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Taqqu 1975

Let {Y;} be a sequence of stationary Gaussian random variables such
that

SSSTE(YY) ~ At L(n)

i=1 j=1
as n — o0.

Jorge A. Ledn (Cinvestav—IPN) A strong uniform approximation Roscoff 2010 4 /82



Taqqu 1975

Let {Y;} be a sequence of stationary Gaussian random variables such

that
ZZE ~ An*"L(n)
i=1 j=1
as n — o0.
Here 0 < H <1, A> 0 and L is a slowly varying function (i.e., for all

a>0, lim, . H2 =1).
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Taqqu 1975

Let {Y;} be a sequence of stationary Gaussian random variables such
that
n n
S E(VY) ~ AL (n)
i=1 j=1
as n — oo.
Here 0 < H <1, A> 0 and L is a slowly varying function Then

converges weakly to v/AB!, where d? ~ n?"[(n).
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Tommi Sottinen 2001

Let {¢; : i > 0} be a sequence of i.i.d. random variables with
E[¢] =0 and Var[¢] =1, and

[nt] i
(m _ " (Lt 1.
B! _;<n/%KH( : ,s>ds> N

Jorge A. Ledn (Cinvestav—IPN) A strong uniform approximation Roscoff 2010

7/82



Tommi Sottinen 2001

Let {¢; : i > 0} be a sequence of i.i.d. random variables with
E[¢] =0 and Var[¢] =1, and

[nt] i
B =% (n/; K (L’:J ,s> ds> %g;.

i=1 n

Here, H < 1/2 and
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Tommi Sottinen 2001

Let {{; : i > 0} be a sequence of i.i.d. random variables with
E[¢] =0 and Var[¢] =1, and

[nt] i
B — 3 <n/_ K, <L”—;Js> ds> %g,.

i=1 n

Here, H < 1/2 and

Ki(ts) = du{(5)" (e =)'

Then B(" goes weakly to B".
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Stroock 1982

The family

z={z(0)=> [(-1)"Das,t € 0.7}

€ Jo

converges weakly to the Brownian motion, as ¢ — 0.
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Stroock 1982

The family

z.={z(1) - L1y @as. e e o )

€ Jo

converges weakly to the Brownian motion, as ¢ — 0.
Here {N(t),t > 0} is a Poisson process
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Delgado y Jolis (2000)

The family
X. —{X(t /KHts W) ds, t e [o, T]}

converges to B, as ¢ — 0.
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Delgado y Jolis (2000)

The family

X = {X(t / Ku(t,s)(=1)"&)ds, £ € [0, T]}

converges to B, as ¢ — 0.
Here Ky(t,s) is given by :

1_pH ¢ . H-3 H-1 1
CHS?2 (u—=15)""2u""2du 10,4)(5), H>2,
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Delgado y Jolis (2000)

X, —{X(t / Ki(t, s)(—1)"2ds, ¢ € [0, T]}

converges to B, as ¢ — 0.
Here Ky(t,s) is given by :

1_H ¢ . H-3 H-1 1
CHS2 (u—=15)""2u""2du; 10, (5), H>2,

and

tin-1 H-1 Loty [t s H-1
du {0 (e =)t = (H = D)5t [Cu - ) Hdul),
forH<%.
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Szabados (2001)

i.id r.v. random walks At Ax  Modification
X0(1)7X0(2)7 50 = 22:1 Xo(k) 1 1 §0(n)
X]_(].),X]_(2), 51 = ZZ:I X]_(k) 272 271 Sl(n)
Xo(1), Xn(2), -+ Sm= Ty Xn(K) 2727 277 5, (n)

P({Xa(Kk) = 1}) = P({Xa(k) = —1}) = ;

and
J n J , J j+1
Sm(t) = 5m(22n) —+ 22 (t — ﬁ)xm('l + 1), ﬁ <t< W,
with .
J

Snl5m) = 3 Xl
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Szabados (2001)

i.id r.v. random walks At Ax  Modification
X0(1)7X0(2)7 S0 = Zz:l Xo(k) 1 1 §0(n)
)(1(].),)(1(2)7 51 = ZZ:l Xl(k) 2_2 2_1 Sl(n)
Xm(1), Xm(2), -+ S =30_y Xm(k) 272™ 27m 5 (n)

Set

Bm(t) = 27~™5,,(£22™)

Theorem
B, — W as m — oo a.s. uniformly on compact sets.
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Szabados (2001)

Set

Bn(t) = 27m5,,(t22™)
k—1

BH(tk
and

Z h(t,, ti)[Bm(t, + At) —

B (0) = 0.
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Szabados (2001)

Set o
B (t,) = Z h(t,, t)[Bm(t, + A1) — Bm(t,)],
and

Bz(o) =0,
with At =277 t. = xAt, x € R, and

h(s,t) = Cu [(t— )" = (=) 7], s<t.
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Szabados (2001)

Set -
B (t,) = Z h(t,, t1)[Bm(t, + A1) — Bu(t)],
and

B (0) =0,
with At — 2727 t = xAt, x € R, and

h(s,t) = Cu[(t— )" 2 = (=5){7?], s<t

Theorem
For H € (1/4,1),

B — B" as m — oo a.s. uniformly on compact sets.
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Szabados (2001)

Set -
Bu(t) = > hltr, t)[Bm(t + A1) = Bu(t)].
and

B (0) =0,
with At — 227 t. = xAt, x € R, and

h(s.t) = Cu[(t— )2 = (=5)] 77|, s<t.

Theorem
For H € (1/4,1),

B — B" as m — oo a.s. uniformly on compact sets.

The rate of convergence is O(n~min{H=1/4.1/4}2l0g2 o ).
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Transport processes

{X(”)(t), t> 0} is a transport process iff :
e X("(0) =0,
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Transport processes

{X(”)(t), t> O} is a transport process iff :
e X("(0) =0,

o X(" is continuous,
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Transport processes

{X(”)(t), t> 0} is a transport process iff :
e X("(0) =0,
e X is continuous,

e X" is a piecewise linear function with slopes =+n,
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Transport processes

{X(")(t), t > 0} is a transport process iff :
e X(M(0) =0,
e X" is continuous,
e X(" is a piecewise linear function with slopes +n,

@ The slope at 0+ is random. It is n or —n with probability 1/2,
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Transport processes

{X(")(t), t> 0} is a transport process iff :
X (0) =0,
X" is continuous,

°
°

e X(" is a piecewise linear function with slopes +n,

@ The slope at 0+ is random. It is n or —n with probability 1/2,
°

The times between consecutive slope changes are independent
and exponential distributed with parameter n?.
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Costruction of transport processes

We fix (2,5, P) y W = (W;)>0.
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Costruction of transport processes

We fix (2,F,P) y W = (W;)>o0.
Consider, for each n > 0, :

e A family {¢, i =1,2,...} i.i.d random variables, with
distribution exp(2n?), independent of W.
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Costruction of transport processes

We fix (2,5, P)y W = (W;)i>o.
Consider, for each n > 0, :
e A family {¢, i =1,2,...} i.i.d random variables, with
distribution exp(2n?), independent of W.

e A family {k;, i =1,2,...} of independent random variables,
independent of {7, i=1,2,..., and W, such that
P(k;=+1)=1/2
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Costruction of transport processes
We fix (Q,S, P) Yy W = (Wt)tzo.
Consider, for each n > 0, :

o A family {¢, i =1,2,...} i.i.d random variables, with
distribution exp(2n?), independent of W.

e A family {k;, i=1,2,...} of independent random variables,
independent of £/, i =1,2,... and W, such that
P(k;=+1)=1/2

Theorem (Skorohod)
There exists a family {o, i =1,2,...} of independent and

nonegative random variables such that E (aj’) = ﬁ oy =0 and
i E i
n .o = n s __
w ZUJ J=1,2,... } = angj,/—lﬂ,...
j=1 j=1
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Costruction of transport processes

Theorem (Skorohod)

There exists a family {o”, i =1,2,...} of independent and

nonegative random variables such that E (aj’) = ﬁ oy =0 and

{W(Zo—j") ,i:1,2,...} 4 {angj",izl,z,...}
= =1

Set
1 i i—1
V== W ZJ}’ - W ZU}’ .
n j=0 j=0
d
=k}
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Costruction of transport processes

Theorem (Skorohod)

There exists a family {o!, i = 1,2,...} of independent and

nonegative random variables such that E (Uj’) = ﬁ oy =0 and

{W (ijq) = 1,2,...} 4 {ﬁj,@-gj,i: 1,2,...}
j=1 j=1
i i—1
w (Z aj’) - W (Z crj') |
j=0 Jj=0

d
=kl

Set

Then, {7, i=1,2,...} is a family of i.i.d. random variables with
distribution exp(2n?).
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Definition of XM

X(") nyjn =W ZUJP , I:1’2,
j=0

with lineal interpolation.

B
X'( ﬁ% (
Y5 [ \/
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Definition of XM

7" = i-th slope change.

The increments 77" — 77 ;, i =1,2,..., with 7' = 0, are independent

1

with distribution exp(n?).

\[@rs
T VU T T
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Approximation of Bm

wﬂ

T T T

Theorem (Griego, Heath and Ruiz-Moncayo (1971))
Let {W(t),t > 0} be a given Brownian motion on (2, §, P). Then,

lim max [X("(t) — W(t)| =0, as.

n—00 0<t<1
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Approximation of Bm

OIS
TN

Theorem (Gorostiza y Griego (1980))
For any g > 0, we have

P <0r251<x1 X (t) — W(t)| > an_%(log n)%> =o(n"9), as n— oo,

where o > 0.

y
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Mandelbrot-van Ness representation

Bl = CH{/_OOO[(t —5)T7Y2 — (=s)H 2 W (s)
+[e- s)H—1/2dW(s)},

where Cy = (2H sin THI(2H))Y2 /T (H +1/2) and W = (W/(t))
is a Brownian motion.

teR
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Mandelbrot-van Ness representation

6= Gl [ e 9" = (o )
(e 9 aws))
For - <0,
BH — CH{/Otgt dWs)+/ f.(s)dW(s) +/ fo(s)dW(s )}
- CH{/Otgt )JAW(s) + [ O (s)dW(s) + (2 W(2)

- foa ()5 () o)

Jorge A. Ledn (Cinvestav—IPN) A strong uniform approximation Roscoff 2010 39 /82



Mandelbrot-van Ness representation
For 2 <0,

BH — CH{/Otgt YdW(s +/ft YW (s +/ fi(s dW()}

_ CH{/Otgt AW (s) + [ O(5)aW(s) + fi(a)W(2)

o () (2) o)

Here,
fi(s)=(t—s)" V2 (=) 12 s<0<t<T,
and
gi(s)=(t—9)"12 0<s<t<T.
Jorge A, Leén (Cinvestav-IPN) e e T Resco 2010
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Transport processes

For 2 < 0, we introduce the following :
@ (Wi(s))g<s< 7 the restriction of W on [0, T].
Q (Wa(s)).<,<o the restriction of W on [2,0].
W) sise|i0),
Q Ws(s) = {g (5) sis [a )

sis =0.
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Transport processes

For 2 < 0, we introduce the following :
Q@ (Wi(s))g<s< 7 the restriction of W on [0, T].
Q (Wa(s)).<s<o the restriction of W on [2,0].

Q Wi(s) = {;W(%) sis € E’O)’

Then we can find

(X7 ()oss<,  (X57(5))s<0 and  (X5"(5))10c0,

sis =0.
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Transport processes

For 2 < 0, we introduce the following :
@ (Wi(s))o<s< 7 the restriction of W on [0, T].
Q (Wa(s)).<.<q the restriction of W on [2,0].

Q W(s) = {;W(i) sis € [4,0).

Then we can find

(X1V()oss<T,  (X3"(5))zs<0 and  (X5”(5))1<co,

sis =0.

such that, for any g > 0,

P( sup |Wi(t) — X(t)] > COn~Y(log n>5/2> = o(n"9),

bi<t<c;

as n — OQ.
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Approximation of FBM

Let £, = —n P/IH-1/2],
For H > 1/2, define

B = C”{/ot(t — )" 2aX((s) + [ A(s)aX{"(s)

+hi(a)X{" (a) + /;(— / as"f(i) vla"v>dx3( & )}
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Approximation of FBM
Let £, = —n P/IH-1/2],
For H > 1/2, define
t 0
B0 = Gof [[(e- 92070 + [ Re)xf(

+f(a)X3"(a) + /;<— ﬁA 85’(6) v3dv>dx3 (s )}

and for H < 1/2, set
() (t+en)VO n)
BO(r) = ¢4 /0 gi(s)dX"(s)

t
[ (=) AX(s) 4 [ ()X s)
(t4en)VO

+E()X7(a) + / (— / asﬂ<v>vl3dv>dx§">(s)}.
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Approximation of FBM
Let £, = —n P/IH-1/2],
For H > 1/2, define

B0 = Gof [[(e— 91200 + [ Re)xf(

()X (a) + / °<— / M(i) V13dv> dXé”)(s)}

Theorem

For any g > 0 and (3 such that 0 < H — % <p< % there exists
C > 0 such that

P < sup_|BH(t) — B™(t)| > Cn= /29 (log n)5/2> = o(n )

0<t<T

as n — oQ.

y
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Approximation of FBM
For H < 1/2, set

a (t+en)VO "
B0 = Gof [ aax

t
o[ (== a0 (s) + [ h(s)axS(s)
(t4en)VO

+h(a) X5 (a) + / (— / asﬂ(v> V13d )dX§"’( )}-

Theorem

For any g > 0 and (3 such that 0 < % — H < B <1 there exists
C > 0 such that

P< sup ’BH B(")(t)’ > Cn~ 1279 (log n)5/2> =o(n9).
0<t<T

v
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Approximation of FBM

Lemma

Let H > 1/2. Then, for any q > 0, there exists C; > 0 such that, for
an = n_(l/z_ﬁ)(log n)5/2,

[ syram(s)
_/ s)H- 1/2dX(n)( )

P( sup Cy

0<t<T

> C2%> =o(n9 as n—

4
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Approximation of FBM

Lemma

Let H > 1/2. Then, for any q > 0, there exists C; > 0 such that, for
op = n_(l/z_ﬁ)(log n)5/2,

t H—1/2
P( sup Cu|[ (£~ s)"2dWi(s)
0<t<T

_/ H 1/2dx(")( )
Proof : By the integration by parts formula,

/Ot(t — )H 24 (s) = (H — 1/2) /Ot(r — §)H32 Wy (s)ds.

> Cz%> =o(n9 as n—

and

[(e= o2 = (H = 172) ['(e = 52X ()
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Approximation of FBM

Lemma

Let H > 1/2. Then, for any q > 0, there exists C; > 0 such that, for
a, = n~ /278 (log n)°/2,

P( sup Cy

0<t<T

JACEELRE=16
- [ (e o)

Proof : Then

‘ . H—1/2 . ‘ _ \H=1/2 4y (n)
(t —s) dW(s) (t —s) dX1"(s)
0
< sup [Wa(s) — X{"(s)| 12,

0<s<t

> C2%> =o(n"9 as n— o0

o’
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Equation

Our objective is to obtain an approximation with rate of convergence
for solution of fractional stochastic differential equations of the type

Xt—X0+/ OdB ‘|‘/ 57 tE[O,T],
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Equation

Our objective is to obtain an approximation with rate of convergence
for solution of fractional stochastic differential equations of the type

m_m+/ <m5+/bm s, telo, T,

where B = (B¢)iepo, 7] is fBm with Hurst parameter H € (3,1),
(H #1/2), with 0 € C2, b € C} and b is bounded.
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Equation

Our objective is to obtain an approximation with rate of convergence
for solution of fractional stochastic differential equations of the type

%+/ odB+/ )ds, te[o,T].

where B = (B)iepo, 7] is fBm with Hurst parameter H € (3,1),

(H #1/2), with 0 € C2, b € C} and b is bounded.

The stochastic integral with respect to B is the forward integral for
H > f, and the Stratonovich integral for H < %
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Equation

Our objective is to obtain an approximation with rate of convergence
for solution of fractional stochastic differential equations of the type

Xt_x0+/ s) o dBg +/ )ds, te][0,T],

where B = (Bi)iejo, 7] is fBm with Hurst parameter H € (3, 1),
(H #1/2), with 0 € C2, b € C} and b is bounded.
By Alos, Ledén and Nualart, and Neuenkirch and Nourdin, this

equation has an unique solution X with a Doss-Sussmann type
representation

Xt - h( Yt7 Bt)a

Jorge A. Ledn (Cinvestav—IPN) A strong uniform approximation Roscoff 2010

56 / 82



Equation

Our objective is to obtain an approximation with rate of convergence
for solution of fractional stochastic differential equations of the type

m_@+/ cm3+/bm s, telo, T,

By Alos, Ledn and Nualart, and Neuenkirch and Nourdin, this
equation has an unique solution X with a Doss-Sussmann type

representation
X = h(Ys, By),
where
oh

a (X17X2) U(h(X17X2))7 h(X17 O) = X1, X1, X2 S R?
X2

and

ﬂ:w%}é&ﬂMhﬁmaMMhﬁm,%:&.
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Equation

&_m+/ cMB+/chk teo, 7).

By Alos, Ledén and Nualart, and Neuenkirch and Nourdin, this
equation has an unique solution X

Xt = h( Yt> Bt);
where
oh
a (X17X2) (h(X17X2))7 h(X17O) = X1, X1, X2 GR?
X2
and
B:
y! — ap(—/ 0@Kﬂ§»$>MMY@&»,
0
oh -
- a (YtaBt) b(h(yt, Bt))7 YO :XO
X1
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Approximation scheme

h(x,y) = x + /oy o(h(x,s))ds.
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Approximation scheme

h(x,y) =x+ /Oy o(h(x,s))ds.

Foreach n=1,2,---, we take

=yl < <Yy <y =0<y < <yh=n,
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Approximation scheme

h(x,y) = x + /0 " o (h(x, ))ds.

Foreach n=1,2,---, we take

=yl < <y <y =0<y <o <yp=n,

where for r, = %

y;’1|_1:Yi+rn:T, yf(H_]_):_y—i_rn:

Jorge A. Ledn (Cinvestav—IPN) A strong uniform approximation
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Approximation scheme

Y
hx.y) =x+ [ o(h(x,s))ds.
0
Foreach n=1,2,---, we take

=yl < <Yy <y =0<y < <yh=n,

where for r, = %

) Lt i1
. =V rh=— (i =yY_i—Ih= .
Yiri =Y n Y_(i+1) =Y -

We define functions h" : R? — R by h"(x,y) = 0 if

(x,y) & [—n,n] x [-n,n], and for (x,y) € [—n, n] X [-n, n] and
k=0,1,---n*>—1, as

h(x,y) = h0¥)+ 0 =ydo(h"06x), v <y < Y,
h'(x,y) = h"(xy0) = (V2 = y)o(h" (G v2)s Yoy <Y <y
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Approximation scheme

h(x,y) = x+ /Oy o(h(x,s))ds.

no_ +1_i+1 , B 1 —i—1
Yigr = Vi n_ n Y_(i+1) = V=i n
We define functions h" : R? — R by h"(x,y) = 0 if

(x,y) & [—n,n] x [-n,n], and for (x,y) € [—n, n] X [—n, n] and
k=0,1,---n*>—1, as

h'(x,y) = h"0yd) + (= y)o(B"(x8)), v <y < Vi
h'(x,y) = h"(xy2) = (V2 = ¥)o(h" (G v20))s Yoy <y <yl

with

hn(x,y£+1) = h"(X,y,f) + r,,a(h"(x,y,f)),
hn(X7yf(k+1)) = hn(X7yfk) - r,,a(h"(x,yfk)),
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Approximation of FBM
Let £, = —n P/IH-1/2],
For H > 1/2, define
t 0
B0 = Gof [[(e- 92070 + [ Re)xf(

+f(a)X3"(a) + /;<— ﬁA 85’(6) v3dv>dx3 (s )}

and for H < 1/2, set
() (t+en)VO n)
BO(r) = ¢4 /0 gi(s)dX"(s)

t
[ (=) AX(s) 4 [ ()X s)
(t4en)VO

+E()X7(a) + / (— / asﬂ<v>vl3dv>dx§">(s)}.
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Notation

B if H> L,
B if H< L.

Jorge A. Le6én (Cinvestav—IPN) A strong uniform approximation



Notation

. |B™ it H> 1,
S B™if H< 1

We have that

—x0+/ <8X1 (Y., B, >_1 b(h(Ys, B;))ds.

For each n=1,2,---, we define the process Y" as the solution of

—x0+/ ( (Yo B”)>_1 b(h( Y, B"))ds.
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Notation

For each n=1,2,---, we define the process Y" as the solution of
-1
= (YZ, Bl h(Y!, Bl))ds.
XO+/ <6X1 > b( ( s> s))ds

That is,
(Ytn)/ = f( Ytn, B?) Yn = Xo, to = 0,

where

f(x,y) =exp (— /Oy o' (h(x, u)du)> b(h(x,y)).
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Notation
g BU) if H > 3,
B if H < 1.
For each n=1,2,---, we define the process Y" as the solution of

(Ytn), = f( Ytna Bf) Ytg = X0, to=0,

where
f(x,y) = exp (— /Oy o' (h(x, u)du)) b(h(x, y)).
For each n=1,2,---, we define
F(x.y) = exp (= [ o/ (0(x, u)du) ) B(H"(x. ),
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Euler scheme

For each n=1,2,---, we define the process Y" as the solution of
(YO =f(Y,Bl) Y{=x, t=0,
where
f(x,y) =exp (— /Oy o' (h(x, u)du)) b(h(x, y)).

For each n=1,2,---, we define
y
F(x.y) = exp (= [0/ (0(x, u)du) ) B(H"(x. ),
0
The Euler scheme (¥™™) for the above differential equation is

defined as follows, for each m=1,2,---, the partition
O=ty<--<t,=Tof [0, T] with ti1 =t; + rm, and r,, = L
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Euler scheme

S\/Onmq = Xo,
Yt:ﬂ, = Ytz’m—i_rmfn(ytz,mvBZ()v k = 07 7(m_ 1)7

Yim = Yem 4 (e - g) (YL, BR)
= Yo"+ [ (YT, Bl )ds,  if t <t < g
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Euler scheme

f/mm = Xo,
Ytk+1 Ytr;’m + rmfn(ytr;z,mv BZ()v k = 07 T (m o 1)7

et S\/t;hm + (t - tk)fn(s\/t;:’m, BZ()
T [ (YT B )ds, i b <t <ty

Xt—xo—l—/ .)dB, +/ (X.)ds, telo, Tl

Xt - h( Yt7 Bt):
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Euler scheme

\"/n,m = xo,
Ytk+1 = Ytr;’m—i_rmfn(ytz,mvBZ()v k = 07 7(m_ 1)7

= S\/tz,m + (t — tk)f"(\A/t’k"’", BZ()
T [ (YT B )ds, it <t <ty

Xt_Xo—f‘/ dB +/ tG[O7T]7

Xt — h( Yt7 Bt)

Here, we define the approximation of X as

n n(\rn,n? n
X{ = h"(Y"™, BY).
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Euler scheme

Theorem
For any [ such that |H —1/2| < 3 <1/2,

P(Iim sup{ sup | Xe — X/[| > oz,,}) =0,

n—oo  \(tel0,T]

where o, = n~(1/2=F)(log n)>/2.
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Proof : Approximation of h

For fixed n, we work in the square [—n,n] X [-n,n]. Let | =n+m
for some m > 0, and consider the finer partition of [—n, n] given by

—”=yi,,/<-'-<yé=0<---<y,',,=n,with rI:%-
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Proof : Approximation of h

For fixed n, we work in the square [—n,n] X [-n,n]. Let [=n+m
for some m > 0, and consider the finer partition of [—n, n] given by
—n=y <. <yl=0<--- <yl = n, with r/:%.
Lemma

For all (x,y) € [=n,n] x [—n,n] and | > n,

- Nn _
[h(x,y) = H(x,y)| < M2 exp (Mn).
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Proof : Approximation of Y

We have that

-1
Yt_xo—i—/ <8X1 Y., B, ) b(h(Ys, Bs))ds.

For each n=1,2,---, we define the process Y" as the solution of

—xo+/ <8x1 (o, B”))_l b(h(Y?, BI))ds.
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Proof : Approximation of Y
We have that

—x0+/ <8x1 Y., B.) >_1 b(h(Ys, B.))ds.

For each n=1,2,---, we define the process Y" as the solution of
-1
~ % +/ ( (Yr B”)) b(h(Y?", B"))ds.

Proposition
We have
P (Iimsup{||Y YL > oz,,}) 0,
n—o0

where a, = n=(1/2-8)(log n)>/2.

v
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Proof : Approximation of Y”

Proposition
Let Y" and Y™™ be as above. Then

P<|im sup{||Y” — V"7 || > 04,,}) =0
n—o0

where o, = n=(/2=8)(log n)5/2.
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Proof : Approximation of Y
We have that

—x0+/ <8x1 Y., B.) >_1 b(h(Ys, B.))ds.

For each n=1,2,---, we define the process Y" as the solution of
-1
~ % +/ ( (Yr B”)) b(h(Y?", B"))ds.

Proposition
We have
P (Iimsup{||Y YL > oz,,}) 0,
n—o0

where a, = n=(1/2-8)(log n)>/2.

v
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Proof : Approximation of Y

Proposition
We have
P (Iimsup{||Y YL > oz,,}) 0,
n—o0
where o, = n=(1/2-8)(log n)>/2.
Proof.
h -
Ve — Y7 = / G (Yo B) | b(A(Y:. B.))ds
0

_/ <8x1 (Y" B" >_1 b(h(Y{, B{))ds

g/ot Il(s)ds—ir/O h(s)ds
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Proof : Approximation of Y

Proof.

Yoo vil = [ (e v B

(L) e
g/ot Il(s)ds—i—/o h(s)ds

where

b0 = (20vs)) (o) o s
and

16) = (220789 10h(Ye 8 — BV B
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Proof : Approximation of Y

Proof.
Yo — o] = /0 (g”l(ys,s )>_1 b(h(Ys, BS))ds
_ /0 (g:l (ve B")>_1 b(h(Y", B))ds
g/ot Il(s)ds—i—/0 h(s)ds
where

t
/ h(s)ds
0
t
< /0 exp(M |[Bll..)IM exp(M [|B]|,,)| Ys = Y'| + M[Bs — B ds.
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