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Equation

Consider the semilinear fractional differential equation of the form

Xt = η +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ].

Here η : Ω→ R, b : Ω× [0,T ]× R→ R , σ : Ω× [0,T ]→ R and
B = {Bt : t ∈ [0,T ]} is a fractional Brownian motion with Hurst
parameter H ∈ (1/2, 1).
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Equation

Consider the semilinear fractional differential equation of the form

Xt = η +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ].

Here η : Ω→ R, b : Ω× [0,T ]× R→ R , σ : Ω× [0,T ]→ R and
B = {Bt : t ∈ [0,T ]} is a fractional Brownian motion with Hurst
parameter H ∈ (1/2, 1).
The stochastic integral is the Forward integral introduced by Russo
and Vallois.
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Fractional Brownian motion

{Bt}t∈[0,T ] is a fractional Brownian motion of Hurst parameter
H ∈ (1

2 , 1).
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Fractional Brownian motion

{Bt}t∈[0,T ] is a fractional Brownian motion of Hurst parameter
H ∈ (1

2 , 1).
H is the Reproducing Kernel Hilbert Space of the fBm B. That is, H
is the closure of the linear space of step functions defined on [0,T ]
with respect to the scalar product
〈
1[0,t], 1[0,s]

〉
H

= RH(t, s) = H(2H − 1)
∫ t

0

∫ s

0
|r − u|2H−2 drdu.
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Fractional Brownian motion
{Bt}t∈[0,T ] is a fractional Brownian motion of Hurst parameter
H ∈ (1

2 , 1).
H is the closure of the linear space of step functions defined on [0,T ]
with respect to the scalar product
〈
1[0,t], 1[0,s]

〉
H

= RH(t, s) = H(2H − 1)
∫ t

0

∫ s

0
|r − u|2H−2 drdu.

We consider a subspace of functions included in H via an isometry.
This is the space |H| of all measurable functions ϕ : [0,T ]→ R such
that

||ϕ||2|H| = H(2H − 1)
∫ T

0

∫ T

0
|ϕr | |ϕs | |r − s|2H−2 drds <∞.

The space (|H|, || · |||H|) is a Banach one and the class of all the step
functions defined on [0,T ] is dense in it.
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Fractional Brownian motion

The space |H| is the setof all measurable functions ϕ : [0,T ]→ R
such that

||ϕ||2|H| = H(2H − 1)
∫ T

0

∫ T

0
|ϕr | |ϕs | |r − s|2H−2 drds <∞

and the Banach space |H| ⊗ |H| is the class of all the measurable
functions ϕ : [0,T ]2 → R such that

||ϕ||2|H|⊗|H|
= [H(2H − 1)]2

∫
[0,T ]4

|ϕr ,θ||ϕu,η||r − u|2H−2|θ − η|2H−2drdudθdη

<∞.

Jorge A. León (Cinvestav-IPN) Forward Integral 2010 10 / 79



Derivative operator

Let V be a Hilbert space and SV the family of V –valued smooth
random variables of the form

F =
n∑

i=1
Fivi , Fi ∈ S and vi ∈ V .
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Derivative operator

Let V be a Hilbert space and SV the family of V –valued smooth
random variables of the form

F =
n∑

i=1
Fivi , Fi ∈ S and vi ∈ V .

Set DkF =
∑n

i=1 DkFi ⊗ vi . We define the space Dk,p(V ) as the
completion of SV with respect to the norm

||F ||pk,p,V = E (||F ||pV ) +
k∑

i=1
E (||D iF ||pH⊗i⊗V ).
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Gradient operator

For p > 1, D1,p(|H|) ⊆ D1,p(H) is the family of all the elements
u ∈ |H| a.s. such that (Du) ∈ |H| ⊗ |H| a.s., and

||u||pD1,p(|H|) = E (||u||p|H|) + E (||Du||p|H|⊗|H|) <∞.
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Gradient operator

D1,p(|H|) ⊆ D1,p(H) is the family of all the elements u ∈ |H| a.s.
such that (Du) ∈ |H| ⊗ |H| a.s., and

||u||pD1,p(|H|) = E (||u||p|H|) + E (||Du||p|H|⊗|H|) <∞.

1 D1,p(|H|) ⊂ Dom δ.
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Gradient operator

D1,p(|H|) ⊆ D1,p(H) is the family of all the elements u ∈ |H| a.s.
such that (Du) ∈ |H| ⊗ |H| a.s., and

||u||pD1,p(|H|) = E (||u||p|H|) + E (||Du||p|H|⊗|H|) <∞.

1 D1,p(|H|) ⊂ Dom δ.
2 E (|δ(u)|2) ≤ ||u||2D1,2(|H|).
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Gradient operator

D1,p(|H|) ⊆ D1,p(H) is the family of all the elements u ∈ |H| a.s.
such that (Du) ∈ |H| ⊗ |H| a.s., and

||u||pD1,p(|H|) = E (||u||p|H|) + E (||Du||p|H|⊗|H|) <∞.

1 D1,p(|H|) ⊂ Dom δ.
2 E (|δ(u)|2) ≤ ||u||2D1,2(|H|).
3 A process u ∈ D1,p(|H|) belongs to L1,p

H if

||u||pL1,p
H

= E (||u||p
L

1
H ([0,T ])

) + E (||Du||p
L

1
H ([0,T ]2)

) <∞.
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H if

||u||pL1,p
H

= E (||u||p
L

1
H ([0,T ])

) + E (||Du||p
L

1
H ([0,T ]2)

) <∞.

Then,
||u||pD1,p(|H|) ≤ bH ||u||pL1,p

H
.
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Gradient operator
D1,p(|H|) ⊆ D1,p(H) is the family of all the elements u ∈ |H| a.s.
such that (Du) ∈ |H| ⊗ |H| a.s., and

||u||pD1,p(|H|) = E (||u||p|H|) + E (||Du||p|H|⊗|H|) <∞.

1 D1,p(|H|) ⊂ Dom δ.
2 E (|δ(u)|2) ≤ ||u||2D1,2(|H|).
3 A process u ∈ D1,p(|H|) belongs to L1,p

H if

||u||pL1,p
H

= E (||u||p
L

1
H ([0,T ])

) + E (||Du||p
L

1
H ([0,T ]2)

) <∞.

Then,
||u||pD1,p(|H|) ≤ bH ||u||pL1,p

H
.

4 L1,p
H ⊂ Dom δ.
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Gradient operator

Theorem (Alòs and Nualart)
Let {ut}t∈[0,T ] be a process in L1,2

H−ε for some 0 < ε < H − 1
2 . Then

E
(

sup
0≤t≤T

∣∣∣∣∫ t

0
usδBs

∣∣∣∣2
)

≤ C


(∫ T

0
|E (us)|

1
H−ε ds

)2(H−ε)

+ E
∫ T

0

(∫ T

0
|Dsur |

1
H dr

) H
H−ε

ds
2(H−ε) ,

where C = C(ε,H ,T ).
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Forward integral

Definition (Russo and Vallois)
Let {ut}t∈[0,T ] be a process with integrable paths. We say that u is
forward integrable with respect to B (or u ∈ Domδ−) if the
stochastic process{

ε−1
∫ t

0
us
(
B(s+ε)∧T − Bs

)
ds
}

t∈[0,T ]

converges uniformly on [0,T ] in probability as ε→ 0. The limit is
denoted by

∫ ·
0 usdB−s and it is called the forward integral of u with

respect to B.
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Forward integral

Proposition
Assume that u ∈ L1,2

H−ρ, for some 0 < ρ < H − 1
2 , and that the trace

condition ∫ T

0

∫ T

0
|Dsut | |t − s|2H−2 dsdt <∞ a.s.

holds. Then u ∈ Domδ− and for every t ∈ [0,T ],∫ t

0
usdB−s =

∫ t

0
usδBs + H(2H − 1)

∫ t

0

∫ T

0
Dsur |r − s|2H−2 dsdr .
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Relation between forward integral and divergence
operator
Proposition
Assume that u ∈ L1,2

H−ρ, for some 0 < ρ < H − 1
2 , and that the trace

condition ∫ T

0

∫ T

0
|Dsut | |t − s|2H−2 dsdt <∞ a.s.

holds. Then u ∈ Domδ− and for every t ∈ [0,T ],∫ t

0
usdB−s =

∫ t

0
usδBs + H(2H − 1)

∫ t

0

∫ T

0
Dsur |r − s|2H−2 dsdr .

Remark This relation was obtained by Alòs and Nualart when in last
Definition we only have convergence in probability.
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Proof
Proposition
Assume that u ∈ L1,2

H−ρ, holds. Then∫ t

0
usdB−s =

∫ t

0
usδBs + H(2H − 1)

∫ t

0

∫ T

0
Dsur |r − s|2H−2 dsdr .

Lemma
Let u ∈ D1,2(|H|). Then for every ε > 0 and t ∈ [0,T ], we have∫ t

0
us
(
B(s+ε)∧T − Bs

)
ds

=
∫ t

0

[∫ r

(r−ε)∨0
usds

]
δBr +

∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds

−
∫ t

(t−ε)∨0

〈
Dus , 1[t,(s+ε)∧T ]

〉
H
ds +

∫ t

0

〈
Dus , 1[s,(s+ε)∧T ]

〉
H
ds.
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Proof

We have ∫ t

0
us
(
B(s+ε)∧T − Bs

)
ds

=
∫ t

0
us

∫ (s+ε)∧T

s
δBrds
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Proof

Lemma
Let u ∈ D1,2(|H|) satisfy the trace condition∫ T

0

∫ T

0
|Dsut | |t − s|2H−2 dsdt <∞. a.s.

Then

sup
0≤t≤T

ε−1
∫ t

(t−ε)∨0

〈
Dus , 1[t,(s+ε)∧T ]

〉
H
ds −→ 0 a.s. as ε→ 0.
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Proof
Lemma
Let u ∈ D1,2(|H|) satisfy the trace condition∫ T

0

∫ T

0
|Dsut | |t − s|2H−2 dsdt <∞. a.s.

Then sup0≤t≤T ε
−1 ∫ t

(t−ε)∨0

〈
Dus , 1[t,(s+ε)∧T ]

〉
H
ds → 0 as ε→ 0.

Proof. We have∣∣∣∣∣ε−1
∫ t

(t−ε)∨0

〈
Dus , 1[t,(s+ε)∧T ]

〉
H
ds
∣∣∣∣∣

≤
∫ t

(t−ε)∨0

∫ T

0
|Drus |

[∫ ε

−ε
ε−1 |s − r + u|2H−2 du

]
drds

≤ CH

∫ t

(t−ε)∨0

∫ T

0
|Drus | |r − s|2H−2 drds.
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Proof

Lemma
If u ∈ L1,2

H−ρ for some 0 < ρ < H − 1
2 , then

sup
0≤t≤T

∣∣∣∣∣ε−1
∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds
∣∣∣∣∣ −→ 0 a.s. as ε→ 0.
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Proof
Lemma
If u ∈ L1,2

H−ρ for some 0 < ρ < H − 1
2 , then

sup
0≤t≤T

∣∣∣∣∣ε−1
∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds
∣∣∣∣∣ −→ 0 a.s. as ε→ 0.

Proof. ∣∣∣∣∣ε−1
∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds
∣∣∣∣∣

≤
(

sup
|r−s|≤ε

|Br − Bs |
)∫ t

(t−ε)∨0

|us |
ε

ds

≤
(

sup
|r−s|≤ε

|Br − Bs |
)[∫ t

(t−ε)∨0
|us |

1
H−ρ

ds
ε

]H−ρ
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Proof
Lemma
If u ∈ L1,2

H−ρ for some 0 < ρ < H − 1
2 , then

sup
0≤t≤T

∣∣∣∣∣ε−1
∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds
∣∣∣∣∣ −→ 0 a.s. as ε→ 0.

Proof. Using that B has Hölder continuous paths,∣∣∣∣∣ε−1
∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds
∣∣∣∣∣

≤
(

sup
|r−s|≤ε

|Br − Bs |
)[∫ t

(t−ε)∨0
|us |

1
H−ρ

ds
ε

]H−ρ

≤ C(ω)ερ−ρ
′
[∫ T

0
|us |

1
H−ρ ds

]H−ρ

.
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Proof
Proposition
Assume that u ∈ L1,2

H−ρ, holds. Then∫ t

0
usdB−s =

∫ t

0
usδBs + H(2H − 1)

∫ t

0

∫ T

0
Dsur |r − s|2H−2 dsdr .

Lemma
Let u ∈ D1,2(|H|). Then for every ε > 0 and t ∈ [0,T ], we have∫ t

0
us
(
B(s+ε)∧T − Bs

)
ds

=
∫ t

0

[∫ r

(r−ε)∨0
usds

]
δBr +

∫ t

(t−ε)∨0
us
(
B(s+ε)∧T − Bt

)
ds

−
∫ t

(t−ε)∨0

〈
Dus , 1[t,(s+ε)∧T ]

〉
H
ds +

∫ t

0

〈
Dus , 1[s,(s+ε)∧T ]

〉
H
ds.
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Proof

E
 sup

0≤t≤T

∣∣∣∣∣
∫ t

0

(
us − ε−1

∫ s

(s−ε)∨0
urdr

)
δBs

∣∣∣∣∣
2


≤ C


∫ T

0

∣∣∣∣∣E
(
us − ε−1

∫ s

(s−ε)∨0
urdr

)∣∣∣∣∣
1

H−ρ

ds
2(H−ρ)

+ E

∫ T

0

∫ T

0

∣∣∣∣∣Dsur − ε−1
∫ r

(r−ε)∨0
Dsuθdθ

∣∣∣∣∣
1
H

dr


H
H−ρ

ds


2(H−ρ)

 ,
which goes to zero since

∫ T

0
[E (|us |)]

1
H−ρ ds ≤

E
[∫ T

0
|us |

1
H−ρ ds

]2(H−ρ)


1
2(H−ρ)

<∞.
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Relation between the Stratonovich and forward
integrals

Proposition
Assume that u ∈ L1,2

H−ρ, for some ρ ∈ (0,H − 1
2), and the trace

condition ∫ T

0

∫ T

0
Dsur |r − s|2H−2 dsdr <∞.

holds. Then∫ t

0
us ◦ dBs =

∫ t

0
usdB−s

=
∫ t

0
usδBs + H(2H − 1)

∫ t

0

∫ T

0
Dsur |r − s|2H−2 dsdr .
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

Xt = X0 +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ] .
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

Xt = X0 +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ] .

The coefficients b : Ω× [0,T ]× R → R and σ : Ω× [0,T ]→ R are
measurable, and X0 is a random variable.
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

Xt = X0 +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ] .

(H1) For all ω ∈ Ω, t ∈ [0,T ] and x , y ∈ R ,

|b(ω, t, x)− b(ω, t, y)| ≤ K (ω) |x − y | ,
|b(ω, t, 0)| ≤ K (ω),

for some random variable K .
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Semilinear fractional equations

Xt = X0 +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ] .

(H2) σ is forward integrable and there is ε1 > 0 such that the family
of random variables

ηε =
∫ T

0

∣∣∣∣∫ r

0
σsε
−1(B(s+ε)∧T − Bs)ds −

∫ r

0
σsdB−s

∣∣∣∣
×
∣∣∣σrε

−1(B(r+ε)∧T − Br )
∣∣∣ dr , 0 < ε < ε1,

is bounded in probability (limC→∞ sup0<ε<ε1 P(ηε > C) = 0).
(H3) σ is forward integrable and for all θ > 0,

lim
ε→0

P
(

sup
0≤t≤T

∣∣∣∣∫ t

0

[∫ r

0
σsε
−1(B(s+ε)∧T − Bs)ds −

∫ r

0
σsdB−s

]

× σrε
−1(B(r+ε)∧T − Br )dr

∣∣∣∣∣ > θ

)
= 0.

Jorge A. León (Cinvestav-IPN) Forward Integral 2010 43 / 79



Semilinear fractional equations

We consider the semilinear stochastic differential equation

Xt = X0 +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ] .

A will be the class of all the processes X such that (σX ) ∈ Domδ−
and for any θ > 0 and t ∈ [0,T ],

lim
ε→0

lim
η→0

P
(∣∣∣∣∫ t

0
σsXs exp

{
−
∫ s

0
σrε
−1(B(r+ε)∧T − Br )dr

}
×
[
η−1(B(s+η)∧T − Bs)− ε−1(B(s+ε)∧T − Bs)

]
ds
∣∣∣∣∣ > θ

)
= 0.
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

Xt = X0 +
∫ t

0
b(s,Xs)ds +

∫ t

0
σsXsdB−s , t ∈ [0,T ] .

Theorem
Above equation has a unique solution in A that is given by the
unique solution of the equation

Xt = exp{
∫ t

0
σsdB−s }X0

+
∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].
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Semilinear fractional equations

Lemma
Suppose that Hypotheses (H2) and (H3) hold. Then

lim
ε→0

P
(

sup
0≤t≤T

∣∣∣∣∫ t

0
Φsσs

[
exp

{∫ s

0
σrε
−1(∆r ,εB)dr

}
− exp

{∫ s

0
σrdB−r

}]
ε−1(∆s,εB)ds

∣∣∣∣ > θ
)

= 0

for any θ > 0 and any continuous process Φ.

Jorge A. León (Cinvestav-IPN) Forward Integral 2010 46 / 79



Semilinear fractional equations

Lemma
Suppose that Hypotheses (H2) and (H3) hold. Then

lim
ε→0

P
(

sup
0≤t≤T

∣∣∣∣∫ t

0
Φsσs

[
exp

{∫ s

0
σrε
−1(∆r ,εB)dr

}
− exp

{∫ s

0
σrdB−r

}]
ε−1(∆s,εB)ds

∣∣∣∣ > θ
)

= 0

for any θ > 0 and any continuous process Φ.

Let Φt = X0 +
∫ t

0 exp (−
∫ u

0 σrdB−r ) b(u,Xu)du and

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

We have

sup
0≤t≤T

∣∣∣∣ε−1
∫ t

0
σsXs(B(s+ε)∧T − Bs)ds − Y ε

t

∣∣∣∣→ 0

in probability.
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

We have

sup
0≤t≤T

∣∣∣∣ε−1
∫ t

0
σsXs(B(s+ε)∧T − Bs)ds − Y ε

t

∣∣∣∣→ 0

in probability. Here,

Y ε
t = ε−1

∫ t

0
σs exp

(
ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
×
(
X0 +

∫ s

0
exp{−

∫ u

0
σrdB−r }b(u,Xu)du

)
(B(s+ε)∧T − Bs)ds.
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

We have

sup
0≤t≤T

∣∣∣∣ε−1
∫ t

0
σsXs(B(s+ε)∧T − Bs)ds − Y ε

t

∣∣∣∣→ 0

in probability. Here,

ε−1
∫ t

0
σrXr (B(r+ε)∧T − Br )dr = ε−1

∫ t

0
σs exp

(∫ s

0
σrdB−r

)
×
(
X0 +

∫ s

0
exp{−

∫ u

0
σrdB−r }b(u,Xu)du

)
(B(s+ε)∧T − Bs)ds.
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

We have

sup
0≤t≤T

∣∣∣∣ε−1
∫ t

0
σsXs(B(s+ε)∧T − Bs)ds − Y ε

t

∣∣∣∣→ 0

in probability. Here,

Y ε
t = ε−1

∫ t

0
σs exp

(
ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
×
(
X0 +

∫ s

0
exp{−

∫ u

0
σrdB−r }b(u,Xu)du

)
(B(s+ε)∧T − Bs)ds.
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

Using integration by parts,∫ t

0
σsXsdB−s = Xt − X0 −

∫ t

0
b(u,Xu)du.
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

Using integration by parts,∫ t

0
σsXsdB−s = Xt − X0 −

∫ t

0
b(u,Xu)du.

So∫ t

0
σsXs exp

(
−ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
dB−s

=
∫ t

0
exp

(
−ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
(dXs − b(s,Xs)ds)
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

Using integration by parts,∫ t

0
σsXsdB−s = Xt − X0 −

∫ t

0
b(u,Xu)du.

∫ t

0
σsXs exp

(
−ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
dB−s

= ε−1
∫ t

0
σsXse−ε

−1
∫ s

0 σr (B(r+ε)∧T−Br )dr (B(s+ε)∧T − Bs)ds

−X0 + Xt exp
(
−ε−1

∫ t

0
σr (B(r+ε)∧T − Br )dr

)
−
∫ t

0
exp

(
−ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
b(s,Xs)ds.
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Semilinear fractional equations

Xt = exp{
∫ t

0
σsdB−s }X0 +

∫ t

0
exp{

∫ t

u
σsdB−s }b(u,Xu)du, t ∈ [0,T ].

∫ t

0
σsXsdB−s = Xt − X0 −

∫ t

0
b(u,Xu)du.

∫ t

0
σsXs exp

(
−ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
dB−s

= ε−1
∫ t

0
σsXse−ε

−1
∫ s

0 σr (B(r+ε)∧T−Br )dr (B(s+ε)∧T − Bs)ds

−X0 + Xt exp
(
−ε−1

∫ t

0
σr (B(r+ε)∧T − Br )dr

)
−
∫ t

0
exp

(
−ε−1

∫ s

0
σr (B(r+ε)∧T − Br )dr

)
b(s,Xs)ds.

So X ∈ A.
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Examples
Proposition (Hölder continuous case)
Assume that the stochastic process {σt}t∈[0,T ] satisfies :
(a) σ ∈ L1,2

H−ρ, for some 0 < ρ < H − 1
2 , and for some r0 ∈ [0,T ],

E
[∫ T

0
|Dsσr0|

1
H−ρ ds

]2(H−ρ)

<∞.

(b) There exists 0 < β ≤ 1 such that for all r , s ∈ [0,T ] ,

E [|σr − σs |] ≤ C |r − s|
β
2 , (1)

and

E
[∫ T

0
|Du (σr − σs)|

1
H−ρ du

]2(H−ρ)

≤ C |r − s|β .
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Examples

Proposition (Hölder continuous case)
Assume that the stochastic process {σt}t∈[0,T ] satisfies :
(c) The stochastic processes {σt}t∈[0,T ] and
{
∫ T

0 |Drσt ||t − r |2H−2dr}t∈[0,T ] have square integrable paths.
(d) There are α, a ∈ (0,H) such that :

(d1) The family {θε}0<ε<ε1 is bounded in probability, where θε =

ε−1+H−a
{∫ T

0

[∫ r
0
∫ (s+εα)∧T
(s−εα)∨0 |Duσs | |s − u|2H−2 duds

]2
dr
} 1

2
.

(d2) The set {θε}0<ε<ε1 converges in probability to 0 as ε→ 0.
(d3) β > 2(1− H + a) and H − a > max(1

2 , α).

Then σ satisfies Assumptions (H2) and (H3).
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Examples : Proof

(H2) σ is forward integrable and there is ε1 > 0 such that the family
of random variables

ηε =
∫ T

0

∣∣∣∣∫ r

0
σsε
−1(B(s+ε)∧T − Bs)ds −

∫ r

0
σsdB−s

∣∣∣∣
×
∣∣∣σrε

−1(B(r+ε)∧T − Br )
∣∣∣ dr , 0 < ε < ε1,

is bounded in probability (limC→∞ sup0<ε<ε1 P(ηε > C) = 0).
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Examples : Proof
We have

ε−1
∫ t

0
σs(B(s+ε)∧T − Bs)ds =

4∑
i=1

Jεi (t),

with

Jε1 (t) = ε−1
∫ t

0

[∫ r

(r−ε)∨0
σsds

]
δBr ,

Jε2 (t) = ε−1
∫ t

(t−ε)∨0
σs(B(s+ε)∧T − Bt)ds,

Jε3 (t) = −ε−1
∫ t

(t−ε)∨0

〈
Dσs , 1[t,(s+ε)∧T ]

〉
H
ds,

Jε4 (t) = ε−1
∫ t

0

〈
Dσs , 1[s,(s+ε)∧T ]

〉
H
ds.
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Examples : Proof

ε−1
∫ t

0
σs(B(s+ε)∧T − Bs)ds =

4∑
i=1

Jεi (t),

with

Jε1 (t) = ε−1
∫ t

0

[∫ r

(r−ε)∨0
σsds

]
δBr ,

Jε2 (t) = ε−1
∫ t

(t−ε)∨0
σs(B(s+ε)∧T − Bt)ds,

Jε3 (t) = −ε−1
∫ t

(t−ε)∨0

〈
Dσs , 1[t,(s+ε)∧T ]

〉
H
ds,

Jε4 (t) = ε−1
∫ t

0

〈
Dσs , 1[s,(s+ε)∧T ]

〉
H
ds.

and∫ t

0
σsdB−s =

∫ t

0
σsδBs + H(2H − 1)

∫ T

0

∫ t

0
Dsσr |r − s|2H−2 drds.
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Examples : Proof

ηε ≤
∫ T

0

∣∣∣∣Jε1 (r)−
∫ r

0
σsδBs

∣∣∣∣ ∣∣∣ε−1σr (∆Br ,ε)
∣∣∣ dr

+
∫ T

0
|Jε2 (r)|

∣∣∣ε−1σr (∆r ,εB)
∣∣∣ dr +

∫ T

0
|Jε3 (r)|

∣∣∣ε−1σr (∆r ,εB)
∣∣∣ dr

+
∫ T

0

∣∣∣∣∣Jε4 (r)− H(2H − 1)
∫ r

0

∫ T

0
Dsσu |u − s|2H−2 dsdu

∣∣∣∣∣
×
∣∣∣ε−1σr (∆r ,εB)

∣∣∣ dr =
4∑

j=1
Aεj .
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Examples : Proof

Aε3 ≤ Cε−1
∫ T

0

∫ r

(r−ε)∨0

∫ T

0
|Duσs | |u − s|2H−2 duds |σr | |∆r ,εB| dr
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Examples : Proof

Aε3 ≤ Cε−1
∫ T

0

∫ r

(r−ε)∨0

∫ T

0
|Duσs | |u − s|2H−2 duds |σr | |∆r ,εB| dr

≤ CUaε
H−a

∫ T

0

[∫ r

(r−ε)∨0

∫ T

0
ε−1 |Duσs | |u − s|2H−2 duds

]
|σr | dr ,
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Examples : Proof

Aε3 ≤ Cε−1
∫ T

0

∫ r

(r−ε)∨0

∫ T

0
|Duσs | |u − s|2H−2 duds |σr | |∆r ,εB| dr

≤ CUaε
H−a

∫ T

0

[∫ r

(r−ε)∨0

∫ T

0
ε−1 |Duσs | |u − s|2H−2 duds

]
|σr | dr ,

which implies

Aε3 ≤ CHUaε
H−a

[∫ T

0
|σr |2 dr

] 1
2
∫ T

0

∣∣∣∣∣
∫ T

0
|Duσs | |u − s|2H−2 du

∣∣∣∣∣
2

ds
 1

2

.
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Examples

Proposition ( The absolutely continuous case)
Let {σt}t∈[0,T ] be an absolutely continuous process of the form

σt = σ0 +
∫ t

0
σ̇sds, t ∈ [0,T ],

with σ0, σ̇ ∈ L1,2
H−ρ for some 0 < ρ < H − 1

2 . Then Hypotheses (H2)
and (H3) are satisfied for the process {σt}t∈[0,T ].
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Forward and Young Integrals

Proposition (Russo and Vallois)
Let Y and X be two processes with paths in Cα([0,T ]) and
Cβ([0,T ]), respectively, where α + β > 1. Then∫ T

0
YsdX−s =

∫ T

0
Ys ◦ dXs =

∫ T

0
YsdX (y)

s .
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Forward and Young Integrals

Proposition (Russo and Vallois)
Let Y and X be two processes with paths in Cα([0,T ]) and
Cβ([0,T ]), respectively, where α + β > 1. Then∫ T

0
YsdX−s =

∫ T

0
Ys ◦ dXs =

∫ T

0
YsdX (y)

s .

Proof Let

Xε(t) =
1
ε

∫ t

0
(X (u + ε)− X (u)) du, t ∈ [0,T ].
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Forward and Young Integrals
Proposition (Russo and Vallois)
Let Y and X be two processes with paths in Cα([0,T ]) and
Cβ([0,T ]), respectively, where α + β > 1. Then∫ T

0
YsdX−s =

∫ T

0
Ys ◦ dXs =

∫ T

0
YsdX (y)

s .

Proof Let

Xε(t) =
1
ε

∫ t

0
(X (u + ε)− X (u)) du, t ∈ [0,T ],

which has paths in C 1([0,T ]). Then,∫ T

0
YsdXε(s) =

∫ T

0
YsdX (y)

ε (s).
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Forward and Young Integrals
Proposition (Russo and Vallois)
Let Y and X be two processes with paths in Cα([0,T ]) and
Cβ([0,T ]), respectively, where α + β > 1. Then∫ T

0
YsdX−s =

∫ T

0
Ys ◦ dXs =

∫ T

0
YsdX (y)

s .

Proof Let

Xε(t) =
1
ε

∫ t

0
(X (u + ε)− X (u)) du, t ∈ [0,T ],

So,

sup
t∈[0,T ]

∣∣∣∣∣
∫ T

0
YsdX (y)

s −
∫ T

0
YsdXε(s)

∣∣∣∣∣
= sup

t∈[0,T ]

∣∣∣∣∣
∫ T

0
YsdX (y)

s −
∫ T

0
YsdX (y)

ε (s)

∣∣∣∣∣
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Forward and Young Integrals
Proposition (Russo and Vallois)
Let Y and X be two processes with paths in Cα([0,T ]) and
Cβ([0,T ]), respectively, where α + β > 1. Then∫ T

0
YsdX−s =

∫ T

0
Ys ◦ dXs =

∫ T

0
YsdX (y)

s .

Proof

sup
t∈[0,T ]

∣∣∣∣∣
∫ T

0
YsdX (y)

s −
∫ T

0
YsdXε(s)

∣∣∣∣∣
= sup

t∈[0,T ]

∣∣∣∣∣
∫ T

0
YsdX (y)

s −
∫ T

0
YsdX (y)

ε (s)

∣∣∣∣∣
≤ C ||Y ||α||X − Xε||β.
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Forward and Young Integrals

Step 1 Case 0 ≤ s < s + ε < t.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.
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Forward and Young Integrals

Step 1 Case 0 ≤ s < s + ε < t.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

Hence

|∆ε(t)−∆ε(s)|

≤ 1
ε

∫ t+ε

t
|Xu − Xt |du +

1
ε

∫ s+ε

s
|Xu − Xt |du.
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Forward and Young Integrals

Step 1 Case 0 ≤ s < s + ε < t.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

Hence

|∆ε(t)−∆ε(s)|

≤ 1
ε

∫ t+ε

t
|Xu − Xt |du +

1
ε

∫ s+ε

s
|Xu − Xt |du

≤ ||X ||β
1
ε

(∫ t+ε

t
(u − t)βdu −

∫ s+ε

s
(u − t)βdu

)
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Forward and Young Integrals

Step 1 Case 0 ≤ s < s + ε < t.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

Hence

|∆ε(t)−∆ε(s)|

≤ 1
ε

∫ t+ε

t
|Xu − Xt |du +

1
ε

∫ s+ε

s
|Xu − Xt |du

≤ ||X ||β
1
ε

(∫ t+ε

t
(u − t)βdu −

∫ s+ε

s
(u − t)βdu

)
≤ Cεβ

Jorge A. León (Cinvestav-IPN) Forward Integral 2010 75 / 79



Forward and Young Integrals

Step 1 Case 0 ≤ s < s + ε < t.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

Hence

|∆ε(t)−∆ε(s)|

≤ 1
ε

∫ t+ε

t
|Xu − Xt |du +

1
ε

∫ s+ε

s
|Xu − Xt |du

≤ ||X ||β
1
ε

(∫ t+ε

t
(u − t)βdu −

∫ s+ε

s
(u − t)βdu

)
≤ Cεβ ≤ Cεβ−β′ |t − s|β′ .
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Forward and Young Integrals

Step 2 Case 0 ≤ s < t < s + ε.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

Jorge A. León (Cinvestav-IPN) Forward Integral 2010 77 / 79



Forward and Young Integrals

Step 2 Case 0 ≤ s < t < s + ε.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

In this case

∆ε(t)−∆ε(s)

=
1
ε

∫ t+ε

s+ε
(Xu − Xs+ε)du −

1
ε

∫ t

s
(Xu − Xs)du

+
t − s
ε

(Xs+ε − Xs) + Xs − Xt .
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Forward and Young Integrals
Step 2 Case 0 ≤ s < t < s + ε.
Set

∆ε(t) = Xε(t)− Xt =
1
ε

∫ t+ε

t
Xudu −

1
ε

∫ ε

0
Xudu.

In this case

∆ε(t)−∆ε(s)

=
1
ε

∫ t+ε

s+ε
(Xu − Xs+ε)du −

1
ε

∫ t

s
(Xu − Xs)du

+
t − s
ε

(Xs+ε − Xs) + Xs − Xt .

Hence, using 0 ≤ t − s < ε,

|∆ε(t)−∆ε(s)| ≤ Cεβ−β′|t − s|β′ .
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