of this theory was done in several steps. The analytic
core was developed in Hairer’ seminal work [I7]. Its algebraic backbone was deepened in Bruned, Hairer &
Zambotti’s work [8]. The specific task of dealing with the ill-defined products of a singular stochastic PDE
is called the renormalisation problem. This problem has a dynamics side and a probabilistic side. The
dynamic meaning of the BPHZ renormalisation procedure of [§] was studied by Bruned, Chandra, Chevyrev
& Hairer in [7], and lead to the identification of a solution to a singular stochastic PDE as the limit of
solutions to renormalised versions of the initial equations, that is equations driven by a regularized noise
with additional counterterms that typically diverge as the regularization parameter vanishes. The analytic
machinery needs as an input an equation-dependent finite family of quantities built from a regularized
noise. A systematic proof of probabilistic convergence of these quantities using the BPHZ renormalisation
rule was given by Chandra & Hairer in [12]; this is the probabilistic side of the renormalisation problem.

Altogether the four works [I7, [8] [7, [12] form an automated blackbox for the study of a well identified
large class of equations, with prominent examples coming as scaling limits of some microscopic discrete
systems of statistical mechanics. This is the case of the (KPZ) equation from continuous interface growth
models, of the parabolic Anderson model equation giving the scale limit of branching particle systems,
or of the ®3 equation from Euclidean quantum field theory. While the works [17, 8, [7] are now well
understood by a growing community this is not the case of the work [I2]. The latter uses ideas from the
multiscale expansion method developed by Feldman, Magnen, Rivasseau & Sénéor in [I5], for the study of
divergent Feynman integrals, to analyse the convergence problem of an equation-dependent finite collection
of iterated integrals. The sophistication of their analysis and the very general assumptions on the law of
the noise adopted in [12] make their work very challenging.

Meanwhile, Otto developped with a number of co-authors a variant of the theory of regularity structures
tailor made for the study of a certain class of singular quasilinear stochastic PDEs. Its analytic machinery
was constructed in the works [28] 26] with Weber, and Sauer & Smith. The algebraic machinery was
described in the work [22] with Linares & Tempelmayr. Importantly, they were able to identify in [26] a
renormalisation procedure with a similar dynamic meaning as the BPHZ renormalisation process. Linares,
Otto, Tempelmayr & Tsatsoulis proved in [23] the convergence result corresponding in their setting to
the convergence result of [12]. Most interestingly, the authors of [23] used a set of assumptions and tools
different from [12], trading assumptions on cumulants and questions on iterated integrals for a spectral
gap assumption on the law of the random noise and an iterative control of the stochastic objects. Their
approach bypasses in particular the intricate algebraic content of the BPHZ strategy. We note that
the idea of differentiation with respect to the noise that is involved in the spectral gap assumption was
used in a different form in the early 80s by Caswell & Kennedy [I1] in their approach to perturbative
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renormalisation of quantum field theories. The results [26], 22] 23] are not directly applicable to the study
of semilinear subcritical singular stochastic PDEs. Hairer & Steele [20] gave very recently an improved
and simplified version of the convergence result of [23], in the original regularity structure setting. Their
general convergence result for the BPHZ renormalisation procedure provides an alternative to the result
of [I2] of similar scope for practical purposes. We provide in the present work an alternative proof of
their convergence result that holds for a larger class of renormalisation procedures containing the BPHZ
procedure of [20] as a particular example.

Like [23], the convergence proof of [20] is done by induction. The objects to control are renormalized
models on a regularity structure. They are built from a regularized noise and come under the form of a
family of distributions II?7 indexed by the points x of the state space and a finite, equation-dependent,
family of symbols 7. The integer n accounts here for the regularization parameter. The stochastic conver-
gence of these models as the regularization is removed is mainly controlled by the LP(2) convergence of
real-valued quantities of the form

AT () (1.1)
where the smooth test functions ¢} behave like Dirac masses at x as A goes to 0 and |7| is some real
number. The spectral gap assumption on the law of the random noise allows to control the LP(2) norm
of by its expectation and the quantity

E[ sup [(du(Mpr)(m) @], (1.2)
Ihllm <1

where d,, (-)(h) stands for the Gateaux derivative in the direction h, for h € H in some space H. It turns out
that a good control on the expectation of for A = 1 can be propagated by induction to any 0 < A <1
and all symbols. Building on the insight of [23] Hairer & Steele show that d,,(M7%7)(h) can be represented
as the reconstruction of a modelled distribution defined on an extended regularity structure that contains
an extra noise symbol — a placeholder for a generic h. This representation comes with estimates that play
a crucial role in the inductive procedure. To apply this strategy Hairer & Steele introduced a concept of
pointed modelled distribution that allows to harvest the benefits associated with the improved regularity
of the functions A involved in the spectral gap assumption, compared to the regularity of the noise, and
get as a consequence a good scaling bound for . One then needs to extend the analytic core of
the theory of regularity structures to the setting of pointed modelled distributions; a non-trivial task.
Further, the construction of a pointed modelled distribution associated with the derivative d,, (N%7)(h) of
the renormalized model is only done in [20] for BPHZ-like renormalisation procedures. We use a different
strategy to prove the convergence of a larger family of renormalized models. These models are built from
a class of maps that act on the linear space spanned by the symbols 7, called preparation maps. They
were introduced by Bruned in [6] as a fundamental brick in the inductive construction of a large class of
admissible models. BPHZ-like renormalisation procedures correspond to particular examples of preparation
maps. The dynamic meaning of the renormalisation procedure associated with (strong) preparation maps
was studied by Bailleul & Bruned in [I]. As in the BPHZ setting it involves renormalized equations that
include additional counterterms.

In our setting we trade the testing operation against a scaled centered function for a testing oper-
ation against some kernel Q;(z,-) and we aim at getting some (probabilistic) bounds on quantities of the
form ¢~ 171/£Q, (x, N27), where M7 is associated with a regularized noise and an n-dependent preparation
map. At the informal level of this introduction, our main result, Theorem [f] reads as follows. See the
latter half part of this section for the definitions of related notations.

1 — Theorem. Assume the noise symbol is the only element of the regularity structure with degree less
than or equal to —|s|/2. Assume that the law of the random noise has a spectral gap. Last, suppose that
we have some preparation maps R, for which the quantities E[Q1(0,N§T)] converge for all the symbols T
with non-positive degree. Then the renormalized models associated with these preparation maps converge
in L1(P) for any 1 < g < oo.

The spectral gap inequality is introduced in Section We give in this work our convergence result
in a situation where there is only one noise and one integration operator. The modifications needed to
accommodate a situation with different noises and different integration operators, as in [20], are standard
and left to the reader. To deal with models on a usual regularity structure and their first order Malliavin
derivative in a single setting we introduce a useful variant of the notion of regularity structure that we call
a reqularity-integrability structure. Its symbol space is in particular graded by a subset of R x [1, oo], with
the first component accounting for a regularity exponent and the second component accounting for an
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integrability exponent. An associated notion of modelled distribution, their reconstruction and Schauder
estimates for some integration operator, can be developed in the regularity-integrability setting as in the
classical setting. This is done in the companion work [2I]. We only need to work with two integrability
exponents oo, p € [1,00] at a time in this work. The regularity degree for a symbols 7 depends on the
choice of p. The algebraic structure that defines the regularity-integrability structure then turns out to be
p-dependent. On a technical level, in addition to the spectral gap assumption on the law of the random
noise, our proof of Theorem [I] rests on the versions of the reconstruction theorem and Schauder estimates
that hold in a regularity-integrability structure, and a useful comparison formula (Lemma [4]) describing
what happens to a renormalized model when we vary p, that is when we vary the regularity-integrability
structure itself. The mechanics of the proof is detailed in Section [3]

The class of renormalized models from [§] is built from a subclass of preparation maps. Within that
subclass there is a unique choice of preparation maps such that E[(II"7)(z)] = 0 for all 7 with negative
degree, z € R%, and n. The model M(P) associated to this preparation map is called BPHZ model. The
next statement expresses a continuity property of the law of M(P) in the class of probability measures that
have the same spectral gap. Tempelmayr [29] obtained recently a similar result in a different setting.

2 — Theorem. Let (P;)jen be a sequence of probability measures on Q that converges weakly to a limit
probability measure P. If all the P; satisfy a spectral gap inequality with the same constant then the law of
M(P;) converges weakly to the law of M(P).

We refer the reader to the reviews [I3] [14] of Chandra & Weber and Corwin & Shen for some non-
technical introductions to the domain of semilinear singular stochastic PDEs. One can refer to the books
[16, B] of Friz & Hairer and Berglund for mildly technical introductions to regularity structures, and to
Bailleul & Hoshino’s Tourist’s Guide [3] for a thorough tour of the analytic and algebraic sides of the theory.
Hairer’s lecture notes [I8], [I9] are centered on the problems of renormalisation in the setting of Feynmann
graphs and in the setting of singular stochastic PDEs, respectively. The lecture notes [27] 25] of Otto &
co. give a gentle introduction to the tree-free approach [23] to the renormalisation of the random models
that are involved in the analytic and algebraic settings of [28] [26] [22]. The present work is independent of
any of these works.

Organisation of the work. Section [2]sets the scene for our main convergence result for random models.
We specify the spectral gap assumption on the law of the random noise in Section 2.1 We introduce
algebraic structures of decorated trees that depend on a parameter p € [2, 00] in Section A notion of
differentiable sector is introduced in Section [2.3] It specifies a setting where one can talk of a sector that
is stable by a natural noise-derivative operator. Section [2.4] introduces regularity-integrability structures.
Since the degree of a tree depends on p so does a regularity-integrability structure, that is, the algebraic
rules for making local expansions depend on p. Models on regularity-integrability structures are described
in Section 2.5} The main point to get is that we use different Lebesgue spaces to measure some quantities
indexed by trees depending on whether or not there is a derivative noise symbol in that tree. The funda-
mental results about modelled distributions in the setting of regularity-integrability structures are proved
in the companion work [2I] and stated in Appendix [Al Preparation maps and their renormalized models
are introduced in Section 2.6} Lemma[4] in this section, is important: It provides an explicit comparison
for a fundamental quantity for two different values of p, that is, when the local expansion rules are possibly
different. We state our main result, Theorem [0} in Section 2.7 The remaining two sections are dedicated
to the proof of Theorem [6] We present the inductive core of the proof in Section [3] and defer to Section
[] the proof of a number of lemmas used in the induction. In a nutshell, we first introduce an order to
construct inductively a limit model on an increasing finite sequence of spaces V;, W;. The trees of V; have
no derivative noise while the trees of W; may have one derivative noise. The induction proceeds in three
steps after proving the convergence result for the base case. In Step 1 we prove that the probabilistic
convergence of the renormalized models on W; implies its probabilistic convergence on V;. We use for that
purpose the reconstruction theorem and the spectral gap inequality. In Steps 2 and 3 we prove that the
convergence on W; and V; implies the convergence on W; ;. In Step 2 we use the multilevel Schauder
estimate to control the g-part of the renormalized model on the elements of W; ;. In Step 3 we use the
comparison lemma, Lemma [4] to control the MN-part of the model. Indeed one gets for free some analytic
estimates when p = 2. The comparison lemma then allows to compare the lN-part for an arbitrary p to
its counterpart for p = 2. It turns out that the difference between the two quantities involves only some
terms whose control is provided by the induction mechanics. We provide a sketch of the proof of Theorem
in Section Bl



4

Notations — For a normed vector space X we will denote by L4(Q, P; X) the space of q-integrable X -valued
random variables. Throughout this paper, we fiz an integer d > 1, the scaling s = (s1,...,54) € [1,00)¢,
and an exponent

£ > max s;.
1<5<d

Set
|s| :== 81 + -+ + 54.
For any multiindex k = (k;)9_, € N* we define

d d
|k"5 = Zﬁjk]’, k! = H k]l
=1 i

Also for every x € R* and k = (k;)9_, € N* we define

k d L
= ijja [P ’:Z|$J"5j
j=1 j=1

The functional setting within which we set our study is associated with a heat semigroup (Qt)i>0 of an
(anisotropic) elliptic operator. Let
P, ) = Y aph

|kls <€
be a polynomial with real constant coefficients which satisfies

for some 6 > 0 and for any A € R%. We denote by
Qi(x) = PO () (£ >0, 2 € RY)

the heat kernel of the differential operator P(01,...,04). In Appendiz A of [4], it was proved that (Qt)t>o
satisfies the upper ‘Gaussian’ estimate

|Qi(z)| < Gi(z) = \51|/é eXp{ & Z <t|jj]/‘f) }

for any t > 0 and x € R, where ¢; > 0 is a fived constant. We also define the family of weight functions
(we)e>0 0N R? by

we(z) := e~ cl@ls,

It is elementary to show that for any ¢ > 0 and a > 0, the inequality
|G (@wee) 2]y ey S ¢ F 07D (1.3)

holds uniformly over p € [1,00] and t € (0,1]. This estimate will be used in Section[§ For ¢ > 0 and
p € [1,00] we define the weighted LP norm by

£l 2o (we) == [ fwell Lo (ray-
We define for each t > 0 the operator Q; on C(R%) N LP(w,) by

Qe )= [ Qulr =) (o).

For every a < 0 and p, q € [1, 00] we define the Besov space B;‘V’qQ (w,) as the completion of C(RY)NLP(w,)
under the norm

||f||BS”;Q(wC) = HQlfHLP(wc) + Ht_a/EHQtfHLP(wc) La((0,1);4)" (1-4)

See Section 2 of [21] for detailed properties of Besov spaces associated with (Q¢)t~o. Especially, the con-

tinuous embedding result
a— 1
BQ(w,) = Bry "7, (1.5)

or any a < 0 r € [1, 00| with r > p, and ¢ > 0, is important. Write
[ y ) D54, , 22 ) p
H*9(we) = By (we),  C™(we) = BEY (we).



Pick 0 < £y < £ and some real constants (b)), <¢, and set
Ki(z) = > b 0.Qu(z).
[1]s <1

Then {Ki}iso is an (£ — £1)-regularizing kernel in the terminology of Section &5 of [2I]. For any f €
C(RY) N LP(w.) and k € N? define

Kz, f) = / / DR — ) (y)dydt (1.6)

As an example consider a two-dimensional situation and the elliptic polynomial P(A1,\2) = A2 — \§. The
factorization

AT =25 =—(A1 — A3) (A1 +A3)
then gives a representation of the heat kernel

@ =) == [ @+ B D)t = K5
0

up to a smoothing operator, for the ad hoc choice of constants b;. The operators O*K has a continuous
extension from C* 9 (w,) into CoH=0=Ikls.Q () when a4+ — 1 < 0. We fiz throughout this work a fived
number By € (0,€ — ¢1).

2 — A convergence result

2.1 Spectral gap. Let () be a separable Banach space and let H be a separable Hilbert space embedded
continuously and densely into Q. A function F': Q — R is said to be (continuously) H-differentiable
if there is a function dF' : w € Q — d,F € H* such that

%F (w+th
Denote by ||h* ||+ = supy,,, <1 [h*(h)| the operator norm on H*. A Borel probability measure P on (2 is
said to satisfy the H-spectral gap inequality if there exists a constant C' > 0 such that

)i—o = (duF)(h).

E[(F ~ E[F))?] < CE[|dF|}.] = CE| sup |dF(h) (2.1)
nllm<1
for any H-differentiable F' € L*(Q) such that dF € L*(Q; H*). Note that the supremum over h is indeed
a random variable since (d,,F')(h) is continuous in h € H and the supremum over h can be replaced by a
countable supremum. By replacing F by F? and iterating, one further has

E[F? ] <. [E[F]” +E[|dF|%-] (22)
for all » € N (see Remark 2.21 of Hairer & Steele’s work [20]). The H-spectral gap inequality holds if
(Q, H,P) is an abstract Wiener space (see e.g., Exercise 2.11.1 of [24]).

A typical example is the white noise measure on R?, which satisfies the H-spectral inequality with
H = L*(wp). (The weight wq is the constant function equation to 1.) In this paper, we consider an
arbitrary « > 0 and a wider Hilbert space

H := H "% (wy).
The L?(wp)-spectral gap inequality implies H %% (wg)-spectral gap inequality. By the Besov embedding
(1.5) the space H is continuously embedded into the Banach space
Q= CO‘”’Q(’LUC)

for any ¢ > 0 and ap < —|s]/2 — k. We fix such exponents k and o in what follows.

2.2 Decorated trees. We introduce three node symbols 1,0, ®, which will play in the sequel the role
of the constant function 1, an element of €2, and an element of H. Let T be the set of all rooted decorated
trees T, with vertex set N, and edge set F., and equipped with two node decorations t: N, — {1,0,®},
n: N, — N and one edge decoration ¢ : E, — N?. For any parameters ¢ > 0 and p € [2, 00|, we define
the degree map |-|., : T = R by

ey =0, [Olp=ao—e,  [Olp=ao—c+,



lepi= 32 (0)lep + In()ls) + 32 (5 = lele)s).
vEN, ecE.,
The parameter ¢ will express an infinitesimal loss of regularity at each induction step (described in Section
3). The parameter p has more important role in this paper. We can see that the definition of | ® |-
naturally comes from the embeddings

H = H*“’Q(wo) — B;OOI%’Q(U/C) — B;g%’Q(wc) — CO‘O’Q(wC) =0
between H and Q. We denote by T(™ be the set of all 7 € T that have exactly n vertices v for which
t(v) = ®. As usual, we denote by 7o the tree product of 7,0 € T, and we write Z(7) for the tree obtained
from 7 € T by grafting it to a new root with t-decoration 1 and n-decoration 0 € N%, along an edge with
e-decoration k € N¢. For technical reasons as in [17], we do not consider the trees of the form Z; (X!). We
denote by T the linear space spanned by T and define the linear map A from T to T'® T, analytic tensor
product, by

k!

AO) =001, AlE)=001 AXH= > le ®X™,
l+m=k
l
A(ro) = (AT)(Ao), A(Zy(7)) = (T, ® id)AT + Z % ® L1 (1),
leNd

where we identify the single node decorated tree with node type 1 and node decoration k with the poly-
nomial X*. To avoid infinite linear spans we introduce the projection map PQ,' » from T' to the subalgebra
T Efp spanned by the symbols

n

X% (m0) (2.3)
i=1
with n € N, k,k; € N4, and 7; € T such that |7|., + B0 > |ki|s for each i, and define
Acpi= (@ PI)A, AL, = (P, ® PI,)A;

so A p and AT send T into the algebraic tensor products 7 ® T.f, and T4, ® T.",, respectively. For any
subset C C T, we denote by P(C) the set of all planted trees of the form Z(7), with 7 € C and k € N4,
and define algzp(C) as the subalgebra generated by the symbols (2.3|) with 7; chosen from C. By a similar
argument to [I7}, 8], we can see that T;rp is a Hopf algebra with coproduct A;p and T has a right comodule
structure with coaction A, ,. Denote by St the antipode of (T.f,, AT ).
2.3 Differentiable sectors. For each 7 € T, denote by O, the set of vertices v € N, for which t(v) = O,
and write |7|o for the number of such vertices in 7. For each 7 € T and v € O, denote by D, 7 the same
tree as 7 except that the O symbol at vertex v has been replaced with the ® symbol. For any subset
C c T we define .
CZZ{DUT;TEC, UEOT}.

Also we define the linear map D : span(T(®) — span(T(") by setting for any 7 € T(®)

Dt = Z D,t (2.4)

veO0+

if O, # 0, and D7 := 0 otherwise. Note that D preserves the |-|. oo-degree of trees because |®|: oo = |Olc,00
but may change the | - | ,-degree when p is finite.
Definition — Let B be a finite subset of T(O). We call V = span(B) a differentiable sector if it satisfies
the following properties.

(a) The vector space V is a sector (see Definition 2.5 of [I7]), that is, setting
Voloo = 2lgg o (B)

one has S§ (Vo) € Vo', and

AO,OO(V) cVv ® VO—j_oov Aa—oo(vo-‘:_oo) C VO—j_oo ® V()Too

(b) Setting

V := span(B), VOJ,F2 = alg,(BU B) N span(TM),



one has SJQ(VOTQ) C Vo—f_z and
Moa(V) € (Ve Vi +Velh),  Ada(V) C (Vi @ Vil + Vi @ Vih).

(c) There exists a constant €9 = €o(B) > 0 such that, for any 7,0 € B, |olo, < |T|op implies
|olep < |T|ep for any e € (0,e0) and p € {2, 00}.

We choose the letter B for ‘basis’. Note that p has no influences on the trees in B. The property (c .

means that the coproduct on V, resp. V0 o> is also independent of e: Aﬁ,) = Agt)o on V, resp. V0 o for

any (e,p) € [0,&0) X [2,00]. While the property that |0, < |T|o,, implies |o|c,p < |7]ep holds for generic
p € [2, oo] and any € € (0,e9(p)) with small e9(p) > 0, this £9(p) cannot be uniform over all p. This is why
we assume the property only for p € {2, 00}.

We provide a more detailed description on the p-dependence of A, ,. For any planted tree p € P(B)

such that 0 < |plz 2 < %l, we define the exponent

&l
= lule2
50 pe(p) is the unique p for which ||, = 0. The set

pe(p) == Tsl € (2,00];

. 5
L= {pen)s n e PIB), 0 < iz < 5} € (2,00)
is finite and its associated ‘floor function’ is defined as

lp)r. :=max{qe {2} UL ; q<p}

for any p € (2,00]. The projection operator Pjp is right continuous in p and constant in any interval

which is disjoint with I, so is the co-action operator A, ,. Hence they behave like right continuous ‘step
functions’ The regularity structure of the one-dimensional multiplicative stochastic heat equation provides

an elementary example. For instance, under the choices s = (2,1) and oy = f% we have
6
fe1-0ef, for p > :
14 2¢
Ap(d) = T . (25)
1- — (X : f < —
lo1-00f-(x=20)e} orp < 5

with a dotted line for the operator Z,.

If B consists of all trees which strongly conform to a complete subcritical rule (see [8, Section 5]) and
with degrees |- | 00 less than some fixed number, then V' = span(B) is a differentiable sector — See Section
In the sequel we fix a differentiable sector V' and its basis B. The defining properties of a differentiable
sector ensure that the tuple

Vo= (Vi) (Vi 820))

defines a concrete regularity structure in the sense of [3]. The structure of the (e, p)-dependent tuple

Vepi= (W i=VOV,A), (W, = Vi @V, AL)),

g,p’

where I'/E‘f‘p = alg;p(B U B) Nspan(T(), is encapsulated in a useful variation on the notion of regularity
structure that we call a reqularity-integrability structure.

2.4 Regularity-integrability structures. We introduce this notion to deal with models on a usual
regularity structure and their first order Malliavin derivative in a single setting. See the companion work
[21] for more detailed descriptions.

Definition — A regularity-integrability structure (A,T,G) consists of the following elements.
(a) The index set A is a subset of R x [1,00] such that
{(v,r)e A;v< B, r>¢q}

is finite for every (B8,q) € R x [1,00], where we define the strict partial order on R x [1,00] by

(1) < (Brg) <5 y<Bandr>q.

(b) The vector space T = @, 4 Ta s an algebraic sum of Banach spaces (Ta, || - |la)-

acA



(c) The structure group G is a group of continuous linear operators on T such that one has for all

F'eGandae A
C—id)Tac P Tu.

a’cA,a’<a

For (6,q) € A the number § is a regularity exponent and ¢ is an integrability exponent. One says that
the regularity-integrability structure has a regularity ag € R if (ap,00) < a for any a € A. Denoting by
P, : T — T, the canonical projection, we set with a slight abuse of notations

ITlla = [|PaTlla

for any 7 € T and a € A.
We return to the setting of Section with fixed (g, p). For each 7 € BUB we define the integrability

exponent
x ifreB

p(T) = - 2.
i(7) {p if 7 € B. (2.6)

Then we have the gradingon W =V @ 1% by

Acpi= {(|T|5’p,ip(7')) :TeBU B} = {(|T|5’OO,OO) ;T E B} U {(|%|E,p,p) ;T E B},
W = @ Wa, Wy :=span {7 € BU B; (|7]c,ps ip(T)) = a}.
acA. ,

We further introduce the group G;p of characters on the Hopf algebra
(W =Vl ® v, Al

e,p
or equivalently, on the quotient Hopf algebra algzp(B U B) / I, where I the Hopf ideal generated by trees
with more than one ® symbols. The group G;fp has a representation in GL(W) where g € G;r’p is mapped to
(id®8)A. . Denote by G, the image group. Then the triple (A. ,, W, G p) is a regularity-integrability
structure; it is said to be associated with the concrete regularity-integrability structure

W&P = ((VV? AE,P)? (W:,_p? A:p)) .
A substructure (AL ,,W',G_ ) of (A.p,, W,Gc,) is a regularity-integrability structure where AL , C

€,p)
Acp, W' C W and G, C G.,. We also have an analogous notion of concrete regularity-integrability

substructure.

2.5 Models on regularity-integrability structures. Fix (g,p) € [0,g0) X [2,00] and ¢ > 0. Assume
we are given a pair of maps M = (I, g) such that
N:w—cCc*%uw,.), g:R'—Gl,
and I1 is continuous and linear. The map I1 is called an interpretation map. Set, for any 7 € W and
i E W;rp,
nePr = (|_| ® (gg 0 S:p))AE,pT,
g2 (1) = (8y ® (g2 0 52,)) AL -
We talk of the map 5P as the recentered interpretation map.

Definition — A pair of maps M = (I1,g) as above is called a model on ¥, (with weight w.) if

IN=7 el = sup 77 Qu@, NPT o, ) < 00 (2.7)
for anyTGBUB and
,p
Hg(ery)w(/J’)’ Lizp(“) We
185" : pellwe. = llge ()l pipr , , + sUP (w | <o (2:8)
’ “ yeRN\{0} llylls ="
or any [ e P(BUB)N W, where i w =pifpc P(B) and i 1) = oo otherwise. We denote by
€.p P P
M(#. p)w. the set of all models and define the quantity
IMlmere ), o= max [N 7]y, + max 1857+ pal|w.

T€BUB pEP(BUB)NW,
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for any M € M(#¢ p)w, . We also define a metric [[My : Ma|mew. ), on M(#%p)w, setting for My, Mg €

M(7zp)w.

”Ml : MQHM(Ws,p)mC = max, Hﬂ?pv n;,p : Tch max ||gi,p7 gg,p : :unu
TEBUB ueP(BuB)mwg p

where the quantities in the right hand side are defined in the same way as ( and (2.8) but with (Mq)5P1—
(M2)2P7, (81)2 (1) = (82)2 (1), and (g1)yr (1) — (82)5 () in places of ”i’pﬂ gx(u), and gyl (1), respectively.

Since the exponents ¢ and p are mVOlved not only in the definition of the recentered maps MZ* and gg:?
but also in the definition of the norms and (| via the degree map |- | p, it would be more proper
to write ||(-)%? : 7|z psw, for the norms. For the sake of readability, we use the above lightened notations.

We

In the setting of regularity-integrability structures one can prove analogues of the reconstruction theorem
and the multilevel Schauder estimate. They are stated in Appendix [A] in Theorem [22] and Theorem [24]
One can find the detailed self-contained proofs of them in [21].

In the proof of Theorem [6] we will consider restricted bounds on concrete regularity-integrability sub-
structures ¥/, = ((U,Acp), (UT,Af,)) of #., of the form

U = span(A), Ut =algl (A’) Nspan(TW)
for some subsets A, A’ C BUB. For any M € M(#z p)w, it is useful to define the restricted quantity
Mllmer, =[NP : Ulluw, + (187 : U™ [|uw,

= max [P : 7|, + ma P il
= max || Tl “EP&/%W&II% 1l

WL we

(2.9)

In particular the restriction to the concrete regularity structure 7z = ((V, Az o), (V5 oo AT ) is a model
in the usual sense of [I7]. Recall again that the parameter p is useless in ¥¢, but the parameter ¢ is involved
in the norms via the degree map | - | oo-

Recall from (1.6) the definition of the operator K acting on functions over R?. An interpretation map
I is said to be K-admissible if it satisfies
(NX*)(2) =2F,  N(Zpr) = 0FK(, N7),
for all k and 7. For any KC-admissible interpretation map [N such that
N:W — CLR?) = )N () L (we),
c>0
we can define a model M®? = (T1,g*?) on #; , from the recursive definition of g=? given by the formula

1
, _ -z
(g2") 1(Xk) = (_‘r)kv (g2") 1(Ik7—) == Z %1|Ik+17|s‘p>0 ak+llc(x, nger) (2.10)
leNd
for the inverse (g57)~! := g5? 0 St . (See e.g. Section 3 of Bruned’s work [6].) For any choice of £ = M(0O)

and h = MN(®) both in C’O 9 (R?), we can define the unique multiplicative K-admissible interpretation map
M&h; it is called the naive interpretation map associated to (&, h).

2.6 Renormalized models. Here is how to build a large family of -admissible interpretation maps
from a naive one. Recall from [6] and Bruned & Nadeem’s work [10] the following definition.
Definition — A preparation map is a linear map
R:W—->W

which leaves stable the subspace V' and has the following properties.

(a) R fizes the polynomials and the noises: Rt =1 for 7 € {X*, O,0}.

(b) For each T € BU B there exist finitely many 7, € BU B and constants \; such that

Rr=71+ Z)\in, with  |Tilop > |Tlop forp € {2,00} and |7ilo < |7|o-

(¢) R fizes planted trees: RTy = Ij.

(d) R commutes with the coproduct: (R ®1id)Ag 2 = Ag2R.

(€) R commutes with the derivative map (2.4): RD = DR.
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It is easily checked that the triangular property (]ED and the commutation @ also hold for arbitrary
exponents (g,p) € [0,e9) X [2,00]. First, by the property of differential sectors, |7;o,, > |70, implies
|Tile.p > |T|ep for p € {2,00}. Since |7|c,p is affine for %, these inequalities extend to all p € [2, 00]. Next,
we have the commutation (R ® id)A. 2 = A, 2R because Ag2 = A, 2 by the property of differential
sectors. Since A, , = (id ®PF,)A. 2 by definition, we also have

(R®id)A., = ([d@PL)(R®id)AL 2 = (d@PS)A.oR = AL ,R.

A typical example of R is defined from the choice of constants {{(c)},eB,|s|. ..<0 Dy the extraction-
contraction formula as in Corollary 4.5 of [6], or by its dual formula

R;(1) = Z E,((Z))(T*a), (r€B) (2.11)

as in Bailleul & Bruned’s work [I]. See [I] or Bruned & Manchon’s work [9] for the precise definitions of
all operators. These definitions are easily extended to all 7 € B U B.

0€B, |0]c,00<0

For any given preparation map R, let
MW W
be the linear map uniquely defined from R by requiring that ME is multiplicative, fixes polynomials and
noises, and satisfies
M\R(IkT> = Ik (]/\ZR(RT))
for all £ and 7. Then the linear map
M® .= MPR.
is the renormalization map associated to the preparation map R. It follows from the property
of preparation maps that if I1 is a KC-admissible interpretation map then so is the map
M = na*.
Then we write
MEBEP . — (nR,gR;ap)
for the model on #%, constructed from the K-admissible interpretation map M? by formula with
M2 in place of M. When M = MN$” is the naive interpretation map associated to &, h € Cﬂ(Rd)7 we denote
the associated model by
MEhRie.p

In the setting of singular stochastic PDEs we insist on renormalizing models with preparation maps
that are interpretable. Denote by ug the solution, in a space of modelled distributions, to the regularity
structure formulation of an equation Lu = f(u,§) associated with a model built from a preparation map
R and a smooth noise £&. We say that R is interpretable if the reconstruction ug of ug is the solution
to an equation of the form Lugp = f(ug,§) + c(ur), for some counterterms c(ur) that may depend on
ur and some of its derivatives. It was proved in Proposition 3.2 of [I] that the maps R of the form
are indeed interpretable preparation maps. The BPHZ renormalisation map from [8] corresponds
to a particular choice of coefficients ¢(o) in the formula . Our proof of Theorem |§| works for any
preparation map.

Before going to the main result we introduce two important algebraic identities. The proofs of them
are given in Section The following fact is also proved in Proposition 4.1 of [10].

3 — Lemma. Let & h € C?r(Rd) and let R be a preparation map. For any 7 € B one has

d(§ o) (h) o= (g o)) | pgnRes(Dy) 212)

€h,Rie,00
I—II

where the letter h is removed from T since this quantity is independent of h.

We remark that the integrability exponent in the right hand side of (2.12)) is oo, rather than any finite
p. We further introduce some notations to make explicit the difference between MNP and NE2. We
define the linear map hfe? W;Q — R by

hisP (Tpo) = 1\zka\5,pso<|zka|g,23k’C(177 Mg pe(Feo)lie 0) (2.13)

for any planted trees, and by hf%€P(7) := 0 for non-planted trees 7. The strict inequality in the indicator
implies that hf®? () = 0 if 4 € P(B). For any arbitrary tree 7 and e = (e4,e_) € E; denote by {r{,7¢}
the connected components of 7\ {e} such that 7¢ contains the root and the node e_. Last, given k € N¢
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and v € N, denote by 1* 7 the decorated tree T with the same decorations as 7 except that the node v has
now decoration n(v) + k. The following formula plays a crucial role in the proof of Theorem @, especially
in the proof of Lemma Bruned & Nadeem proved in Proposition 3.7 of [10] a statement with a similar
flavour.

4 —Lemma. Let M be arbitrary renormalized model constructed from the K-admissible model and the
preparation map R. For any T € B and any p € [2,00], one has

. . 1 kg .
MEerr = AR 3 3 L hER(Z, g r) NEP (1 72)
e€B, keNd (2.14)

— RS2 4 (MRSP @ hEP) A, 7.

Note that 7¢ in (2.14)) does not contain the ® symbol, so p in M€P(15  7¢) can be arbitrary. In the
example (2.5) with &, h € C?r(Rd) and with an identity preparation map, one has

ngﬁ;if,P(i)(,) _ (K(’h) —K:(l‘,h))€<~>, for p > 1+ 20

(K(vh) — K(z, h) = 02K (z, h)(: _552))5(')7 for p <
Then the formula writes
N&her (3) () = MM (2) () + 0uK(w, h) (- — 2)€(")
= M2 (£) () + hher (Hngrer(x=o)()

14 2¢’

6
fOI'pZ 1r2z-

2.7 A convergence result. Let V' = span(B) be a differentiable sector. We fix the Hilbert space
H = H "% (wp) with x > 0 and the Banach space Q = C®:@(w,) for some ¢ > 0 and ay < —|s|/2 — k.
For a family of compactly supported smooth functions g, € C°°(R?) converge weakly to a Dirac mass at
0 as n € N goes to oo, we define a random variable &, on € setting

(W) == op xw € Q.
Set as well for h € H

hp := 0p * h.

We denote by Mé"» the naive interpretation map on W associated with (&, h,) — it is a random variable
(M&n P () (w) == N&(@):hn () If we are given a deterministic preparation map R, on W we denote by
MEn P Bniep — (&l Fin gén o Fni€p) the random (K-admissible) model on #% , associated to R, and
the random naive interpretation map Mé» . The associated recentered interpretation map is denoted by
NS hnsBnier - The following result is a direct consequence of Proposition 3.16 of [6].

5 — Lemma. The renormalized model M&mhnBni€p takes almost surely its values in M(#z p)w, -
We can now state our main result.

6 — Theorem. Pick k > 0 and oy < —|s|/2 — k and ¢ > 0. Let P be a Borel probability measure on
Q = C*C(w,) for some ¢ > 0 that is stationary under the spacetime translations and satisfies the H(=
H="%Q(wp))-spectral gap inequality. Let V = span(B) be a differentiable sector for which all T € B\ {O}
satisfy
5
|T‘O,oo + % > 0.

Assume we are given a family (Ry,)n>0 of deterministic preparation maps on W for which all the quantities

E[Q1(0, N5 %> 7)] (2.15)

converge as n goes to 0o, for any T € B with |T|o,c0 < 0, where the useless letter h,, is removed. Then for
any ¢ >0, e € (0,&9), p € [2,00], and q € [1,00), one has
supE| sup |[MEmhnBaiEp) @ < 00, (2.16)

M ) w
neN Ihllm <1 Few)ue

and that M&n-"n-Fniep converges in L(Q,P; M(#z ). ) as n goes to oo.
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As a direct consequence of Theorem @ the (h,-independent) restrictions to the concrete regularity
structure ¥z = ((V, Ac o), (Vohnes AL L)) of the models M&mhmFnie:0 converge in L?(€, P; M(¥2),, ) as n
goes to oo for any ¢ € [1,00) and ¢ > 0.

This result extends (the weighted version of) the main result of [20] into arbitrary preparation maps.
Proceeding as in the proof of Theorem 6.18 of [8] one can see that there is a unique preparation map
R, = R, (P) of the form (2.11)) such that the associated model (called BPHZ model) satisfies

E[(N*Frr)(z)] =0 (2.17)
for any z € R? and 7 € B of non-positive | - l0,co-degree. Moreover, we can construct an analogue here of

BPHZ model of [20] by
E[04 (0,100 — 0

for all 7 € B of non-positive |- g «o-degree. The convergence result of [20] is restricted to BPHZ and BPHZ

models. BPHZ model obviously satisfies the assumption of our result. Also for BPHZ model, it is not
difficult to show the convergence of (2.15)) from the condition (2.17)), following the induction steps in the
proof of Theorem [f] described below.

We close this section by technical remarks on weights. The use of a weight w, is a usual thing in the
study of random fields on the full space R%. Such fields may grow to infinity as |z| goes to co. On the
analytic side, since we have modifications of Hélder inequality and Young inequality on weighted spaces
(see Section 2.2 of [21]), these weights do not cause any serious problems in the proofs.

3 — The mechanics of convergence

We define a preorder < on T that we use to prove Theorem [f] by a finite induction. Set

o<1 < (loloy|Eols|oloee) < (1710 [Erl, I7lo,00) (3.1)

with the inequality < in the right hand side standing here for the lexicographical order. Write
B\ {X"}iene = {m 22 <--- 27y}

Although there may be different choices 7; for this representation of B \ {X*},cnq, the choice has no
consequence on Theorem |§| as it is only used as a tool in the proof of this result. Recall from ([2.3) the
definition of the algebra alg’ ,(C), for an arbitrary subset C of B. For 1 <i < N set

B :={m,....7}, Vi »=span (B; U{X"},cna), Vit = algg o (B).

We also define
V; := span(B;), ‘./;fg’p = alg (B; U B;) N span(TM).
The proof of the following properties is given in Section [4.3
7 —Lemma. One has, for any 1 <i < N and (g,p) € [0,e0) X [2, ],
(Acp(r) —T®1) € Vioie Vit T€B;
and
(Acp(f) —T®1) € ("/%71 VI, +Via® vt

i—1l,e,p

), ’7'€BZ

For 1 <i < N set
Vo := span ({Xk}kENd)
and

Wi=VimeV, Wi, =VieVl,,
It follows from Lemma [7 that
Vo= (Vo). (V1820 Hiey = ((Widey). (Wi, AL,))
are concrete regularity-integrability substructures of #; ,. As an example one could have
Vi = span ({0} U{X"}ena), W1 = span ({0} U {X*}pena),
V5 = span ({O,E}U{Xk}keNd>7 Wy = span ({O,@,i,i} U{Xk}keNd), (3.2)

V3 = span ({O,i,o\f} U{X"} eend), W3 = span ({O,i,@,i7 i,g}{o,o}f,%f} U{X"}pena)-

These spaces would be involved in the study of the three-dimensional parabolic Anderson model equation.
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Let {M&n/in:Biniep} he the sequence of random models on %z, under consideration. For any fixed
p € [2, 00|, we write below
bd(#,i,p), resp. cv(¥,i,p),
to mean the statements that
sup E{ sup ||M5"’h"’R";E’p||z/|(Wi e )w } < 0
neN Ljn|p<1 epiwe
for any € € (0,&0), ¢ > 0, and ¢ € [1,00), resp. the restriction of models Mé&»/nfinie:P op W, p converges
in L2 (Q, P; M(%,s,p)wc) as n goes to oo for any €, ¢, q, and h € H with ||h]|g < 1. We also write

{bd(#,i,p)} . resp. {ev(#.i.p)},,
to mean each statement holds for any p € [2, 00]. Similarly, we write
bd(¥,i), resp. cv(¥,1),

to mean the similar statements to bd(#,1,p), resp. cv(#,i,p) with ¥ . in place of #;.,. (It is in-
dependent of p and h.) Our induction is a three step process that can schematically be described as
follows.

Step 1 (§3.2): cv(#,i,00) --» cv(¥, 1)
Step 2 (§3.3): cv(#,i,p),cv(¥,i) — g-part of cv(#,i+ 1,p)

( I cv(¥ ,i,2),ev(¥, 1) — M-part of cv(#,i + 1,2)
Step 3 (§3.4): )
{cv(W,z,p)}p

The dashed line in Step 1 is used to emphasize that this is a probabilistic step: We obtain stochastic
estimates for the models on ¥; . in terms of stochastic estimates for the models on % 5 o for some § < ¢.
On the other hand, we use solid lines in Step 2 and Step 3 to emphasize that they are deterministic steps:
We obtain w-wise estimates for the models on #;; ., in terms of w-wise estimates for the models on
{54, o and ¥; s for some finite set {go} C [2,00] and § < e. In the setting of example we would
first construct the deterministic model on © (the initial case), then the random model on O (Step 1), and

then successively on i,i (Steps 2 and 3), then i (Step 1), then Q}{O,V,v (Steps 2 and 3), finally on

O\f (Step 1).

We only describe in this section the flow of the proof of Theorem [ and defer the proof of a number of
lemmas to Section [4] To lighten the notations we will suppress from the notations the exponents &,, hy,, R,
in the remainder of this section; so we simply write

M?L;E,p — (nn’ gTL,E,p)
rather than Mé»/nFinieP - Qccasionally we write M™hieP = (M™h gnhieP) to emphasize the dependence

on h.

We first prove the n-uniform bound (2.16)) by proving the bd-versions of Steps 1-3 — this is the content
of Sections We use these uniform bounds together with some local Lipschitz estimates satisfied by
the reconstruction and integration maps to prove in a second time the convergence result — Section [3.5)

} — M-part of {cv(W,iJrl,p)}p

Notation. The following notations will be useful in the course of the proof. Set for all z,y € R?
rZﬂ;Csyp = ( id ® grie® )A&p_

YT

These operators leave each space V; and W; stable. (The pair of (M™,T™P) is called a model in the original
terminology of [I1].) For any p € BUB denote by P, : T — R the canonical projection to the p-coefficient.
We define the quantities

||P0r?g215)17||L;o(wc)

([P Vi, ;= max  sup

B; 1 |T‘E :D_la"sp7 (33)
ceB,, VERNO} we(y)~Hlylls ="

and
||rn;€’p : Wi”wc = Hrn;ap : ‘/i—lec

4 max sup ( max Hparg’iz;)a:THLgo(wc) max HPWFZ;iZ)ITHLi(wC) )

rei, veRAL0} \ oeBy wely)Hylls 7 B )yl
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In the second one, when we pick the o € B;_; component of r;;i;;

from Lemma @ This is why we take an LY norm. A similar comment applies to the n terms, where we
take an LP norm.

Let mp stand for the maximum of the number of branches at the roots of u which appear in the right
part of the tensor product Ao oT =Y 0 @ p for arbitrary T € B. We obtain from Lemma @ the estimates

rer s vill, S (1 + g™ Vi)™,
S (141877 Vit )™ (18757 Vit o + 1877 Vo), (B4)

S (1+lgmer: Witl,s,prC)mB-

)T it only involves some trees in Vit
x K2

Wemp

e

Wemp

e

Wemp

3.1 Convergence for the initial case. For the initial case one has Wi = span ({©} U{X*};cne) and
Wi, , = alg? ,(0) = span({X*};ene), and it is sufficient to check the convergence of M7 (®) = hy, to h in
BII,%‘S"? (wo), with |®© |z p =g —e+ %l. This entails the convergence in H "% (wy), which is continuously

embedded into BL?JS"”Q(wO) for every € > 0.

3.2 Step 1: From bd(#,i,00) to bd(7,i). Recall the definition of ¥ . = (V;,V,",). Since V; =
Vie1 @ span{r;}, Vi_1 C W; and Vﬁ_‘l C W{*‘ it is sufficient to prove the bound for

—1,e,00?

supE[[[m5e s,
neN

We

in terms of the assumed boundedness results on % . o = (W, Wit1757oo). We use different arguments
depending on the sign of |7;]p,c0. It turns out that if |7;]p 0 > 0 we have an w-wise bound of |17 :
Tillw, in terms of w-wise bounds of M™% on #; . o. If |7i]0,00 < 0 we only have an L7(f2) control of

|72 7 || .. Lemmas |8 to [LO| for this step below are proved in Section

If |7ilo,00 > 0, then |7;|c,00 > 0 for any e € (0,9), and the proof reduces to an application of the
reconstruction theorem (see Theorem . Indeed, the modelled distribution

() = () A — 7

Ti
belongs in that case to D{7ile.20) (V; r"%e’OO)ch , with a positive regularity exponent. Its reconstruction
is uniquely determined and coincides with N1™7;. Moreover, the reconstruction theorem comes with a bound

on
M0 = Ny — NS (f7 ().

8 — Lemma. Let |7;]p,00 > 0. For any e € (0,e0) and ¢ > 0, there exists a positive constant C' which is
independent of n and w, one has

”I—In;s,oo

il < O Vic [l IT%5% 2 Vil -

We(mpg+1) —

Recall from that the bounds of |[[™%°°: Vi[|,,, , is obtained from the bounds of ||g"**> Vit llw.,
which is contained in the assumption bd(%#, 4, 00). Consider next the case where |7;]0.00 < 0, 50 |Tilz,00 < 0
ife > 0. We cannot use the above reconstruction argument as f7°*°° no longer has a unique reconstruction.
Instead, we use the H-spectral gap inequality and the algebraic identity

(dol=%073) (h) = (dg, M=% ((dwtin) ()
_ nin,hn,Rn;s,oo(DTi) _ n;,h;s,oo(DTi)’

which follows from Lemma [3] and the chain rule. Hence, for any finite exponent ¢ = 2", one gets from the
inequality (2.2)) that
E[1u(r M=) S [E[Qu M=r] " + €] s [y(r (D) ]
hllr<1

The following result holds for the expectation part, which is the only place in this work where we use the
assumption that the law of the noise is invariant by the translations. Define the quantity

BT = E[Q)(0, M )] = E[Q1(0,T15%r,)],

which is uniformly bounded over n by assumption.
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9 - Lemma. Let |7;|0.00 < 0. For any € € (0,e¢), there exists a positive constant C which is independent
of n, one has

ITile

JE[Qua Mmooy < C(ERR 475 B[N Vi 75 5 Vil ] )

From that estimate and the H-spectral gap inequality, we obtain the bound
EH Qs (37’ H;L;67007i) ‘qwC(mB+2) (l.)q]

S we(z)? (|E[Qt(x, I'I;“E’oon)] |qwc(mB+1)(x)q +E { Hhsl’\up |Qt («’ﬂ, I'I;“’“E’“(Dn)) }qwc(z)q
v<l1

)

Imile

S ) (1B 4+ ¢ =R i, PV

q
wcmB}

ID7ile,00 )
+i ¢ qE{ sup ||I'I"’h’5’°°:Wi||fU(}).
]l <1 i
Recall that D7; € V; C W; and that D preserves the | - |c » degree, so |D7T;lc 0o = |Tile,00- By integrating
the above estimate over x we get the bound

£l mer|[1,

@ wc(mB+2>)}

\"’i|s,oo

S B (B Vi, 1755 Vil |+ E

' (3.5)
sup_ e, |)
hlle <t

To trade the LI(w,(mg+2)) norm for an L (We(mg42)) Norm in the above estimate we use an argument
that is reminiscent of the proof of Besov embedding. Here we need a slight change of the parameter ¢.

10 - Lemma. Let |Ti]o,0c < 0. For anye € (0,%) and q € [1,00), there exists a positive constant C' which
1s independent of n, one has
E [Hl—]n;Qe,oo T HZ}C(WB_W)]

< O(jBp e B vy e vilg, ]| sup e wis, | ).
" Il <1
Lemma [§ and Lemma [10] provide an L9(€2) bound of ||[17€:° :

D Tillwemy 42y 11 terms of the moment of
[IM™/22 [ o, which is a part of bd(#/,i,c0).

/2,00 )we?

3.3 Step 2: From bd(#,i,p) and bd(¥,i) to the g-part of bd(#,i + 1,p). We fix parameters
€ € (0,e0) and p € [2,00] in this step. Recall that

Wittep = ((Wi+17 Acp), (Wi, A;p))-

In this step, we show the w-wise bounds of

sup [|g" =" : Iy (7) ||,
neN

for any planted trees Zy(7) with 7 € B; U Bl and k € N in terms of the assumed boundedness results on
Wi p and ¥ .. Define for that purpose a modelled distribution f7**P setting

frer(z) = (id@gleP )AL pr — 1 € DUTlem i () (7, Friep)
We further define the linear map Z7 p i Wi— Wt by setting

2,€,p

5 (1) = I(r), if|rlep+Bo >0,
o 0, if [7]ep + Bo <0,

which is an abstract integration map of order 5y (see Definition . Then it turns out the model M™P
on #;., and the model M™H€P = (M"+P ["H:eP) on the concrete regularity-integrability structure
(Wt Wt ) given by

1,6,p7 "V 4,E,p

Wempg *

(MHerp)(@) = greP(n),  Tpi=r = (idog?)AL,

are compatible for I;f » — see the proof of Lemma As in the usual setting of regularity structures,
one needs some additional terms to turn Z7 (f**?) into a modelled distribution — here in a regularity-
integrability setting. We define the modelled distribution ICQ; freP by the formula (A.1) with the model
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M™&P and a reconstruction "7 of fP which is certainly a reconstruction because the bound for
MNwerr = A1 — NP PSP ig a part of bd(#, i, p) and bd(¥, 7).

11 - Lemma. gis?(Iy7) coincides with the X*-coefficient of (K} feP)(y) — Tpe? (Ko friep(z)).

The multilevel Schauder estimate from Theorem [24] then gives an upper bound on g;**(Zy7) in terms
of the norm of f7#*?. They take the following form, proved in Section

12 — Lemma. For any € € (0,&9), p € [2,00], and ¢ > 0, there exists a positive constant C which is
independent of n, w, and h € H with ||h||g < 1, one has
mp+2

CA+[M"®|m;.),.) s ifT€By

P :Ik T)|lw S m .
g ( )H c(mp+2) {C(1+||Mn;8)p||M(%,€)p)wc) B+27 if T €B,.

Re-inserting the A in the notations M™" and N™"> for M™ and M">° to emphasize the dependence
on h of these objects, the n-uniform control of
E[ sup |lgmmEr Wk

q }
1, w
Ihlm<1 opTe

is given by the joint assumptions bd(#,,p) and bd(¥,1).

3.4 Step 3: From {bd(?ﬂ,i,p)}p and bd(7,i) to the l-part of {bd(W,i + 1,p)}p. It is sufficient
to show the bound of

sup [[15F 2 7|,
neN

for any 7 € BiJrl in terms of the assumed boundedness results on % ., and 7; .. We first establish the
result for p = 2 and next extend it into all p € [2, 00] by using the formula (2.14)).
Let 7 be of the form D,o with some ¢ € B;;1 and v € O,. Since 7 is not the initial tree ®, the
assumption of Theorem [6] gives here
|s| ls|

ITlo2 = |7]0,00 + 3= o]0,00 + 5 >0

Thus, as in Lemma [8] one gets the following statement from an application of the reconstruction theorem
to a modelled distribution

fre2(z) = (id@glo? )AL or — 7 € DUTle2D(V @ V Tme2),,

Note that (V; & V;, Wf_Le,Q) is a concrete regularity-integrability substructure and recall from (3.4]) that
the bound of |2 : V; @ V|

wemy, follows from the assumption bd (%, i, 2).

13 —Lemma. For any e € (0,g9) and ¢ > 0, there exists a positive constant C' which is independent of n,
w, and h € H with ||h||g <1 one has

(L < OIN™2: Vi @ Villw IF2 Vi @ Vil -

: Tllwc(mB+1)
The proof is almost the same as that of Lemma [§] and left to the reader. Next we recall the algebraic
formula (2.14])
MyePr = NP2 4 (NP @ hSP) AL o7

to infer from the bound of Lemma [13| a similar bound on M}**P7. We can estimate as follows the size of
the h?®? terms. Recall from Section [2.3|the definitions of the exponent p.(u) and the floor function |p|;. .

14 - Lemma. For any p € P(By), p € [2,00], and p.(u) > r > |pe(1)]1. one has
”hg;s’p(/‘)HLQ(wc(mBH)) S Hl—ln;aﬂ- : Wi| » (1 + |||—n;6,7- : Wi”wc)~

The proof is given in Section Formula (2.14) then leads to the following estimate.

15 - Lemma. For any € € (0,e0), p € [2,00], and ¢ > 0, there exist a finite subset R, of [2,00], an
exponent € € (0,¢), and a positive constant C, which are independent of n, w, and h € H with |h|lg <1,
one has

e’ q

mp+2
ISP Tl gy 42y < C<1 + > M e, M ’°°|M(%-,E/>wc> '

qERE,p
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Thus we see from Lemma that the n-uniform control of
E[ sup ||I'I"’h;€’p :7||4

|hll g <1 We(mp+2)
is given by the joint assumptions {bd(#,4,p)}, and bd(¥,1).

A finite number of iterations of Steps 1-3 starting from the initial case of Section [3.1] proves the n-uniform
bounds of M™ in L4 (Q, P; M(V/&p)wc) for any p € [2,00], ¢ € [1,00), € € (0,&9) and ¢ > 0.

3.5 From uniform boundedness to convergence results. Since the models M™ stay in a bounded
set of LY (Q,P; M(%,p)wc) for any p,q,e,c, we can use the local Lipschitz estimates satisfied by the
reconstruction operator and the IC?JIS maps — see Theorem and Theorem in Appendix to prove
the Cauchy property

7lellgoo E { Hthup<1 [MmieP Mm;ap”‘&(%m)wc} =0 (3.6)
HX>

for any p,q,e,c. Since M(#% ;). is complete, this implies the convergence in L9(Q,P; M(#4 )., ) of

{Mm™eP}, . We can prove the Cauchy property starting from the convergence result of the initial

case (Section and following the same induction steps as above. We only collect below the statements

corresponding to the different lemmas from sections[3.2} [3.3|and [3.4] A statement corresponding to Lemma

k in one of the previous sections is numbered here Lemma k’. We denote by

@n

the arbitrary nonnegative random variable which polynomially depends on sup, <1 IM™P|lmr. ).
where the parameters €, p, ¢ run over an n-independent finite set. We know that

sup E[Q‘,ﬂ < 00
neN

for any ¢q € [1, 00).
3.5.1 Step 1: From cv(#,i,00) to cv(¥,i).
— Lemma. For |7;]p.00 > 0, one has the w-wise estimate
oo >0,
[T 5% Tl g 12y < (@4 Q) M5 M52 gy
for any n,m € N.

— Lemma. For |7;]0,c0 <0, there exists a positive constant C which is independent of n,m € N and
one has the moment estimate

e, ey ]

< C(\E;’R _ EZTn»R|q + E[HMn;e,oo : Mm;e’oo||i/(|1(“l/i_1,s,p)wc] +E { ”hs‘,lupq Hl_ln,h;s,oo’ Mmhie,oo . Wil Z,r} )
HX>
for any q € [1,00).

3.5.2 Step 2: From cv(#,i,p) and cv(¥,i) to the g-part of cv(#,i+ 1,p). Fix 7€ B; U B, and
k € N4
[[2F — Lemma. One has

n;€,00 . \JM;E,00 ; .
™=, g™ T (7) ||, < {(Q" + Q) [M™55 M= ey, i 7 € B,

(Qn + Q) [[MEPM™EP [y if T € Bs.

3.5.3 Step 3: From cv(#,i,p) and cv(¥,i) to the M-part of cv(#,i+ 1,p). Fixt € BH_l.
— Lemma. With the same choice of R, C [2,00] and €' € (0,¢) as Lemma one has

. . L 7 L L
[P AP 7|y < (Qn + Q) ( Z [ M7 e ,q||M(Wi,5’,q)wc + [[MrEh e i 7OC||M(%,E/)1UC>
9€Re p

4 — Proofs of the lemmas

We give in this section the proofs of the lemmas used in our proof of Theorem [6}
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4.1 Examples of differentiable sectors. Let B be a set of all trees which strongly conform to a
complete subcritical rule and with degrees |-|o,oo less than some fixed number. We show that V' = span(B)
is a differentiable sector focusing on only (]ED It is obvious for the initial case ® € B. Pick 7 € B of the
form 7 = D,o with 0 € B and v € O,. If v is a root of 7, then 7 is of the form ®n and the root of n € B
has a type 1. Then Ag oon = Ag,27 is of the form Y m ® 72, where 77 strongly confirms the rule and has

the root with type 1, and 7y € VOTOO, and On; also strongly confirms the rule. Hence ®n; = D, (On;) € B
and one has
Ao,27 = Ag2(On) = (Ag,20)(Ao,2m) = Z(@Ul) R EV® Voloo-

The proof for the case that v is not the root is similar. The proof of the property on Ag'y 5 is a simple
modification.

4.2 Proofs of algebraic identities. We prove two algebraic identities stated in Section In the
proofs, we use the fact proved by Bruned in Proposition 3.15 of [6] that one can factorize the renormahzed
interpretation map by

nier = Aferp, (4.1)
where ﬁf?s’p is a linear and some multiplicative map defined by

~

~ - l
an;E’p(Xk) _ ( . I)k, I—li{;e,p(IkT) — 8kIC(, nf;a,pT) _ Z %alﬁrl’C(l‘, n§?5¢PT).
1END, [1]o <|Ti7|e.p ’
Proof of Lemma |3| — In addition to (2.12]), we also prove the similar identity
de(RE5e20r) (h) = RS 1= (Dr) (4.2)

simultaneously. The proof is an induction on the preorder < defined by (3.1). Both (2.12) and (4.2)) are
obvious for the initial cases 7 € {O, X¥}. Let 7 be a planted tree of the form Zy(o) with ¢ € B. If o

satisfies (2.12)), then by the definition of ﬁg’R;E"X’ operator,

~ )
ac(As ey (n) = dg (0K neRe) - Y EE g ngnesa) )
‘l|s<|IkU|s,oo ’
Y
— 9K K(,n 5 h,R;e, < Do) — Z ( l'l’) 8k+llc(x’ ni,h,R;s,ooDO,>
|l|5<|IkU|a,<>o '

= NEM =0 (T, Do) = NEM (D).
In the third equality, we use the fact that D preserves the |- |c oo-degree: |Zi(Do)|c. 00 = |Zk0|e,00- Thus 7
satisfies . Next we consider a non-planted tree 7 factorized by 7 = Hf-v:() n; with ng = X* and planted
trees 1; (1 < i < N). If each n; satisfies , then we use the multiplicativity of ﬁ%R?E"’O and Leibniz
rules for d¢ and D to derive

de(A5er)() = de TIRE™=>no) ) 1) = D e (1) T T )

i V)
= SO Dy ) [T ny) = Ao (Y (D) [Ty ) = A .
i i i i

Thus 7 satisfies . Finally, by using the commutation between R and D, we have
de(M 427 (h) = de (M52 Rr) (h) = 15" D(Rr)
= N Reo R(Dr) = N§MIe(Dr).
In the third equality, we use the triangular property (b)) of R and the inductive assumption that all trees
o with |o]|o < || satisfy (£.2). Thus 7 satisfies
Proof of Lemma [4] — To simplify the notations we suppress the R, e dependence in the notation and we

write M2, hE, A, |7],, p() for NP hEer AL ||, pe(1) respectively.

x Va

The proof proceeds by a similar induction to the proof of Lemma |3} In addition to (2.14)), we prove
27 + Z Z _ P(Leqeysnts) ME(HE 79) (4.3)

ecE, keNd
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simultaneously. It is obvious for the initial case T = ®. Let 7 be a planted tree Z () with o € B. By the
definition of M? and the inductive assumption that (2.14) holds for o € B,

~ )
ner = 8’“IC(~7 M2o) — Z % Bk'HIC(x, NZo)

s <|7lp
_ 6le |—|2 ( _'r)l akJrlK: |—|2
[1s <I7lp
l
k: e,m ( B x) k+1 e,m
+Z | AN S B S RN o) ]
[Us<|7lp
where we write 0" = m+e(e)0g and o™ =1" ¢ for simplicity. Here we can compare the two

quantities in the big parentheses with I"|27' and FI” Zi(c2™) except different domains for [ in both cases.
Recall that |7|, < |7|2. Also, since |0 | < 0 for m such that h2(c$™) 7& 0, we have

7y = |Ziolp = 09" |p + [Ze(a2™)|p < [ Zk(a2™)]p-
One therefore has

~ ~ . )l
Ner =N2r + Z -z o K(z, I_Iia)

!
IT\p<|l\r<|T|2

Y p (;x)l k+1 p__em
+Z i hi( ) AT, (0™ + > g O (2, Mot ).

[Tl <|Us <IZk(e=™)p

(4.4)

By using the assumption (2.14) on o with the integrability exponent p(Zyx1;0) — r for sufficiently small
r > 0 (fixed later), we have that the second term in the right hand side of (4.4) is equal to

l
Z ( —'J?) ak—i—ll(:(x np(Ik+lO’)—r0_)
I ¢ R
[Tl <Ils<|7l2
- T (—2) 3 L pp@eio)=r (gemy gt g (g, pEeno) =7 gem)
I ml 7+ ol 7=
[Tl <Ils <|7l2 e,m

The first term is of the form ), Tlthc (Ik.Hcr)ﬁ?cX !, which appears in (4.3 in the case that e is the unique
edge connected to the root of 7 = Zyo. The other terms in (4.3) appear in the third term of the right

hand side of ([&.4) as the form Y-, -t hP (0 m)ﬁgzk(aim). Therefore to show that (4.3) holds for 7 it is
sufficient to show the identity

1 e,m '_xl e,m
Z@hg(@ ) > %8’“”16(%“50; )

em [71p<[lls <|Zk (& ™)|p
l
(—=)
_ p(Ik+lU) T e,m k41 p(Ik+lCr)—7" e,m
= E 0 E m'h (c7™) 0" 'K (x,N ot™),
ITlp<|lfs <|T|2 e,m

that is, to show that the following two conditions are equivalent when we choose any small r > 0.

(8) 105"l <0 < [o5™ |2 and |7, < [lls < [Zu(o™™)ly,
(b> |T|p < |l|5 < |T|2 and |o‘im‘P(Ik+m)fr <0< ‘Uim|2~

First we assume (a). Since |Z;(cS™)|2 = |Zi(c©™) ], > |5,
I7l2 = |Zkolz = 105" 2 + [Z(0=™) ]2 > [Ils-

Also, since |Z110|pz,,10)—r — 0 as 7 — 0 and |Zj 1 (c=™)], is a p-independent positive number, if 7 > 0
is small enough then

105" oz 10y —r = [Tet10 |p(@ s 10)—r = 1 Zet1(0Z™) |p(zi g 10)—r <O
Thus (b) holds. Next we assume (b). Note that | - |,-degree is monotonically decreasing in p. Since
| Zkti0]p = |7]p — |l|s < 0 implies p > p(Zy4.0), we have
|Uj—7m|p < |Uim|p(1k+z0)fr <0.
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Moreover, since |Ik+la|p (Znsi0)—r > 0 for any r > 0, one also has
|Ik+l( )‘p - |Ik+l( )|p(Ik+zU) r |I/€+lo'|p(1k+la)fr - |Uim|p(1k+lo’)fr >0
Thus (a) holds. Since (a) and (b) are equivalent, (4.3]) holds for 7.

We now consider non-planted trees of the form 7 = oy with o € B and p € {®} UP(B). Note that the
cut at e in (4.3) makes sense only if e € E, since h? vanishes on trees without ® symbol. Assuming that

(4.3) holds for u, and recalling the multiplicativity of ﬁg, we have
Mer = (M2o) (M2 p)

- (i ( St N N ) TS )

e€E, kENd
T DI DT ARNVES] | TCIT D)
eek, keNd i
T+ Z Z c(e)+kT+) ﬁzz)(zrlg‘_ T¢).
e€E, keNd !

In the third equality, we use the fact that ﬁga is independent of p for o € B. Thus (4.3)) holds for 7.

Finally, by using the commutation @ between R and A, and the triangular property (]ED of R with

respect to | - |5, we have
(NP —N2)r = (N2 —N2)Rr = (M2 @ h2) Ay R
MR @ h2) Aot = (M2 @ hE) Ay,

Thus (2.14) holds for 7.

4.3 Proof of Lemma The triangular structure of coproducts as in Lemma [7|is well known in the
literature, so experts can skip this part. Recall from the definition of the preorder < and write 0 < 7
if (lo]o, ) < (7|0, |E+],7]0,00) in the lexicographical order. For any subset C C T and 7 € T
we define

C<7-3:{CT€C;O'-<T}.
The following statement is used in the proof of Lemma [7]

16 - Lemma. Forany T €T,

(Ager —7®1) € span(T<,) ® alg&Q(T<T). (4.5)
Furthermore, if B is a differentiable sector, then for any T € B,

(Ag27 — 7 ®1) € span(B.,) ® alg] ,(B<,),

and for any T € B,

(AO,QT —-T® 1) € (Span(B<T) ® algS:Q(B<T) + span(B<,) ® (alg{{Q(B<T U ]'3<T) N Span(T(l)))).
Proof — We can show the first assertion by the induction. It is trivial for the initial cases 7 € {0, ®, X*}.
If 7,0 € T satisfy we have that Ag 2(70) = (Ap,27)(Ag,20) belongs to

(ro) @ 1+ (rspan(T—,)) @ algfo(T~,) + (o span(T~,)) @ algda(T =)
+ (span(T <,) span(T<,)) ® algg o(T<, UT<,)
C ((TJ) ®1+span(T<.») ® alg&Q(T<w));
hence 7o satisfies . Moreover if 7 € T satisfies one has 7 < 77 and
(AO)Q(I}CT) T T® 1) IS (Ik(span(T<T)) ® algan(T<T) +span{X'}; ® algaﬁz({T}))

€ span(T<z,7) ® alg&Z(T<IkT);

so Iy 7 satisfies (4.5)). The remaining assertions follow from the definition of a differential sector, so we are
done. >
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Proof of Lemma [7] — It is sufficient to show that
T€eB, = B..CB;_,
/LEBi = B<IJ« cB;_1, B<# CBZ‘,L

The first statement is left to the reader. To show the second statement, let u = D,7 for some 7 € B;. If
o € B, then since

lolo < [ulo < 7lo,
we have 0 < 7 and 0 € B;_:1. If p = D, € B4, with € B, then since
(|p|Oa |EP|7 |p|0,oo) = (|77‘O -1, ‘En|a |77

p < wimplies n < 7. Thus n € B;_; and p € B,_1.

0,00)a

4.4 Proof of the lemmas of Section We have three statements to prove.

Proof of Lemma (8 — Recall from Definition the definition of the quantities (f)c;w, and || f[|%.,
involved in the definition of modelled distribution. Also recall that we can write

() =T — 1
with 7% = (id ® gl®> ) A,  which satisfies My e =175, Then the relation
o S ) — 1)
=ioe (Mo —id)r — (Mo —id)7 = (id =50 ) 7.
yields that f7€°° belongs to the space DI7ile,00:00) (V- [135:20)
[rie,00

n;e,00 n;e,00 . y/+ mB n;e,00 n;e,00 . /.
( T D(In\s,m,OO);wcmB < (1 +lg ~V;—1ch) ) ||le ||(\7'i|51(x,,oo);wcmB < ”r ~V1||wcmB‘
Since |7;]e,00 > 0 there exists a unique reconstruction of [73%°¢ for the restriction of M™% to the concrete
regularity structure (V;_1,V;",). Moreover, since the relation M7 = " yields

H;L;s,ooTi — n"TZ' _ ng;e,oo( :;;s,oo(x)),

with the norms

Wempg

the reconstruction of f7'*°° is noting but M"7;. Hence the reconstruction theorem implies the inequality

[T]e,00 .
71 Qea, M=) | e

”l—ln;a,oo

: Ti||wc(mB+1) :OS<LtlI<)1t mg+1))

[nie, o0

(lTi ‘5,00700);wcmB 4

S Vil [ F75 ]

Ti
which gives the result.
Before going to the proof of Lemma [J] we prove some useful technical results.

17 — Lemma. There exists a finite positive constant C. depending only on (Qt)r>o and ¢ > 0 such that,
forany q>pe[l,00], t €(0,1], and f € LP(w,.), one has

Isle1_1
IGe * fll Loy < Cet =G| fllLo(u,)-

Proof — Since |(Gy * flw.| < (Gywot) * (|flwe), the result follows from usual Young inequality. The
proportional constant is ||Gyw ! || - (ra), Where £ =1+ % — ~. By (|1.3)) we have the bound

1
p
|Gz oy S 7078 = ¢ 2 G70),

>

18 — Lemma. For any ¢ € (0,g9), p € [2,00], and ¢,d > 0, there exists a positive constant C, which is
independent of n, w, and h € H with ||h||g < 1, one has

[ Gl ngeeyiay
R

ITle,p

SOt T TSP e War |y ISP W ||,

LF 7 (weta)
for any T € BUB, where W, is a linear space spanned by all trees o < 7 and Wx, = W<, @ span{r}.

Proof — To simplify the notations we omit the useless symbols n,e,p from the model. By the change of

variable y — = — z and the expansion of I, we can write the quantity inside L;”(T) norm as

/ Gi(2)| Qe (z — 2, Mo (T (g—z)p — id)T)|dz = Z / Gi()|PoT (3—2)2T||Qt(x — 2, My 0)|dz2.
Rd Rd

o<T
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By Holder inequality and the elementary inequality || f(z — 2)||pzRae) < we(2) 7 || 12 (Re), we can bound

the L;pm norm of above quantity from above by

S [ GO sl o0 194 = M)y

o<T
‘E
<> / G2 weralz) 2T W o, [0 W, d2
o<T
|7'|E |<7\5 |o |5 ‘5
< Zt B p”r W_<7.de|||_| W-<7'ch —t p||r:Wj7_de|||_|:W_<.,_||wc.

o<T
Here the exponent p : ¢ for 1 < p < ¢ < oo is defined at the beginning of Appendix [A} i,,(7) : ip(c) = p if
7 € B and o € B, otherwise i,(7) : i,(c) = o0. >

Proof of Lemma [9] — A similar statement was proved by Linares, Otto, Tempelmayr & Tsatsoulis in
Proposition 4.6 of [23]. We follow here their reasoning. To simplify the notations we write M, T, E; for
M7e:00 [nie.eo E:"R, respectively.

Note that E [Qt(z, I'IzTi)] is independent of x by stationarity of the law of the random noise under the
translations of R?. One therefore has for any 0 < s < ¢

[Qt Z, rlsz / 8tQt s ZL’ y [ (y,nle)]dy
= /Rd atQtfs(xv y)E[Qs (y7 nxTi - nyTz)]dy
Picking s = % we apply Lemma and have

1 [Q (e, Mar)] [ o, <t

c(mp+1)) ™

P TEI  Villuwarng 102 Vil ]

Since |7i]¢,00 < 0 and
E[Qi(z, N,7i)] = E[Q1(0,Mo7)] = E;
by the stationarity of the law of the noise, we obtain the result by writing

1
HE[Qt(% “Ni)] HL;o(wc(mBﬂ)) = ||E[Q1(x,l'lxn)] HL;"(u;c(mB+1>) +/ H@sE[QS(x, ani)] "LgO(wc(mB+1))dS

I Villweyg 17 Vict o -

Proof of Lemma — Here we omit the parameters n, oo, R similarly to the proof of Lemma [0} but
we leave the parameter ¢ to make explicit the e-dependence of the quantities ||(-)™° : 7;||,. Note that
Ner; = M%7, by the property of differentiable sectors. By using the integral formula

1
Qu(a,Moms) = Oy (ar, o) — / 9,0, (x, o7, ds,
t

which is also used in the proof of Lemma [9] we have

N M 1, |

I, |2.r—:oo

=E| sup t~

E[|||_|28: 7|2
0<t<1

We(mp+2) }

1 |7 ‘25 oo I3
/ S ||8 Qs(x M Tl)”LO" c(mB+2))dS
t

T

= E[Hgl (=, n;n)”%i"(wu(mgﬂ))} E { 2L

0<t<1
=: A; + As.
We focus on As. By the semigroup property of Qs we have

0.0.(5.15m) = [ (0.Q); (2.4 (1. Mr)dy

/ (0.Q) s (2, 9) Q4 (4, o)y + / (0:Q)s (2,4) Qs (y. NE7, — Mo, )dy.

In the last line, the L3°(we(mg+1)) norm of the second term is bound above by

‘77‘|s,oo

s T We (e = I Villweng 1M Vica [l
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by Lemma For the remaining term we can use Lemma [17]and the bound |0;Q; ()| < t71Gy () to get

| [ 0.0)5.005 . 5m)ay

_lsli_
ST T Qs (U M) 118 (1o gy 0y
L2 (We(mp+2))

L+]s|

‘E,OO_IT’i|2E,OO ’

Write ¢’ for the conjugate exponent of gq. If we choose sufficiently large ¢ such that ¢ > I

|Tile,co=|Til2e,00  [8] 1
0

then since ( — 1)q’ > —1, we get from Hoélder inequality in ¢ the estimate

1 \Ti‘2s,<>c
/ sTt ||0+Qs(x, I'I;TZ-)HLgo(wc(mb)ds
0

ITile,00 —1Til2e,00

1 ITile,co=ITil2e,00 _s|1_ 1 _ ITile,00 1 -
S [ 0 M g () [ ds
0 0

1
7\772\5,00 a
([0 My, pds) -

We conclude from the estimate (3.5]) that

L oo
A < / s E=AE] Qs (v, M m)|
0

Jds +E[(+)"]

q

LZ(wC(mB+2))

SIESHE| sup W, | 4 El1)
lhllm<1

The proof of the estimate of A7 is similar and left to the reader.

4.5 Proofs of the Lemmas of Section We prove the following two statements. We suppress the
useless exponents n, e, p from the objects for more readability.

Proof of Lemma — The proof is classical and recalled here for completeness. Similar arguments can
be found at Section 4 of [2].
We first prove the compatibility between M = M™? and M+t = M"T€P. Recall that g, = g? is
defined by the formulas (2.10). We define another character f,, = %P by the formula
fo(XF) =%, fo(TeT) = Lizpr>0 0°K(z, Mp7). (4.6)
Then the characters g, and f, are related to each other by the equivalent identities

_ (—z)! ™
g (L) =— ) o foTenr),  fo(Zer) = - > 18s HTygmT),
leNd meN?

and we have the explicit representation of g,
8x (II-J_T) =(f.® gx)(zlj_ ®id)AT. (4.7)
We can obtain the last one by applying the operator g, ® g; ! ® g, to the identity
xm " xm n ) m Xl "
Z W®A+Ik+m7_: ZW(@(IIH_"L@ICI)AT-F Z W®7®Ik+l+m7-
meNd ’ meNd ’ m,lENd ’ ’

and using the fact (g;! ® g,)A1T} +m7T = 0 and the binomial theorem. The identity (4.7) yields the
formula

gyz((I+ + 7 (x))T) = fy(I+rymT)a
as follows.
fy(ZTTyem) = (f, ® g, @ g, (I @id®id)(id @AT)AT
=(f,®g, ®e, )T ®id®id)(A ®id)AT
= (gy ® g, )T ®id)Ar

k
=(gy ® ggl) <A+I+T — % ® II:'T)
keNad
k l
Yy (—x
=gy (TT7) + H( l!) fo(ZptaT)

k,leN?
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=gy (ITT7)+ Z (y;nif)mfx(lmﬂ = gw((l'+ +JM (x))T)

meNd
Thus for any z,y, z € R? we have
geu{ T (T + TV@)T = (T + T W) yar} = gea @ + TY@))T — £ (THT T per)
=, (ZTT,,7) — f.(ZTT.,7) =0.
Since the quantity inside g,, is in the subspace span{X k14, on which g.y is injective, we have the com-
patibility
M (I + TM@)r = (T + TM(Y))Tyer

Next we prove Lemma It is straightforward from the definition of ¥ to show the explicit representation

(ICJrfT)( )= I+ fT Z g:(Zy7) k' .
keNd
for fr = f*P. This formula further transformed into
(KT f2)(z) = ([d@ge) AT T T = TF7 = fr+,.
Thus we have the result in a similar argument to the proof of Lemma

Proof of Lemma [12|— We consider the case where 7 € B; and let the reader treat the case where T € B;.
We saw in a similar argument to the proof of Lemma [8| that f; belongs to the space

D(IT\E,p,p)(Wi; r

Wempg )

with norms

mB
‘wc)

|||f7'”|2|7'\5,p,p);wcml3 S (1 + ||g : Wi—tl,s,p
Therefore we have from Theorem [24] the estimate

. . r n,f-
|||’C+f7' m(lT‘e,p+ﬁ07p)§wc(7nB+2) 5 ||I_I . Wi”wc (1 + ||I_ : W’LHwb) ”lfT |H(|T‘5,p,17);wcmB + III_ITH (I7le.p:P) We(mp+2)
< (14 IMllmer,

on which one reads the conclusion.

)mB+2

Wiep)we )

4.6 Proofs of the lemmas of Section Recall 7 € BiJrl. We have two statements to prove.

Proof of Lemma [14] — Recall from the definition of h}*?. The proof leads to the estimate of the
character f, defined by . This is a content of Lemma 5.6 of [21I], but the proof is recalled here for
completeness. Pick o € B; with u = Ty (o). Note that, by the behavior of M™*? as a ‘step function’ of p,
we can write

WIS (1) = L cociul oFE5T (), 15T () = 0K (e, ).
We can write the f2¢7 () by the form

/alet:rI'I”” )dt = //ak (x,9)Qy (y, N3 o) dydt.

By Lemma [18] we can replace M’ by Mo with an error [[[™7 1 Willw,,,  I1797 1 Willy,, where

lple,r R
note that |ulc, > [ulcp () = 0 and the t-dependent factor ¢ “7°=1 is integrable. After the replacement,
we obtain the statement as a direct consequence of the size estimate (2.7)) satisfied by Q t (y, M= o).

Proof of Lemma — To lighten the notations we suppress in this proof the exponent n from the models
and their associated quantities. By the semigroup property of @); we have

Qi (x, NPT) = / Qs (,y) Q¢ (y, NP7 dy
Rd

= /Rd Qs (2,y)Q¢ (v, ﬂZ’pT)dyﬂL/Rd Qs (x,y)Q
=: Bl + B2.
We can apply Lemma [18[to bound above the LE(w¢(mgz+1)) norm of By by

|Ep

(y, NPT — NPPT)dy

x
2

T Willwreyg, 1057 Wil
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For By write (2.14) in synthetic form

NoPr =MN22r + Y heP(r) NPy (4.8)
T1,T2
with 7, € By, 7 € B, [T1]e,p + |T2lep = |T|ep, and p > p.(71). Note the elementary yet fundamental
identities
1 1 1 1
|7]e,2 + |5|<2*9 - 5) = |7le.p, |T2lep + |5|<;9 - a) =7l = [T1leqr-

For any small ¢ > 0 (fixed later), we can choose ¢1 = ¢1 (g, ) such that [p.(m1)]5. < q1 < pe(71) and

Tlep = ITletcp > ITileiqs > 0= [Talepo(m)-
We then have from Lemmas 13| and [14] an upper bound for HBlHLE(wC<mB+2)) of the form

H /Rd Gi(w — )| Qs (v, N527)|dy + ) /Rd Gi(z — ) h5P(71)]| Qs (. M5 P72) | dy

71,72

LY (We(mp+2))

Isler 1 Isler 1
ST ETNQ M ) g + D0 8T T NG kgt (g 0 198 0 572

71,72
|s I7le, Islp1_ 1 |T2le, 00
5 tTl(%_%)t‘T 2 |||—|5,2 :THUJC + Z t¢ (;) qll )t 22 (1 + ||M£,th HM(%ysyql)wc)mB+1”|—|£>oo . Vinc
T1,T2
I"le. Imlep=I71le.q 41
=t NSy 4+ Yt (L M ey ) IS Vi,

71,72

mp+2
[Tlete,
St (1 + D IO e, ey + ||M5’°°||M(m)wc> :

q1

To obtain the expected bound we use the left continuity of 5?7 with respect to e. Choosing small ¢ > 0
such that NP7 = ME~SPr (it depends on ¢, p) and using the above estimates we get the bound

1Q¢ (2, NPT 12 (e gy 1) = 19 (2, ”ifq’pT)HLg(wC(mBH))
mp+2
|T|E,p _ —
<t <1+ S M i M <7°°||Mm5<>w€) »
q1(e—¢,¢)

which implies the result.

5 — Proof of Theorem

Our proof of Theorem [2 follows the pattern of proof of the corresponding statement in Tempelmayr’s
recent work [29]. Since this part is independent of the parameters ,p, ¢, we suppress them from the
corresponding objects. For instance, we write M(%#) for M(%% p)w, -

Assume now that we are given a sequence (P;);>o of stationary Borel probability measures on ! =
C*0-Q(w,) that all satisfy the spectral gap inequality with the same constant C. Also, assume that
P; tend weakly to a probability P. Then P, also satisfies the spectral gap inequality with the same C.
It is easily checked for any bounded cylindrical functions F' : 2 — R of the form

F(w) = f(<,01(w), ) (pm(w))v
where ©1,..., 0, € Q* and f € C°°(R™) and extended to all F' by a density argument — see e.g. Lemma
2.23 in Hairer & Steele’s work [20] for the density argument. For each j € NU {oc} and n € N, let
M?(w) = Mé» (@) B} be the BPHZ model on # associated with the random variable &, (w) = g, * w and
the unique BPHZ-type preparation map R’ defined by (2.17). We also denote by M; = lim,,_, M7 the
L9(P;)-limit for any ¢ < oo ensured by Theorem @ From its proof, it is obvious that the quantities
. n|4
sup E; [[M7 ljacr ]
have the j-uniform upper bound and the convergence

is j-uniform.
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By Skhorohod representation theorem there is a probability space (E, &, Q) and random variables
Ej :E—Q

for each j € NU {oo} such that the Q-law of EJ is equal to P; and é} converges Q-almost surely to Eoo as
j — 00. Once we define the random variables

M7 i=MME): E— M), M :=M;&): E— M%),
we have that
(1) for each j € NU {oo} the Q-law of M” (resp. M, ;) is equal to the P;-law of M7 (resp. M;), and
M” converges to MJ in LY(E,Q;M(# )) for any g < oo as n goes to oo,

(2) for each n € N, the random variables M? converges Q-almost surely to Mgo in M(%) as j — .

Point (2) follows from the facts that M? is a constinuous function of the smooth function g]" = Qp * 5] and

the Q-almost sure convergence of g;” to Ego in the space of smooth functions as j — co. Denoting by Egl]
the expectation operator associated to Q, one has for every j,k € N and n € N,

EQ[”M MOOH|\/|(W } < Eq [”Mj : M?”Kn(y/)] +Eq [”M? : MZo”KA(W)] + Eq [”Mgc : MOOHKA(W)]'
By point (1), the first and third terms in the right hand side are bounded above by (j, k)-independent
constant C,, which vanishes as n goes to co. By point (2) and the j-uniformly integrability of HM?HM(W),
the second term vanishes as j — oo for each n by Vitali convergence theorem. Therefore we have
Tim Eq[[IM : Muc iy )] = 0.
which implies that the P;-law of M; converges to the Po-law of M, as j — oo.

A — Reconstruction and multilevel Schauder estimates in regularity-integrability structures

We give in this section a summary of the results on modelled distributions over a regularity-integrability
structure proved in the companion work [21]. Given 1 < p < ¢ < co we define the exponent p: ¢ € [p, 0]

from the relation
1 1 1

piqg q p
19 — Definition. Let F = (A,T,G) be a regularity-integrability structure of reqularity cy < 0. For any
¢ >0, we define M(T ), as the set of pairs ({11} yera; {Tay tu yera) with the following properties.
(1) (Algebraic conditions) The maps I, : T — CQ(w.) are linear continuous, I'y, € G, and
I,y =10y, I'yy =1d, and I'yy Iy, =Ty, for any x,y,z € R?.
(2) (Analytic conditions) For any a € R x [1, 00|, one has

IL,
jwe T maXA sup to/¢ sup ‘Q|t|(x|77-)| < 00
s T Tll(c.
Eaf;;iaktq €T(a,p» \{0} (a,p) L2 (we)
and
WelY HF z ZET” ,
Pl s= | mex, 5P {II ICE‘)B W <00
(B,q)<(a,p)<a yeRN{0} [ 1IYlls TE€T(a,p) \{0} (a,p) L2 ()
We write

= ||agw. + [ITajw. -
Furthermore, for any two models M; = (IL;,T';) € M(T )y, with i € {1,2}, define the pseudo-metric

IM1; Malagw, = T — Iz |lagw, + [T = Fallagw,
by replacing 11 and T' above with 11y — Ils and I'y — 'y respectively.
The topological space M(.7),,, is complete with respect to the pseudo-metrics |[My; Ma||a;w, -

20 — Definition. Let M = (II,T') € M(7)y,. For every ¢ = (y,7) € R x [1,00] and b > 0, we define
D®(T)., as the space of all functions f : R — T := P Ta such that

(]f[)c;wb = ((E;g*)éc |H|f(m)||(a,p)|

acA a<c

L7 () < O
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AL £l o) | rom

z; ) z ! (wp)

[ fl|6ew, := max  sup wy(y) - ,
M (@p)<e perd) {0} Rl

where
A =[x+ D) = Taynyof ().
We call each element of D¢(T'),,, a modelled distribution. In addition, we write
I, = (f Deswn, + [1F llesu, -
Furthermore, for any models M; = (I1;,T';) € M(7)y, and functions f; € D®(T';), with i € {1,2}, we
define
I follest? = (f1 = faDesws, + [1f15 folleiin 2
by
(]fl - f2 Dc;wb ‘= max H”fl(x) - f2($)”(a7p)||L;:p(wb)’

(a,p)<ec
I T
Ty:T ||||A£C,1/’Lfl - A.ﬁ?hfé”(o‘p)‘
[ 13 follefay® = max  sup wy(y -
(e,p) <€ peRrd\ {0} [Alls

Ly (wy)

For any subspace V' of T which is stable under G, we denote by D®(V;T'),, the space of all modelled
distributions f € D¢(T')y, which takes values in 'V

Recall from (1.4) the definition of the weighted Besov spaces B;V&Q(w) associated to Q.

21 — Definition. Let M = (IL,T) € M(.7),,, and ¢ = (v,r) € R x [1,00]. Then for any f € D¢(T)y,, any
distribution A € B3P (wy) satisfying

(ALt o= sup, £ Qute A3 <oo, (AN i=A-TLf(@)

f) HL;(warc)

C,Wh4-c

is called a reconstruction of f for M. Furthermore, for any models M; = (II;,T;) € M(Z),, and
functions f; € D(T;)q, with i € {1,2}, if there is a reconstruction A; for each i, we define

[A1; Az]ciwy,. = Supltﬂ/zHQt (2, (M) = (Ag)}2 )|

0<t<

L;: (wb+0) ’
The next statement is the regularity-integrability counterpart of the reconstruction theorem.

22 - Theorem. PickM = (IL,T") € M(.7),,, and c = (v,7) € Rx [1,00] with v > 0. There exists a unique
reconstruction RMf of f € D(T),,, for M. Moreover, it holds that
IRMFll go0. gy S 1M cswe I NEian,
[RY fleid, e S IMllesuwe 1./ ez,

Moreover there is an affine function Cy >0 of A > 0 such that
IR 1 = RM2 fo|| o0y < ON (I = T s, + s foll52a0 ),

[[Rlel;Rszz]]c;wHC < CA<||H1 - H2||C;ﬂ)C + ||f1;f2||£;1u’)1;2)7

for any models M; = (II;,T';) € M(.7),,, and functions f; € D°(T;)w, with i € {1,2} such that |M;]|cw, <
A and || filleiw, < A

We now lift the operator K into an operator that maps modelled distributions on modelled distributions.

23 - Definition. Let 7 = (A, T, G) be a regularity-integrability structure. In addition, let 7 = (A, T, Q)
be a regularity-integrability structure satisfying the following properties.

(1) N[s] x {oo} C A, where N[s] := {|k|s; k € N}.

(2) For each o € N[s], the vector space T (4 ) contains all X* with |k|s = ov.

(3) The linear space span{X*}, cna is closed under the action of the group G.

For M € M(.7),,, we define the linear map JM(z) : T — span{X*} C T by setting

TMa)r= > ﬁakn(xnf)
T k' ) X

‘k‘s<a+50
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for any (o, p) € A and T € T(q ). A continuous linear map T : T — T is called an abstract integration
map of order By € (0,4 —¢1) if -
L :Ttap) = T(atpon)

for any (a,p) € A. The models M = (I,T) € M(T),, and M = (ILLT) € M(T),, are said to be
compatible for T if they satisfy the following properties.

(i) For any k € N% one has
= = k
k\(Y — k k_ lyk—l
MLXO = (—a)f,  TpuX _Z(Z)@,_@x |
1<k
(ii) For any =,y € R? one has
Tyoo (Z+T"(@)) = (Z+T"()) o Lya-

For any model M = (IL,T) € M(F )y, f € D¢(T')y, with ¢ = (7,7) € R x [1,00], and its reconstruction
A, we set

Xk
M. o k I,
N fi8) = D S 0K, A).
|kls <v+Bo
Finally, we define

KM f () = Z(f(2)) + TV (@) (f(2)) + N (s £, A). (A1)

24 — Theorem. Let By € (0, — ¢1) and ¢ = (v,r) € R x [1,00]. Then for any M = (II,T) € M(T ).,
f € D*(T)w,, and any reconstruction A of f for M, the function KM f belongs to DOF50m)(T) and

(M Dt omyiwzess S (L Iz )L+ T s ) 0 F Vs + [AlGid s
M P14 omswnese S (1A Illeiw,) (L T llesuon ) s, + [ATGH,

Moreover there is a quadratic function Cyx >0 of A > 0 such that
MIClel; ]CM2f2”|(’Y+50,7");wzc+b <C,y (li? M2”|C;wc + |||f1a f2|| ciwy, T ||A1;A2||C§wc+b)’

for any models M; = (I1;, T';) € M(.7 ), and M; = (I1;,T;) € M(7 )y, such that M; and M; are compatible,
and functions f; € D?(T';)y, with i € {1,2} such that |[M;|lc.w, < X and || fillciw, < A

W2e+b?
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