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Introduction of the problem The Cauchy problem with Dirichlet conditions

The abstract Cauchy problem

Stochastic transport equation

gu(t,x) = Au(t,x) + VBH(x) - Vu(t,x), te(0,Tl,xe D
u(0, x) = wp(x), xeD
u(t,x) =0, te(0,T],x €dD

» u(t,x): unknown concentration of the substance at time ¢t
and position x

» D C R bounded domain with smooth boundary
» BH(x) = BH(x,w): suitable stochastic noise

—> In this session B(x) will be a fractional Brownian field with
Hurs index 0 < H < 1.
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Introduction of the problem The Cauchy problem with Dirichlet conditions

The abstract Cauchy problem

Fractional Brownian motion (d = 1)

{BH(x),x € R} } is a fractional Brownian motion with Hurst
parameter H € (0, 1) if it is a centred Gaussian process with
covariance function given by

1
1 <X2H 4 y2H Ix — y|2H)

E(Bf'B)') = 5

» homogeneous increments but not indipendent (negatively
correlated if H < 1/2, positively if H > 1/2)

> there exists a version of B with a-Holder continuous
trajectories, for a < H

» if H# 1/2 then B is not a semimartingale: It6-type theory
can not be used
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Introduction of the problem The Cauchy problem with Dirichlet conditions

The abstract Cauchy problem

The abstract Cauchy problem

» X Banach space

» A linear operator on X

» A generates a semigroup (T(t),t > 0)
» f:]0, T) — X given function

The abstract Cauchy problem is

WD) — Au(t)+f(r) , t>0
oy g

where u is a X-valued function.
We define the mild solution as the function

u(t)=T(t)h+ /Ot T(t—s)f(s)ds.

Elena Issoglio The pathwise solution of an SPDE with fractal noise



Introduction of the problem The Cauchy problem with Dirichlet conditions

The abstract Cauchy problem

The stochastic transport equation as abstract Cauchy problem

» X infinite dimensional Banach space
» h € X function depending on x € D C RY: h(x)

The function u(t, x) is now interpreted only as function of time
and takes values in X.

u: [0,T] - X
t  — ut)

where u(t) is a function of x defined by

ult)y: D — R
x = u(t)(x)

where u(t)(x) := u(t,x).
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Introduction of the problem The Cauchy problem with Dirichlet conditions

The abstract Cauchy problem

The Cauchy problem with Dirichlet conditions is now rewritten as

{ up=Apu+VBH.Vu,  te(0,T]
u(0) = g
where

> u, indicates the derivative of u with respect to time

> ug(x) = u(0,x) = up(x)

» Ap is the Dirichlet laplacian on D: it encodes the condition

u(t)(x) =0 for x € D
» VB! . Vu has still to be defined since VB is a distribution

» pathwise interpretation: fix w € Q and study the equation
for almost every w
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

A e Ap: probabilistic interpretation

» Laplacian A on RY.
generates a semigroup { Tt }+>0

Teu(x) = /]R , p(t,x,y)u(y)dy

where p(t, x, y) is the heat kernel

1 x —y[?
p(t,x,y) = Wexp {_21“

<—> Brownian motion on RY where
p(t,x,y) = P*(B; € dy) is the transition probability density
function of a Brownian motion {B;}+>0.

Elena Issoglio The pathwise solution of an SPDE with fractal noise



The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

» Laplacian Ap.
generates a semigroup {P:}+>0

PtU(X):/DPD(t>X7Y)u(Y)dy

where pp(t, x,y) = p(t,x,y) — r(t,x,y) with
r(t,x,y) = Ex[p(t — 7D, BTpvy);TD < t]

and 7p is the first exit time from D.
<—> killed Brownian motion (killed at exiting D)

B_ Bt ift<TD
Tl ¢ ift> .
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

A e Ap: analytical interpretation

» The semigroup T; acts (for instance) on Lp(R9).
In this case we have

dom(A) = W2(RY) c WO(RY) = Lp(RY).

Property: A — A : HY(RY) — HY"2(RY), for every v € R,
A>0.

» The semigroup P; and its generator act on a space restricted
to D which contains information on 9D.
—> fractional Sobolev spaces on D.
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobc;{lev Spaces

The noise VB

Fractional Sobolev spaces on R¢
» Sobolev spaces. Let m e N
Wr(RY) = {f € S'(RY) : 07 € L,(RY) for every || < m}

1/
endowed with the norm ||f | W 7| := (Zhlém |07 F | Lp||p> g

» Fractional Sobolev Spaces. Let o € R
He(RY) := {f € S'(RY) : (1 + [¢P)*/2F) € Ly(R)}

endowed with the norm ||f|HS(RY)|| = [|((1 + [£]2)*/2F)Y .,
Property: if « = m € N then H;,"(Rd) =Wy (RY).
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The Dirichlet Laplacian

Interpretation of the involved objects Fractional Sobc;{lev Spaces

The noise VB

Fractional Sobolev spaces on D
Let o e R

> define
HE(D) := {f € 8'(D): 3g € HA(RY) s.t. glp = f}
endowed with the norm
£ (D)) = inf { g H3 (R9)] s.t. g € H3(R?) and glo = f }

> define l:Ig‘(D) = {f € H3¥(R?) : supp(f) C D}
endowed with the norm || - |Hg(R9)||
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobc;{lev Spaces

The noise VB

—> right space for P; and Ap:

—arm | HYD), ifa>0
H(D)'_{HQ(D), if o < 0

Scale of spaces with good properties for —3/2 < a < 3/2.
> P, : H(D) — H"*?(D)
> A% : HY(D) — H'=2%(D)
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

The noise VB! and the term VB . Vu(s)

> let consider a version of B* with a-Hdlder continuous paths,
for a < H.

» Property: if his a-Hoélder continuous on RY with compact
support for 0 < v < 1, then for any o/ < o < 1 we have
he Hf,“/(]Rd) for any 1 < g < 0.

> let ¢(x) € €2° such that ¢(x) =1 for any x € D.

Apply Property to 1(x)B"(w)(x) with a fixed w € Q:
yBH ¢ Hé_ﬁ(]Rd) forany1—- 3 < H< 1.

> substitute BY with a deterministic function Z € Hy " (RY).

> we have VZ € Hy”(RY) with 3 > 0: it is a distribution —>
problems while defining VZ - Vu(s).
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

The pointwise product in S'(R9)
given f,g € S'(RY) we define the product

fg .= lim SifS/g

J—00

if the limit exists in S’(R9), where

I = ()P ()

with
> (&) € €, 0 < ¢(€) < 1 for any £ € RY
> ¢(¢) =1if [§] <1
> ¢(§) =0if [§] > 3/2
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The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

Property

Let 1 < p,g < o0, 0 < <4 and assume g > max(p, d/d).
Then for any f € Hg(Rd) and g € H;ﬂ(Rd) we have

fg € Hp(RY)

g |H, PR < cllfIH (R - lgHg *(RY)]|-

Application:
> g=VZe H,"(RY)
> f=Vu(s) € H)(D) C H(R?) (since § > 0)
> notation: (-,-) for the scalar product in RY combined with the
poitwise product just defined.
> (VZ,Vu(s)) € Hy?(RY)

Elena Issoglio The pathwise solution of an SPDE with fractal noise



The Dirichlet Laplacian
Interpretation of the involved objects Fractional Sobolev Spaces

The noise VB

Property: Let f, g € S'(R?), supp(f) C D then supp(fg) C D.
> by definition of H(D) with 6 > 0 we have supp(Vu(s)) C
» can apply the property: supp((VZ,Vu(s))) c D
> notice that (VZ,Vu(s)) € Hy?(R?) c 8'(R?) so that
(VZ,9u(s)) € S'(D)

> by definition of H,”(D) with 8 > 0 (functions in (D) s.t.
there exists an extension in H,;B(Rd) ) we have
(VZ,Vu(s)) € Hy?(D)
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Definition of the mild solution
The integral operator

The theorem of existence and uniqueness The main result

The mild solution

u,=Apu+VZ-Vu forte(0,T]
u=up

» P; semigroup generated by —Ap

» the boundary conditions are included in the choise of the
domain of Ap

We say that a function u : [0, T] — X is a mild solution of the
problem if

u(t) = Peup + /Ot Pe_r(Vu(r),VZ)dr

for all t € [0, T].
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Definition of the mild solution
The integral operator

The theorem of existence and uniqueness The main result

The operator on which we concentrate is then the following

le(u) == /Ot Pe_r(Vu(r),VZ)dr.

for any fixed u.

Which is the time regularity?

Let us introduce the space of all y-Holder continuous functions on
[0, T] taking values in an (infinite dimensional) Banach space

G- 1x):
C([0, T]; X) :={h:[0, T] = X s.t. ||h]|yx < oo}

where

[[A(t) — h(s)llx
hllyx := sup ||h(t)|x + sup —F——"—
Il t€[0,T] ol s<t€[0,T] (t—s)7
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Definition of the mild solution
The integral operator

The theorem of existence and uniqueness The main result

Local mapping property of /; (I., 2009)
Let X = HI°(D) for some 0 < 3 < 4, § + (3 < 1/2 with
Ze I:Ié_’g(D). Then we have

Iy - ([0, T]; X) — C7([0, T]; X)
for all 0 < v < 1/4, and moreover for any u € C7([0, T]; X)

I l(.)(H)H%1+5 <c(T) ”HH%1+5

where ¢(T) is a function not depending on u and such that
lim7T_g C(T) =0. O
= by contraction theorem it is easy to obtain existence and
uniqueness of the solution u € C7([0, £]; X) with ¢ sufficiently
small. (local solution)

Elena Issoglio The pathwise solution of an SPDE with fractal noise



Definition of the mild solution
The integral operator

The theorem of existence and uniqueness The main result

How to extend the theorem to any T < o0?

> Let us introduce a family of equivalent norms on C7([0, T]; X)
parametrized by a real parameter p > 1:

IF(t) = F(s)lIx
)

t—s)7

1F1% = sup et (\f(t)||x+ sup
0<t<T 0<s<t

> it is easy to prove that for any p > 1

119 ~ 11 o

» Idea: work in the space C7([0, T]; X) endowed with the
p-norm and prove that /; is a contraction for some suitable p
which does not depend on T.
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Definition of the mild solution
The integral operator

The theorem of existence and uniqueness The main result

Theorem 1 (1., 2009)
Let X = H}T°(D) for some 0 < § < 4, § + 3 < 1/2. Fix
Z € HYP(R9). Then

Iy : C([o, T]; X) — C([0, T]; X)

for every 0 < 2y <1 — 6§ — 3, and moreover for any
u e C([0, T]; X) we have

ey (u)|| 145 <clp )||UH 146

where c(p) is a function of p not depending on u and T and such
that
lim c(p) =0.

pP—00
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Definition of the mild solution
The integral operator

The theorem of existence and uniqueness The main result

Theorem 2 (1., 2009)

Let0< 3 <d,0+06<1/2and 0 <2y <1—4§— (3. Moreover fix
Z € HyP(R?) for some g < 2V d/s.

Then for every initial condition up € I:I21+5+27(D), with

1+ 0+ 2y < 3/2, there exists a unique mild solution u(t, x) for
the abstract Cauchy problem

u=uo

{ut:ADu—FVU'VZ for t € (0, T|

given by u(t,-) = Prug + l¢(u).
Moreover this solution belongs to the Holder space
€7([0, T]; HXT°(D)) for any finite positive time T. O
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The integral operator
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Grazie.
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