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• Q(m) = t2 − |x |2 defines the geometry of Minkowski spacetime R1,3.

timelike path

(t, x)

future of (t, x)

past of (t, x)

0

H = {Q = 1 ; t > 0}
ṁ: generic element of H

m: generic element of spacetime
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In an empty environment

• ms = m0 +
∫ s

0 ṁr dr : process

Xs =
(
ms , ṁs

)
∈ R1,3 × H

• Law of {Xs}s>0 independent of the rest
frame, i.e. defined intrinsically.

Theorem (Dudley, 66’)

If X is continuous, then ṁs

is a Brownian motion on H.

In a non-empty environment: Relativistic Langevin process (Debbasch,
Mallick, Rivet, 97’)
q: R3-part of ṁ; γ(q) =

√
1 + |q|2; W an R3-Brownian motion

dxt = qt

γ(qt)
dt

dqt = −2α qt

γ(qt)
dt + ◦dWt

Jüttner distribution is
invariant.

: is a Brownian 
increment

absolute time t

R3

ms

ṁs
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Phase space: orthonormal frame bundle
OR1,3 of R1,3, (m, g) a generic element,
g =

(
g0, g1, g2, g3

)
∈ O(1, 3)

(ms , gs) ∈ OR1,3
Motion of a particle object

Motion of an infinitesimal rigid 
ms

gs

ms

ṁs = g0
sṁs

(V , z)-processes: there exists at each (proper) time (of the moving
particle) a (local) rest frame where the random part of the acceleration
of the particle is Brownian in any spacelike direction of the frame, when
computed using the time of the rest frame.
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An exemple: Dudley’s process in R1,2

No deterministic acceleration. The local frame in which es = (ms , gs)
has a Brownian acceleration is gs itself.
The green Brownian increment of g0

s in H is indeed Brownian in any
spacelike direction of the plane

〈
g1

s , g
2
s

〉
.

Infinitesimal hyperbolic rotations:

(1) :




0 1 0
1 0 0
0 0 0



 = E1,

(2) :




0 0 1
0 0 0
1 0 0



 = E2.

g ∈ O3 : Vi (g) = gEi : left invariant
vector fields on SO(1, 2).
Dynamics:

◦dms = g0
s ds

◦dgs =
∑

i=1..2

Vi (gs)◦dW i
s

ms

g1
s

g2
s

ε
2

ε
1

g0
s

R1,2

ε
0

Generator: H0 + 1
2

`
V

2
1 + V

2
2

´
H0: generates geodesic flow
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An exemple: (0, Id)-process:

For ◦d ĝ0
t =

∑

j=1..3

ĝ
j
t◦d β̂j

t to have an

R3-part =
∑

i=1..3

εi◦dŴ i
t , we need

◦dŴ i
t = −

∑

j=1..3

q(εi , ĝj
t) ◦d β̂j

t

If A(g)ij = q
(
εi , gj

)
, then

◦d β̂t = −A(ĝt)
−1◦dŴt

Back in proper time s,

◦dg0
s =

∑

j=1..3

gj
s◦dβj

s , with

◦dβs = −q(ε0, g0
s )

1
2 A(gs)

−1◦dWt

 

absolute time t

ms

g0
s

g1
s

g2
s

ε
3

R3

g3
s

ε
0

ε
2

ε
1

Dynamics: dms = g0
s ds

dgs =
X

i=1..3

Vi (es)◦dβ
i
s
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(V , z)-processes: {es}s>0 =
{
(ms , gs)

}
s>0

Setting:
• V vector field on O3:

◦dms = g0
s ds, ◦dgs = V (es )ds,

unperturbed (or mean) dynamics.
• Random previsible OR1,3-valued
functionnal

{
zs(e.)

}
s>0

such that

zs = (ms , fs) =
(
ms , (f

0
s , ..., f 3

s )
)

belongs to
Oms

R1,3.
(∗) A time-dependent random matrix:
Aij(s) = q(f i

s , gj
s)

(∗) ◦dβs = q(f 0
s , g0

s )
1
2 A−1

s ◦dWs ,
R3-valued random noise.

Dynamics:
◦dms = g0

s ds,

◦dgs = V (es)ds +
∑

i=1..3

Vi (gs)◦dβi
s

Generator:
B = B(g) =

(
A(g)−1

)∗
A(g)−1.

L = H0 + V + 1
2

∑

i=1..3

ViB
ijVj
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Definition. Given e = (m, g) ∈ OR1,3, set Ve ={
V ; spacelike hypersurfaces such that m ∈

V and TmV =
(
g0

)⊥}
. For V ∈ Ve, set

H = inf{s > 0 ; ms ∈ V}.

Proposition/Definition

1 The random variable eH1H<∞ has a
smooth density fV(e0 ; ê) with respect to
the measure VolOV(d ê) on OV.

2 We have fV′(e0 ; e) = fV(e0 ; e) for any
other V′ in Ve.

fV(e0 ; e) is independent of V ∈ Ve; call it the
value at point e of the one-particle

distribution function of the (V , z)-diffusion

started from e0. We shall denote it by
f (e0 ; e); it is defined for e 6= e0.

V

g

m

`
g0

´⊥

m0

g0

gH

mH

σV: volume element on V

OV = V × O(1, 3)
dVolOV = dbg ⊗ dσV
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Recall: L = H0 + V + 1
2

∑

i=1..3

ViB
ijVj , generator of the random motion.

Theorem

We have L∗f (e0 ; ·) = 0 in OM\{e0}.

Let f , g such that L∗f = L∗g = 0. Set

X (m) = −

∫

O(1,3)

g0 f (m, g) ln
f (m, g)

g(m, g)
dg.

Theorem (H-theorem)

divX > 0.

Ismaël Bailleul Pathwise approach to relativistic diffusions



Randomly moving in Minkowski spacetime
One-particle distribution function

Dynamics on a Lorentzian manifold

Definition
From equilibrium to a general H-theorem

• Randomly moving in Minkowski spacetime: from Langevin equation to
(V , z)-processes

• One-particle distribution function

• Dynamics on a Lorentzian manifold
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Dynamics of (V , z)-diffusions: a step-by-step construction
(0, e

.

)-diffusion and geometry

• Geometrical framework. (M, q) Lorentzian manifold of dimension
1 + d , OM orthonormal frame bundle over M; generic element
e = (m, g) =

(
m,

(
g0, g1, ..., gd

))
. Geodesic flow on OM induced by

vector field H0. Vertical vector fields Vi , i = 1..d : generate hyperbolic
rotations in each fiber over M.

V : vertical vector field on OM. Unperturbed dynamics:
des = H0(es)ds + V (es )ds

• Step-by-step description of the random dynamics (for V = 0).
z(e.) =

(
f 0(e.), f

1(e.), ..., f
d (e.)

)
: previsible ’action-process’.

1 ms+δs = ms + g0
s δs,

2 g0
s+δs = g0

s + δgeodg
0
s + δrandg

0
s . Increment δrandg

0
s : only vector of

Tg0
s

(
HmM

)
s.t. its projection in

span
(
f 1(es), ..., f

d(es)
)
/ / f 0(es) = scaled Brownian increment

q
(
f 0(es), g

0
s

) 1
2

d∑

i=1

f i (es) ◦dW i
s .

3 Transport parallelly {g1
s , ..., g

d
s } along the increment δg0

s of g0
s .
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Dynamics of (V , z)-diffusions: a step-by-step construction
(0, e

.

)-diffusion and geometry

• Example: Langevin equation in spacially flat Robertson-Walker
spacetime.
Q = dt2 − a(t)2|dx |2. Co-ordinates: (x , q) ∈ R3 × R3. Set
γt(q) =

√
1 + a(t)2|q|2.

dxt = qt

γt(qt)
dt,

dqt = −2α a(t)2 qt

γt(qt)
dt + 1

a(t) ◦dwt .

• H-theorem holds for general (V , z)-diffusions.
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Dynamics of (V , z)-diffusions: a step-by-step construction
(0, e

.

)-diffusion and geometry

• Asymptotic behaviour of (0, e.)-process
{
(ms , gs)

}
s>0

Theorem

In Minkowski spacetime, {ms}s>0 almost-surely converges towards a
random point of the causal boundary. Any open set of the causal
boundary can be hit.

Conjecture

In strongly causal spacetimes, the M-part of the (0, e.)-process
almost-surely converges towards a random point of the causal boundary.

• Life-time of the process.

Open Problem

Is null geodesic incompleteness equivalent to explosion of the
(0, e.)-process with positive probability?
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