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Equation

Consider the linear fractional differential equation of the form
Xt—n+/ a(s)de+/ $)X.dB", telo, T

Here n € L?(Q), a,b: [0, T] = Rand BY ={Bf: t [0, T]} is a
fractional Brownian motion with Hurst parameter H € (0,1/2).
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Equation

Consider the linear fractional differential equation of the form
t t
Xe=n+ [ a(s)xds + [ b(s)XdBY. teo.T]
0 0
Here n € [2(Q), a,b:[0, T] > Rand B = {B{': t€ [0, T]} is a

fractional Brownian motion with hurst parameter H € (0,1/2).
The stochastic integral is an extension of the divergence operator.
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Notation

Let H and Hg be two real separable Hilbert spaces with inner
products (-, )3, and (-, -)3,-

W ={W(h): heH}
is a Gaussian process on H such that
E(W(h)W(g)) = (h.g)n;

for h,g € H.
F is the o—field generated by W.
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Chaotic representation
Let F € L?(Q, F, P;Ho). Then it has the representation

o

F=3"I(f), f,eH"®H,,

n=0

where
E(<h, /n(mm(n,-l)wml(W(e,-l))~~(n,-k)!Hn,.k(W(e,-k)))

n; ®n; . k
{ n{fp, e " @ @e * @ hyengy,, if X =n,

0, otherwise.

Here h € Ho, {e; : i € N} is an OCS of H and

(_1)n X2 d" —x2
Hn(x) = ¢ /25(6 /2)

Y

x €R and n> 0.
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Hypotheses

Throughout we assume that H is densely and continuously embedded

in Ho and that
T:HCHy— Ho

is a linear operator (whose domain D(7) is H) satisfying the
following conditions :

(H1) |T h|3y = |hl3, for all h € H.
(H2) Ty :={h €M :TheD(T*)} is a dense subset of H.
(H3) To, ={T*Th: he Ty} is dense in Hy.

St is the family of all the smooth random variables of the form

F = f(W(gl), cee W(gn))7

where {g1,...,g,} isin D(T*T), f € C*(R").
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Derivative operator

Throughout we assume that H is densely and continuously embedded
in Hg and that

TIHCH0—>H0

is a linear operator (whose domain D(T) is H) satisfying the
following conditions :

(H1) |T hl3y = |hl|3, for all h € H.
(H2) T :={he€H:TheD(T*)} is a dense subset of H.
(H3) Toy ={T*Th: he Ty} is dense in H,.

St is the family of all the smooth random variables of the form

F = f(W(g1)7 SR W(gn))7
where {g1,...,8g,} is in D(T*T), f € C;°(R") and

DF — E"Zaf (W(g)..... W(en)s:
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Stochastic integral

Definition
Let u € L?(Q, F, P; Ho). We say that u belongs to Dom ¢* if and
only if there exists d(u) € L?(R) such that

E(DrF,u)y, = E(T*TDF,u)y,
= E(Fi(v)),

for every F € S7. In this case, the random variable ¢(v) is called the
extended divergence of u.
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Stochastic integral

Definition

Let u € L3(Q, F, P;Ho). We say that u belongs to Dom ¢* if and
only if there exists d(u) € L?(Q) such that

E(DrF,u)y, = E(T"TDF,u)s,
E(Fé(u)), for every F € Sr. (1)
Remarks.
i) If Ho =H and T = Iy, then (1) has the form
E(DF, u)y = E(Fé(u)).
Thus, ¢ is equal to the usual divergence operator.

i) Let u € L2(Q, F,P;H). Then

(DF, uy; = (T*T DF, u)y,.
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Characterization of ¢

Theorem

Assume that (H1)—(H3) hold and that u € L*(Q, F; Ho) has the
chaos representation

U= Z IL(f), f,eH" @ H,.
n=0

Then u € Dom §* if and only if f, (the symmetrization of f, as an
element of’Hg@("H)) belongs to H®("tY) for all n > 0, and

[e.9]

Z n!|7’,,_1|%t®n < 0.

n=1

In this case 0(u) = 2%, I,(fo1).

y
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Characterization of ¢

Proof : Fix n > 1. Let {ny, ..., nx} be a finite sequence of positive
integers such that ny +---+ny, =nand {g1,...,8} C T an
orthonormal system on H.
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Characterization of ¢

Proof : Fix n > 1. Let {ny, ..., nx} be a finite sequence of positive
integers such that ny + -+ ng, = nand {g1,...,8} C Ty an
orthonormal system on H.

Necessity : We have

E ((u, Dr (m!Ha (W(g1)) . nk!Ho,(W(81)))) )

k
= Yoy = D! (foor, (T7T)77 D (g

j=1
R ® gﬁnlf—l ® gJ@(”f_l) R ® g?;”")
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Characterization of ¢

Proof : Fix n > 1. Let {ny, ..., nc} be a finite sequence of positive

integers such that n; +--- 4+ ny, =nand {g1,...,8} C Ty an
orthonormal system on H.
Necessity : We have

E ((u, Dr (m!Ha (W(g1)) - nk!Ho,(W(81)))) )

k
= Yoni(n = 1)1 (fooa (T7T)Z0 D (g7

Jj=1
KRR gfi’f*l (%) gJ@(nj_l) R X gr%”k)

Hence, if 0(u) has the chaos representation
0(u) = I(va),  va € HO,
n=0
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Characterization of 6
Proof :

E ((u, Dr (m!Hn, (W(g1)) - nk! Ho, (W(81)))) s, )

= > om(n—DNfy, (T T D (g™
j=1
R ® gﬁ"lf*l ® gf@(”f_l) R ® gr%"k)

Hence, if 0(u) has the chaos representation

o0

o(u) = I(va), vy € HO,

n=0

then the duality relation (1) and (H3) yield that v, = f,_;, and
therefore Y00, nl|f,_1[3,6, < 0.
RN



Characterization of ¢

Sufficiency : Let F = f(W(g1),..., W(g«)) be a random variable in
St and K the linear subspace of ‘H generated by {g1,...,8k}. Then
F has the chaos decompostion given by

F= Z In(kn)a kn € Kken.
n=0
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Characterization of ¢

Sufficiency : Let F = f(W(g1),..., W(gk)) be a random variable in
St and K the linear subspace of ‘H generated by {g1,...,8k}. Then
F has the chaos decompostion given by

F= Z l(kn), ko€ K®"
n=0

Consequently,

E(U7 DTF>'H0

- Z(”"‘1)!<fm(T*T)®(n+1)(kn+1)>7{§(n+1)
n=0

= Z(”"‘1)!<7~Cn7(T*T)®(n+1)(kn+1)>ﬂ(§(n+1)

n=0
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Characterization of ¢

Sufficiency : Let F = f(W(g1),..., W(gk)) be a random variable in
St and K the linear subspace of ‘H generated by {g1,...,8k}. Then
F has the chaos decompostion given by

F= Z l(kn), ko€ K®"
n=0

Consequently,

E(U7 DTF>'H0

= Z(n+1)!<?n7(T*T)®(n+1)(kn+1)>7.[g§("+1)
n=0

- Z(n + 1)!<7~Cn7 kn+1>’H®(n+1)

n=0
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Characterization of ¢

Sufficiency : Let F = f(W(g1),..., W(g«)) be a random variable in
St and K the linear subspace of ‘H generated by {g1,...,8k}. Then
F has the chaos decompostion given by

F= Z l(k,), k,€K®"
n=0

Consequently,

E(u, D7F)y,

o0

= > (n+ DNFy, kns1) yow
n=0

= E(Fil,,(?,,_l)).
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Characterization of ¢

Sufficiency : Let F = f(W(g1),..., W(g«)) be a random variable in
St and K the linear subspace of ‘H generated by {g1,...,8k}. Then

F has the chaos decompostion given by
F = Z In(kn)> kn € Ken.
n=0

Consequently,
E<U, DTF>’H0

[e o]

= Z(n + 1)!<?n7 Knt1) 30 011)
n=0
= E(FY_ I(fai1)).
n=1
That is, the duality relation (1) is satisfied for u and
I(u) = 2_:1 I,,(?,,_l).
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An example

Let B = {B;" : t € [0, 3]} be a fractional Brownian motion (fBm)

with Hurst parameter / € (0,1/2). From Pipiras and Taqqu, we
know that the fBm B is a Gaussian process on the Hilbert space

H = {f 1 [0,3] — R : 3¢¢ € L*([0,3]) such that

f(u) = ua(/;*_(s-aasf(s)))(u)}

with
(f, &)1 = Chlor, Og) 12(l0,3)-
Here a = 1 — H and

(1 F)(s) = (@) [ Flu)(u— )"

for a.a. s € [0, 3.
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FBm case

H

{f 1 [0,3] — R : 3¢¢ € L*([0,3]) such that

f(u) = ua(/g*_(s-%f(s)))(u)}
Proposition

The space H is densely and continuously embedded in L*([0, 3]).

Jorge A. Ledn (Cinvestav-IPN)
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FBm case

Proposition
The space H is densely and continuously embedded in L*([0, 3]). }

Proof : Let f € H. Then there exists ¢¢ € L?([0, 3]) such that

< C/(/ r—uo‘1¢f()r>2du

Cus /0 o(u)?du,

IA

which implies that # is continuously embedded in L?([0, 3]).
Finally, from Pipiras and Taqqu, we have that the step functions are
included in ‘H. Thus the proof is finished. O
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FBm case

Now we introduce the linear operator
T:HCHo— Ho

defined by 12
(TF)(w) = G *ér(u), (2

where f(u) = u*(1g_(s7*¢¢(s)))(uv).
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FBm case

Now we introduce the linear operator
T :HCHo— Ho

defined by
(TF)(u) = C*r(u), (3)

where f(u) = u* (1§ (s *¢¢(s)))(u). Henceforth, D7, is the inverse
operator of

I (f) M)~ / (r)(s — r)* tdr.
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FBm case

Proposition

Let g : [0,3] — R be a function such that u — u®g(u) belongs to
Ig,(L9([0, 3])) for some q > o'V H™. Then, g € Dom T* and for
u€eo,3],

(T*g)(u) = C2uD5, (s°g(s))(u).
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FBm case

Let
T:HCHo— Ho
be defined by
(TF)(u) = C2er(u), (4)
where f(u) = u*(Ig (s~ *¢¢(s)))(u).

Proposition

The operator T satisfies conditions (HI1)—(H3).
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FBm case

Proposition

The operator T satisfies conditions (HI1)—(H3).

Proof : We define

H, = {feH:3f €L>(]0,3]) such that
¢r(u) = u™lg- (s"F7(s))(u)}-
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FBm case

Proposition

The operator T satisfies conditions (HI1)—(H3).

Proof : We define

H, = {feH:3f €L>(]0,3]) such that
¢r(u) = u=lg- (s"F7(s))(u)}-

H.. is a dense set of H because the family.

[2 = {fel?]0,3]): If* € L such that
fu) = vl (s"£7(s))(u)}

is a dense subset of L2(]0, 3]).
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FBm case

Proposition

The operator T satisfies conditions (HI1)—(H3).

Proof : Let g € L?([0, 3]) such that for any f* € L>(]0, 3]),

0= [ glu)ulg ("7 (s)) ()

Hence, )
0= /0 12 (s~g(s))(v)u® F*(u)du.

Consequently, g = 0.
Finally, Proposition 6 gives H, C T3 and L*([0,3]) C Ti2oz)- U
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FBm
Proposition
Let H € (0,1/4). Then B" belongs to Dom &*, but is not in H w.p.1.
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FBm

Proposition
Let H € (0,1/4). Then B" belongs to Dom &*, but is not in H W.p.ll

Proof : We know
Bi' = h(1p0,q) € L*(; L3([0, &)).

Since 1j0.4(-) = 2(1 ® 1) (symmetrization as an element of
(L%([0, 3]))®?), we get B belongs to Dom 4*.
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FBm

Proposition
Let H € (0,1/4). Then B belongs to Dom &*, but is not in H W.p.lJ

Proof :Finally, Cheridito and Nualart have proven that there is a
sequence (t,), tending to zero such that

a—tn
¢-2H /0 (B!, — B")?ds — 3, (5)

as n — oo w.p.1l.
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FBm

Proposition
Let H € (0,1/4). Then B" belongs to Dom &*, but is not in H w.p.1.

Proof :Finally, Cheridito and Nualart have proven that there is a
sequence (t,), tending to zero such that

a—tn
¢-2H /0 (BY, — BMy2ds — 3, (6)

as n — oo w.p.1l.
On the other hand, if there is wy € Q such that B”(wy) € H, then
Samko et al. imply

[ (B (o) — Bl () = ofe%). ™)

Thus, the fact that H € (0,1/4) implies the result.
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Equation

Consider the linear fractional differential equation of the form
Xt—n+/ a(s)de+/ $)X.dB", telo, T

Here n € L?(Q), a,b: [0, T] = Rand BY ={Bf: t [0, T]} is a
fractional Brownian motion with Hurst parameter H € (0,1/2).
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Brownian motion case

Now assume that H = % and consider the linear fractional differential
equation of the form

Xt_n+/ s)de+/ $)X.dW,, telo,T].

1. For n € R, the It6’s formula gives

Xt:nexp</0 a(sds+/ W—%/Otb(s)ds>.
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Brownian motion case

Now assume that H = % and consider the linear fractional differential
equation of the form

Xt—n+/ de+/ OX.dW., telo,T]

2. Let (Q, F, P) be the canonical Wiener space and n € L?(Q).
Then, By Buckdahn, the Girsanov theorem implies

Xt:n(At)eXP(/ot( (5)——b ds—l—/ >,

where A; : Q — Q is defined by

tAs
w)s = wWs — / b(u)du
0
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Brownian motion case

Now assume that H = % and consider the linear fractional differential
equation of the form

t t
X, =n+/ a(s)Xsds+/ b(s)X.dW,, telo,T].
0 0

3. 1F X, = 220 I(£1), with £, € L2([0, T]"1). Then

gln(ﬁ) = gln(nn)‘f‘ni:%/n (/Ota(s);fnsc/s)

+ nﬁ; lni1 (l[o,m_)fn,) '
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Brownian motion case

consider the linear fractional differential equation of the form

Xt_n+/ de+/ SX.dW,, telo,T]

3.1 X, = S0 0 h(F1), with £, € L2([0, T]™*). Then
iln(ﬁf) _ Z/ " +Z/ (/ s)fsds)
+ Z It (1[0:m')fﬁ) :

n=0
Remark. Note that, in this case, 1jo 4b € L*([0, T]) for
b € L2(]0, T]).
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Brownian motion case
consider the linear fractional differential equation of the form

xt_n+/ s)de+/ S)X.dW,, telo,T].

3.1 X, = 20, 1n(£1), with £, € L2([0, T]"*1). Then
ST(f) = ZI Nn) + Zl (/ s)fsds)
n=0

+ Z In+1 (1[o,r1(-)b(-)fn‘) :
n=0
Remark. Note that, in this case, 1j 4b € L*([0, T]) for

b € L%([0, T]). In the fBm case, we need to show that

—_——

1[07t](~)b(')fn' € Domé
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FBm case

Consider the linear fractional differential equation of the form
Xt—n+/ s)de—l—/ $)X.dB", te[o, T

Let n € R. The It6's formula gives :
a) For H> %

X = nexp</ ds+/ s)dB!

—5/0 /0 b(s)b(r)|r—s\2H—2dsdr>.
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FBm case
Consider the linear fractional differential equation of the form

Xt—n+/ a(s)de—i—/ $)X.dBY, telo,T].

Let » € R. The It6’s formula gives :
a) For H> 1,

t t
X: = nexp (/0 a(s)ds—i—/0 b(s)dB!

_;/Ot/ot b(5)b()|r — P 2dsdr ).

b) For H < 3,

X, = nexp ( / s)ds + / s)dB! — yb1[o,t]|;) .
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FBm case

For H > , we have that
£ lren < 165120, 71m)-

Therefore, X, = 2%, 15" (1) is solution of

n=0 "n

xt_n+/ de+/ $)X.dB", telo,T],
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FBm case

For H > % we have that
| £ laen < "7 |20, 711)-

Therefore, X; = I5"(f1) is solution of

nOn

m_n+/ X$+/ $)X.dBl,

if Ve =, (f!) is solution of

Xt—n+/ s)de+/ $)X.d W,

Jorge A. Ledn (Cinvestav-IPN) Divergence Operator
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Uniqueness

If X, = 0, 1B"(£1) is solution of
n=0 "n n

Xt—n-l—/ de+/ $)X.dBY, telo,T].

Then
t n
fi(te, ..\ tn) xp(/ a(s > Nty ..., ty) +
0 j=1
(n— .
X Z ' | bl[Ot]) ( 117"‘7tij)77n—j(tf17"'7tij)
A n:
with

Bjo={{i, ..., 05} ik # i if 1 # K}
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Existence

Assume that

fi(t, ... t) = exp (/ota(s)d5> [ﬂn(tlw--’t")"' "

j=1

(n=Jj)! N N
X Z b].()t]) ( 117~--7tij)77n—j(ti1a~ t,])
Ajn

j" .

satisfies :
Q 1, € HO" ® L3([0, T)).
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Existence

Assume that

fi(ty, ... t) = exp (/Ota(s)d5> [ﬂn(tlw--’t")"' "

j=1

><Z(n )(bloﬂ) i, _ .

o ti)ni(B, o )|
Ajyn _]'nl 9 IJ)T/I‘I j( 11 9 IJ) :

satisfies :
Q@ f, e H" @ L3([0, T]).
@ The process Y; = 32 I,(£!) is in L2(Q x [0, T]). That is

00 T
3 n!/ [1£2][20ndt < 00
n=0 0
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Existence
Assume that

Fi(tn, .. t,) = exp (/Ota(s)d5> [ﬁn(tlw--vtn)"‘ "

XAZ(n_ ) (blOf]) (117'

J|n|

j,n
satisfies :
Q f, e HO"® L*([0, T])

@ The process Y; = 3% I,(£!) is in L2(Q x [0, T]). That is

00 T
S n!/ 1£2][20ndt < 0.
n=0 0

@ Foraa. t€[0,T], 1pqbY isin Dom 4.
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Existence
Assume that

Fi(ty, ... tn) = exP(/Ota(S)d5> [ﬁn(tlw-'=tn)+§n:

n—j)! , A n
3 D by et B 8|
~ j'n!

satisfies :
Q f, e HO" @ L*([0, T]).
@ The process Y; = % I,(£f) is in L2(Q x [0, T]).
@ Foraa. t€[0,T], 1 qbY isin Dom 4.

Then Y is a solution of

t t
Xe =1+ / a(s)X.ds + / b(s)X.dB", teo,T].
0 0
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Main tool

Lemma

Let f € H be such that ¢f € LP([0, T]), for some p € (2

1 1/2— H)
Then f1jo 4 is also in H and

Dr14llir 0,77y < Cll#ll oo, 1)

for p’ € (2, p).
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Main tool

Lemma

Let f € H be such that ¢ € LP([0, T]), for some p € (2, 75~ T )-
Then fly 4 is also in H and

H¢f1[o,t]“m’([o,r]) < Cllolleqio,

for p' € (2, p).

Remark. Remember that if f € H, then

f(u) = > H 2R (126, (5)) (u), we o, T].
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Main result

Theorem

Let a€ L?([0, T]), b€ H and p € (2, 1/2+H) such that
¢p € LP([0, T]) and

(e.9]

> (kA D)l e (1 + Cull@sllZ2 + sup [[dbr 4l15)?)* < 00
k=0 tel0,T]

for some p € (2, p). Then Conditions 1-3 are satisfied.
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Main result

Theorem

Let a€ L%([0, T]), be H and p € (2

,1/2+H) such that
¢p € LP([0, T]) and

> (k+ DYl (1 + Cullgsllze + b [16b10,41115)?)" < 00
te|0,

k=0

for some p € (2, p). Then Conditions 1-3 are satisfied.

Remarks.

© Remember that Conditions 1-3 imply that the equation

xt_n+/ de—i—/b(stBf, telo, T].

has a unique solution.
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Main result

Theorem

Let a€ L*([0, T]), b€ H and p € (2, 175- 1) such that
op € LP([0, T]) and

(e.e]

Y (k+ DYIml 3o (1 + CulllnllTz + sup @by, 4lle2)?)* < o0
k=0 te[0,T]

for some p € (2, p). Then Conditions 1-3 are satisfied.

Remarks.

@ Remember that Conditions 1-3 imply that our equation has a
unique solution.

© We have already studied bounds for [[¢p1, ,|[1r
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Main result : Examples

Theorem

Let a € L*([0, T]), b € H and p € (2, ) such that
¢p € LP([0, T]) and

(e.e]

>

(k 4+ DMmellFex (1 + Cu(llgslliz + sup [lébrgylles)?)* < oo
k=0 te[0,T]

for some p € (2, p). Then Conditions 1-3 are satisfied.

Remarks.

@ 7 has a finite chaos decomposition
Q |[nnllner < 5
© There exists € > 0 such that
oo
> (kD) e [y < o0
k=0
Jorge A. Ledn (Cinvestav-IPN)

Divergence Operator 2010 60 / 80
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Equation

Now we study the equation

t t
X, = Xo +/ 0. X.dBY +/ b(s, X.)ds, t€ [0, T].
0 0
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Equation

Now we study the equation
t t
Xe=Xo+ [ 0XdBI + [ (s, X)ds, te[0,T].
0 0

Here, H € (0,1), X, € LP(Q), for some p > 2, ¢ € Ly;° and
b:[0, T] xR x Q2 — R is a measurable function
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Equation

Now we study the equation
t t
X, = Xo +/ 0. X,dBY +/ b(s, X.)ds, t€ [0, T].
0 0
Here, H € (0,1), Xo € LP(Q), for some p > 2, 0 € ]L%/;/OO and

b:[0, T] x R x Q2 — R is a measurable function such that there
exits an integrable function v > 0 such that

o J) vsds < M and |b(t,0,w)| < M for some t € [0, T].
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Equation

Now we study the equation
t t
X, = Xo +/ 0. X.dBY +/ b(s, X.)ds, t€ [0, T].
0 0

Here, H € (0,1), XoP(R2), for some p > 2, 0 € L‘l/;/oo and
b:[0, T] x R x Q2 — R is a measurable function such that there
exits an integrable function v > 0 such that

o J vsds < M and |b(t,0,w)| < M for some t € [0, T].

e |b(t,x,w)— b(t,y,w)| < ye|x —y| forall x,y € R and
teo, Tl
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Equation

Now we study the equation
t t
X = Xo +/ 0. X.dBY +/ b(s, X.)ds, t€ [0, T].
0 0

Here, H € (0,1), XoP(R2), for some p > 2, 0 € L‘l/;/oo and
b:[0, T] x R x Q2 — R is a measurable function such that there
exits an integrable function v > 0 such that

o J) vsds < M and |b(t,0,w)| < M for some t € [0, T].
e |b(t,x,w)— b(t,y,w)| < y|x —y| forall x,y € R and
teo, Tl
Also we assume that Q = Gy([0, T1).
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Equation

Now we study the equation
t t
Xe = Xo + / 0. X.dB! + / b(s, X,)ds, te[o,T].
0 0

Here, H € (0,1), Xo?(Q), for some p > 2, o € Li;° and
b:[0, T] xR x Q — R is a measurable function such that there
exits an integrable function v > 0 such that

o J) v.ds < M and |b(t,0,w)| < M for some t € [0, T].
o |b(t,x,w)— b(t,y,w)| < y|x —y| forall x,y € R and
te[0,T]
Also we assume that Q = Go([0, T]) and define

“tAS

(Tiw)s = ws + Ku(s,r)o,(T,w)dr, s,te€]0,T].
0
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Equation

Now we study the equation
t t
X = Xo +/ 0. X,dB! +/ b(s, X.)ds, te [0, T].
0 0
Also we assume that Q = Gy([0, T]) and define
tAs
(Tw)s =ws+ [ Kuls, o Tw)dr, st e o, T,
0

Then, by Jien and Ma (2009),

Xt - LtZt(At,XO(At)), t € [0, T]
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Equation

Now we study the equation
X = Xo + /OtasXsdBf + /Ot b(s, X,)ds, te[o,T]
Also we assume that Q = Go([0, T]) and define
(Tiw)s = ws + /OMS Ku(s, r)o,(T,w)dr, s, te]0,T].
Then, by Jien and Ma (2009),
X = L Zi(Ar, Xo(Ar)), t€]0,T].
Here,

t
Zu(w,x) = x +/ Lob(s, Lo(Tow) Zs(w, x), Tow)ds
0
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Equation

Now we study the equation
t t
Xe=Xo+ [ 0.XdB + [ (s, X)ds, te[0,T].
0 0
Then, by Jien and Ma (2009),

Xt - LtZt(AhXO(At))u te [07 T]-

Here,
t
Zi(w,x) = x —I-/ L1 b(s, Ls( Tow) Zs(w, x), Tsw)ds,
0

where A; T; = T;A; = I and
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Equation

Consider the semilinear SPDE

du(t,x) = (Lu(t,x)+ f(t,x,u(t,x),Vu(t,x)o(x)))ds
+eu(t, x)dBy, t € [0, T,
u(0,x) = ®(x), xeR.
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Equation

Consider the semilinear SPDE

du(t,x) = (Lu(t,x)+ f(t,x,u(t,x),Vu(t,x)o(x)))ds
+eu(t, x)dBy, t €0, T,
u(0,x) = ®(x), xeR.

where
o L=12tr(00%92) + b(x)V.
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Equation

Consider the semilinear SPDE

du(t,x) = (Lu(t,x)+ f(t,x,u(t,x),Vu(t,x)o(x)))ds
+7:u(t,x)dB;, t €0, T],
u(0,x) = ®(x), xeR.

where
o L=1tr(00%92) + b(x)V.
o He(0,1/2).
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Equation

Consider the semilinear SPDE

du(t,x) = (Lu(t,x)+ f(t,x,u(t,x),Vu(t,x)o(x)))ds
+7yeu(t,x)dBe, t € [0, T],
u(0,x) = ®(x), xeR.

where
o L=1tr(00%92) + b(x)V.
e He (0,1/2).
@ The stochastic integral is the extension of the divergence
operator.
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Equation
Consider the semilinear SPDE

du(t,x) = (Lu(t,x)+ f(t,x,u(t,x),Vu(t,x)o(x)))ds
+yeu(t,x)dBe, t € [0, T],
u(0,x) = ®(x), xeR.

where
o L=1tr(00%92) + b(x)V.
e He(0,1/2).
@ The stochastic integral is the extension of the divergence
operator.

@ Combining Buckdahn's method and Pardoux and Peng approach,
Buckdahn, Jing and Ledn have studied viscosity solutions.
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|dea

The fractional backward doubly SDE

t t t
Vo=t [ fls, Yo Z)ds— [ ZoLdWe+ [ 1.YdBs, 0, T]
0 0 0
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|dea

The fractional backward doubly SDE

t t t
Y, = g+/ (s, Ys,Zs)ds—/ Z.l dWs-i—/ v.Y.dB,, telo,T].
0 0 0

Here W is and independent Brownian motion.
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|dea

The fractional backward doubly SDE

t t t

Y, :§+/ (s, Ys,Zs)ds—/ Z. | dWs+/ v.Y.dB,, telo,T],
0 0 0

has the solution

(Yn Zt)te[O,T] = (Yt(At)a Zt(At)Lt)te[o,Tb
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|dea

The fractional backward doubly SDE

t t t

Y, = §+/ (s, Ys,Zs)ds—/ Z.l dWs+/ voY.dB,, telo,T],
0 0 0

has the solution

(Yn Zt)te[o,T] = (Vt(At)a Zt(At)Lt)tE[O,Tb

with
Ve e+ [ fls, Vol To), ZLAT)L (T)ds — [ 201 aws,

for t € [0, T].
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