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Equation

Consider the semilinear fractional differential equation of the form
t t
Xe=n+ [ b(s.X)ds+ [ o.XdB,, te[o,T]
0 0
Heren : Q >R, b:Qx[0,T]xR—-R,0:Qx[0,T] = R and

B={B;: t €0, T]} is a fractional Brownian motion with Hurst
parameter H € (1/2,1).
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Equation

Consider the semilinear fractional differential equation of the form
t t
X, = n+/ b(s,Xs)ds+/ 0. X.dBZ, telo,T].
0 0

Heren : Q >R, b:Qx[0,T]xR—=R,0:Qx[0,T] = R and
B={B;: t €0, T]} is a fractional Brownian motion with Hurst
parameter H € (1/2,1).

The stochastic integral is the Forward integral introduced by Russo
and Vallois.
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Fractional Brownian motion

{Bt}teqo, 1) is a fractional Brownian motion of Hurst parameter
He (3,1).
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Fractional Brownian motion

{Bt}tepo,7 is a fractional Brownian motion of Hurst parameter

H e (3,1).

‘H is the Reproducing Kernel Hilbert Space of the fBm B. That is, H
is the closure of the linear space of step functions defined on [0, T]
with respect to the scalar product

t s
(1o 1ps1),, = Ru(t,s) = H(2H — 1)/O /0 Ir — u?"~2 drdu.
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Fractional Brownian motion

{Bt}teqo, 1) is a fractional Brownian motion of Hurst parameter

He (3,1).

H is the closure of the linear space of step functions defined on [0, T]
with respect to the scalar product

<1[0,t]a 1[0,s]>,H = Ru(t,s) = H(2H — 1) / / \r — u?? drdu.

We consider a subspace of functions included in ‘H via an isometry.
This is the space || of all measurable functions ¢ : [0, T] — R such
that

T /T
2H-2
el = HEH=1) [ [l odl Ir = P2 airds < oc.

The space (|H], || - ||j) is a Banach one and the class of all the step
functions defined on [0, T] is dense in it.
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Fractional Brownian motion

The space |H] is the setof all measurable functions ¢ : [0, T] — R
such that

T T
H90|||2H| = H(2H — 1)/O /0 lor| |@s| |r = s 72 drds < oo

and the Banach space || ® |#H| is the class of all the measurable
functions ¢ : [0, T]*> = R such that

||(10H\2H|®\H\
= H@H 1P | lecollowlir — o210 — " 2drdudbd
< oQ.

2010 10 /79



Derivative operator

Let V be a Hilbert space and Sy the family of V—valued smooth
random variables of the form

F:ZF,-V,-, F,eS and v, e V.

i=1
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Derivative operator

Let V be a Hilbert space and Sy the family of V—valued smooth
random variables of the form

F:ZF,-V,, F,FeS and v, e V.
i=1

Set DKF = 37, D*F; @ v;. We define the space D*P(V) as the
completion of Sy, with respect to the norm

k
1FI1%pv = EUIFIY) + 22 EID FllGeiny)-

i=1
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Gradient operator

For p > 1, DYP(|H|) € DYP(H) is the family of all the elements
u € |H| a.s. such that (Du) € |H| ® |H| a.s., and

ull5reqrey = EClullfy) + E(IDullfygpy) < oo
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Gradient operator

DYP(|H|) € DYP(H) is the family of all the elements u € |H| as.
such that (Du) € |H| ® |H| a-s., and
||U||np)1,p(|7-¢|) = E(|[ullfy) + E(I|Dullfyep2g) < 00

@ D'Y(|H|) C Dom 4.
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Gradient operator

DYP(|H|) C DYP(H) is the family of all the elements u € |H]| a.s.
such that (Du) € |H| ® |H| a-s., and

[ull5pqrey = EClullfy) + EXIDullfiyepy) < oo

@ D'P(|H|) C Dom é.
Q@ E(I6(u)P?) < [lullfraqy)-
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Gradient operator

DYP(|H|) C DYP(H) is the family of all the elements u € |H]| a.s.
such that (Du) € |H| ® |H| ass., and

ull5eqrey = EClullfy) + E(IDullfygpy) < oo

@ D'P(|H|) C Dom é.
@ E(|6(v)?) < [[ullZaeqmyy-
@ A process u € DVP(|H]) belongs to Ly if

lullzo = EQull?y )+ E([Dull] ) <o

L7-'I ([o,T]) LF’([O T]?)
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Gradient operator
DYP(|H]) € DYP(H) is the family of all the elements u € [H]| as.
such that (Du) € |H| ® |H| a.s., and

ull5eqrey = EClullfy) + E(IDullfyepy) < oo

@ DYP(|H|) C Dom §.
Q@ E([6(u)?) < [lullZrzqzq)-
@ A process u € DVP(|H]) belongs to Ly if

P _ p P
lullfse = EQull?y o 7))+ EUDulTy ) <00

Then,
||u”]],;)17:3(|7-[|) < bHHUHEL,p-
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Gradient operator

DUP(|H|) C DYP(H) is the family of all the elements u € |H]| a.s.
such that (Du) € |H| ® |H| a-s., and

ull5eeqrey = EClullfy) + EXIDullfyepy) < oo

@ D'P(|H|) C Dom é.
Q@ E([6(u)?) < [lullZizqzy)-
Q A process u € DVP(|H]) belongs to Ly if

ullfe = EQull?y )+ E(DullTy ) < o0

H ([0, T]) LH ([0,T]?)
Then,

||U||1%1,p(|ﬂ|) < bH||U||£bp-

1,p
O L. c Dom 6.
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Gradient operator

Theorem (Alos and Nualart)

Let {ut},co 1) be a process in L} . forsome 0 <& < H—1.

2
t 2
E(sup /us5Bs )
0<t<T I/0
T ) 2(H—¢)
< cC (/ |E(us)|H_—6ds>
0

H_ 2(H—¢)
T T 1 H—e
+E(/ (/ |Dsu,|ﬁdr> ds) }
0 0

where C = C(e, H, T).

Then

Jorge A. Ledn (Cinvestav-IPN) Forward Integral 2010
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Forward integral

Definition (Russo and Vallois)

Let {uc},cpo, 1) be a process with integrable paths. We say that u is
forward integrable with respect to B (or u € Domd ™) if the
stochastic process

1t
{6 /0 Us (B(s+6)/\T - Bs) ds}te[O,T]

converges uniformly on [0, T] in probability as ¢ — 0. The limit is
denoted by [, usdB_ and it is called the forward integral of u with

respect to B.
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Forward integral

Proposition

Assume that u € ]L,l._;z_p, for some 0 < p < H — % and that the trace
condition

T T
/ / |Douy| [t — s|* " dsdt < 00 as.
o Jo

holds. Then u € Domé~ and for every t € [0, T],

t t t T OH_2
/usdBS_:/ u5535+H(2H—1)// D,u, |r — s dsdr.
0 0 0 JO
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Relation between forward integral and divergence
operator

Proposition

Assume that u € L}f_p, for some 0 < p < H — % and that the trace
condition

T T
/ / |Dsuy| |t — s P dsdt < 00 as.
o Jo

holds. Then u € Domé~ and for every t € [0, T],

t t t T oH—2
/ u,dB; :/ uscSBs+H(2H—1)/ / D,u, |r — 5|2 dsdr.
0 0 0 JO

4

Remark This relation was obtained by Alos and Nualart when in last
Definition we only have convergence in probability.
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Proof

Proposition

Assume that u € ]L}_,Z_ . holds. Then

t t t T SH_2
/usdBS‘:/ usst+H(2H—1)// D,u, |r — s dsdr.
0 0 0 JO

Lemma
Let u € DY(|H|). Then for every e >0 and t € [0, T], we have

JA "ty (B — B) ds

t r t
_ .ds| 6B, / (Biosonr — B.) d
/0 [~/(r—a)vo ! 51 + (t—e)VvO0 ! ( (s+e)nT t) °

t

t
- (t—c)VO <DU57 1[t,(s+€)/\T]>,H ds + /0 <Dus> 1[s,(s+z—:)/\T]>H ds.

’
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Proof

We have

Jorge A. Ledn (Cinvestav-IPN)

t
/0 Us (B(s—i-a)/\T - Bs) ds
t (s+e)AT
- / us / 0B,ds
0 s
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Proof

We have
t
/0 Us (B(s—i-a)/\T - Bs) ds

t (s+e)AT
= / us/ 0B, ds
0
t (s+e)AT
= / [/ u558‘| dS+/ Dus, 1[5 (5+5)/\T]> ds
0
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Proof

We have

/Ot Us (B(s—i-s)/\T — Bs) ds

t (s+e)AT
f— / Us / 5Br ds
0 s

t | plste)nT .
= /0 l/s usdBr] ds + /0 <DU57 1[57(5+€)/\T]>H ds

(t+e)AT [ prat 55 . - )
= /0 l/(r—e)vo Us $‘| r+/0 < Us, [s,(s+e)/\T]>H S
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Proof
We have

/Ot Us (B(s—i-a)/\T - Bs) ds

t (s+e)AT
_ / U, / 5B, ds
0 s

t (s+e)AT t
= /0 l/s uséBr] ds + /0 <Dus, 1[5’(S+£)AT]>H ds
(t+e)AT rAt 4| 58 t D J
= s r s s (s4e
/0 [/r—s)vo u s] +/0 < Us, Lis (s+ )/\T]>H S

t r (t+e)AT t
= / [/ usds] 0B, —1—/ [/ usds] 0B,
0 (r—e)Vvo t (r—e)Vvo

+ /ot <Dus, 1[5,(s+€)/\T]>H ds
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Proof

/0 "ty (B — B) ds

t (s+e)AT t
= /0 l/s us5B,] ds +/0 <Dus, 1[5’(s+8)/\T]>H ds

(t+e)AT rAt 4| 5B t D J
= S r ;15 s S
[T w0 [ (Putieonm),

t [ pr i (t+e)AT t
= / / usds 5Br + / [/ u5d5‘| 6Br
0 (r—e)Vvo | t (r—e)Vvo

ot
-|-/0 <Dus, 1[5,(5+5)AT]>7-£ ds

t r t (s+e)AT
= / / usds| 6B, + / [/ UséBr] ds
0 (r—e)Vvo | (t—e)vo |/t

+ /Ot <Dus, 1[5,(5+5)AT]>H ds.
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Proof

/O "ty (B — B) ds

t r (t+e)AT t
_ / / u.ds| 5B, + / [ / usds] 5B,
0 (r—e)vo ] t (r—e)vo

+ /O_t <DU57 ]-[s,(s—i:a)/\T]>H ds

t r t (s+e)AT
— / / usds 5B,+/ l/ UséBr] ds
0 (r—e)Vvo ] (t—e)Vvo [/t

+ /Ot <Dus, 1[5,(s+6)/\T]>’H ds

t r t
_ .ds| 6B, / (Brosonr — B.) d
/0 [/(r—s)vo v 5] + (t—e)VvO0 ! ( (ste)nT t) s

t

t
- (t—e)v0 <DU5, 1[t,(s+s)/\T]>H ds + /0 <DU57 1[s,(s+€)/\T]>H ds.
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Proof

Lemma
Let u € DY?(|H|) satisfy the trace condition

T T
/ / |Dsue| |t — s|*7 2 dsdt < co.  as.
o Jo

t
sup 5_1/ <Dus, 1[t,(s+5)AT]> ds — 0 a.s.as ¢—0.
0<t<T ( H
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Proof

Lemma
Let u € DY2(|H|) satisfy the trace condition

T T
/ / |Dsuy| |t — s P dsdt < 0. as.
o Jo

Then supg<;<1 e f(tt—a)vo <Dus, l[t,(5+E)AT]>H ds — 0 ase — 0.

Proof. We have

—1 t
¢ /t €)Vo <DU5, 1[t (S+€)/\T]> ds

/ / |D, us| [/ Ys—r+uf?d ]drds
t—e)VO0
< CH/ / |Dyug| |r — 5?72 drds.

(t—e)v0 JO
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Proof

Lemma

sup

If ueli’, forsome0 < p<H—1 then
0<t<T

t
6_1/
(

t—e)VO0

Us (B(s-i-a)/\T - Bt) ds

— 0 a.ss ase— 0.

Jorge A. Ledn (Cinvestav-IPN)
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Proof

Lemma
If uely?, forsome0 < p<H—1 then

sup — 0 as ase — 0.

0<t<T

t
- s Bs € - B:)d
€ /(t—a)VOu ( (s+e)AT t) S

Proof.

g1 /(t Us (B(S+E)/\T — Bt> ds

t—e)VO0

t |us|
< ( sup |B, — Bs|>/ —ds
|r—s|<e (t—e)vo €

H-p
t d
< ( sup ‘Br_Bs’> l/ ’Us|ﬁj]
|r—s|<e (t—e)vo €
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Proof

Lemma
If uelLy?, forsome0 < p<H—1, then

sup —0 a.s ase— 0.

0<t<T

t
-1
€ B — B;) ds
/(t—e)\/O Us ( (s+e)AT t)

Proof. Using that B has Holder continuous paths,
t
-1 < (BisioypT — B:) ds
€ /(t—s)\/o u ( (s+e)AT t)

H—p
t d
< ( sup \B,—Bsy> V g7 _5]
|r—s|<e (t—e)VvO0 e

/ T 1 H=p
< Clw)e V || P ds] .
0
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Proof

Proposition

Assume that u € ]L}_,Z_ . holds. Then

t t t T SH_2
/usdBS‘:/ usst+H(2H—1)// D,u, |r — s dsdr.
0 0 0 JO

Lemma
Let u € DY(|H|). Then for every e >0 and t € [0, T], we have

JA "ty (B — B) ds

t r t
_ .ds| 6B, / (Biosonr — B.) d
/0 [~/(r—a)vo ! 51 + (t—e)VvO0 ! ( (s+e)nT t) °

t

t
- (t—c)VO <DU57 1[t,(s+€)/\T]>,H ds + /0 <Dus> 1[s,(s+z—:)/\T]>H ds.

’
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Proof

2

E | sup

t s
/ (us — 6’1/ u,dr) 0B,
0<t<T |/0 (s—e)Vo
T s
< C / E (us — 5_1/ u,dr)
0 (s—e)VvO0

L E /OT(/OT

which goes to zero since

1 2(H-p)
H—p
ds]

H

1 Hp
dr) ds

Dsu, — 5’1/ D updf
(r—e)Vvo

T L T L 2(H-p) P)
/[E(|us|)]mdsg EV |u5|H_ﬂds] < o0.
0 0

Jorge A. Ledn (Cinvestav-IPN) Forward Integral 2010
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Relation between the Stratonovich and forward
integrals

Proposition

Assume that u € L}_;z_p, for some p € (0, H — %), and the trace
condition

T T
/ / Dsu, |r — s|*"'7% dsdr < co.
o Jo

holds. Then

t t
/ uodB, = / udB
0 0

t t T oH_2
- /us(SBs+H(2H—1)// D,u, |r — s|?2 dsdr.
0 0 JO
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

t t
thxo+/ b(s,Xs)ds+/ 0. X,dBS, telo,T].
0 0
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Semilinear fractional equations

We consider the semilinear stochastic differential equation
t t
X = Xo +/ b(s, X.)ds +/ 0 X.dB;, telo,T].
0 0

The coefficients b: Q x [0, T] x R— Rand o : Q x [0, T] — R are
measurable, and X is a random variable.
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

t t
X, :X0+/ b(s7Xs)ds+/ 0. X,dBS, telo,T].
0 0

(H1) Forallw e, t€[0,T] and x,y € R,

|b(w, t,x) — b(w, t,y)| <
|b(w, t,0)] < K(w),

for some random variable K.
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Semilinear fractional equations
t t
Xe=Xo+ [ b(s,X)ds+ [ o XdB;, te[0,T].
0 0

(H2) o is forward integrable and there is £; > 0 such that the family
of random variables

T r r
Ne = / / 0s€ (B(s—i-a)/\T Bs)ds _/ Os

0 0 0
O-rg_l(B(r—i—e)/\T - Br)

is bounded in probability (limc_ supy...., P(n. > C) = 0).
(H3) o is forward integrable and for all 6 > 0,

t r r
lim P< sup / U 0ee N (Bsseynt — Bs)ds—/ asst‘}
0 0 0

e—0 0<t<T
> 6) =0.

Jorge A. Ledn (Cinvestav-IPN) Forward Integral 2010 43 /79
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Semilinear fractional equations

We consider the semilinear stochastic differential equation
t t
X = Xo +/ b(s, X.)ds +/ 0. X.dB-, telo,T].
0 0

A will be the class of all the processes X such that (¢ X) € Domd~
and for any # >0 and t € [0, T],

o t I A _ }
1%7'7%'3(’/0 UsXsexp{ /00,5 (B(r4oyaT — By)dr

X [7771(8(5+77)/\T - Bs) - 571(8(54-6)/\7— - Bs)] ds

>6>:0.
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Semilinear fractional equations

We consider the semilinear stochastic differential equation

t t
X, :x0+/ b(s,XS)ds+/ o X.dBo, telo,T].
0 0

Theorem

Above equation has a unique solution in A that is given by the
unique solution of the equation

t
X = op{[ 0.dB 1%

t t
+/0 exp{/u 04dB: Yb(u, X,)du, t € [0, T].
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Semilinear fractional equations

Lemma
Suppose that Hypotheses (H2) and (H3) hold. Then
lim P ( sup

t s
/ b 0, [exp {/ U,e_l(A,7gB)dr}
e—0 0<t<T |J0 0

_ oo {/0 a,dB,‘H e (D, B)ds| > 9) —0

for any 6 > 0 and any continuous process ®.
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Semilinear fractional equations

Lemma
Suppose that Hypotheses (H2) and (H3) hold. Then
lim P | sup

t s
( / b 0, [exp {/ a,e_l(ArygB)dr}
e—0 0<t<T 0 0

_ oG { /0 ) a,dB,‘H e (D, B)ds| > 9) —0

for any 8 > 0 and any continuous process ®.

Let &, = Xo + [ exp (— [y 0,dB;) b(u, X,)du and

t t t
Xt:exp{/o asdBS‘}Xo+/0 exp{/ 04dB: Yb(u, X,)du, t € [0, T].

Jorge A. Ledn (Cinvestav-IPN) Forward Integral
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Semilinear fractional equations

t t t
Xt:exp{/o asst‘}Xo+/() exp{/ 04dB Yb(u, X,)du, t € [0, T].

We have
t
sup |-t [ 0 Xe(Bisronr — Bi)ds = Y| =0
0<t<T 0
in probability.
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Semilinear fractional equations

t -t -t

X, :exp{/ asdB;}xo+/ exp{/ 0.dB; Yb(u, X,)du, t € [0, T].
0 0 u

We have

—0

t
— / 0:Xo(Blssopnr — Be)ds — V¢
0

sup
0<t<T

in probability. Here,

t s
YE = 5’1/0 05 EXp <51/0 or(BireyaT — B,)dr)

X (Xo + [ T exp{— / " 5,dB- Y b(u, Xu)du> (Blosonr — Bs)ds.
0 0
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Semilinear fractional equations

t -t -t

Xt:exp{/ asdB;}xo+/ exp{/ 0.dB; Yb(u, X,)du, t € [0, T].
0 0 u

We have

sup — 0

0<t<T

t
— / 0:Xo(Blssopnr — Be)ds — V¢
0

in probability. Here,

t t S
[0 X (Bt — B)dr == [ osexp < / a,dB,)
0 0 0

X (Xo + [ T exp{— / " 5,dB- Y b(u, Xu)du> (Blssonr — Bs)ds.
0 0
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Semilinear fractional equations

t -t -t

X, :exp{/ asdB;}xo+/ exp{/ 0.dB; Yb(u, X,)du, t € [0, T].
0 0 u

We have

—0

t
— / 0:Xo(Blssopnr — Be)ds — V¢
0

sup
0<t<T

in probability. Here,

t s
YE = 5’1/0 05 EXp <51/0 or(BireyaT — B,)dr)

X (Xo + [ T exp{— / " 5,dB- Y b(u, Xu)du> (Blosonr — Bs)ds.
0 0
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Semilinear fractional equations

t t t

Xt:exp{/ asst‘}XoJr/ exp{/ 0.dB- Yb(u, X,)du, t € [0, T].
0 0 u

Using integration by parts,

t t
/ 0 XodBr = X — Xo — / b(u, X,)du.
0 0
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Semilinear fractional equations

X, = exp{/otasst_}Xo +/Otexp{/ut 0odB- Yb(u, X,)du, t € [0, T].
Using integration by parts,
/0 O XedBr = Xe— Xo — /0 " b(u, X,)du.
So
/0 "o X, exp (—al /0 "0, (Birseyr — B,)dr) dB;

t s
— / exp (—5—1/ 0 (Birseynt — B,)dr) (dXs — b(s, Xs)ds)
0 0
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Semilinear fractional equations

t t t

X, :exp{/ asdB;}xo+/ exp{/ 0odB: Yb(u, X,)du, t € [0, T].
0 0 u

Using integration by parts,

t t
/ T XedB: = Xe — Xo — / b(u, X,)du.
0 0

/0 "o X, exp <—€_1 /0 "0 (Bt — B,)dr) dB;
= ¢! /Ot asXse_E_lfos U’(B(H—E)/\T_B’)dr(B(s+€)AT — B,)ds
—Xo + Xe exp <—5_1 / "0, (Bysonr — B,)dr)
— /ot exp (—5_1 /os 0r(Birieynt — B,)dr) b(s, Xs)ds.

Jorge A. Ledn (Cinvestav-IPN) Forward Integral 2010 54 / 79



Semilinear fractional equations

t t t
X, :exp{/o asdB;}xo+/0 exp{/ 0odB: Yb(u, X,)du, t € [0, T].

t t
/ T XedBS = Xe — Xo — / b(u, X,)du.
0 0

/Ot s Xs exp (—51 /Os 0r(BireatT — Br)df) dB;
_ 1 /OtO'SXSG_ElfOS O'r(B(r+e)/\T_Bf)dr(B(s+€)/\T — B,)ds
—Xo + X exp (—5_1 / "o/ (Biaonr — Br)dr)
— /ot exp (—5_1 /Os O (B(reyat — Br)df> b(s, X;)ds.

So X € A.
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Examples

Proposition (Hoélder continuous case)

Assume that the stochastic process {0}, ) satisfies :

(a) o€ L}f_p, for some 0 < p < H — %, and for some ry € [0, T],

2(H—p)
] 2

T 1
E V D.0,|F7 ds
0

(b) There exists 0 < 3 < 1 such that for all r,s € [0, T],

B
Ello, — asll < Clr — sl | (1)
and
T 1 2(H—p)
EU D, (0, — 04)|7 du <Clr—sl.
0
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Examples

Proposition (Hoélder continuous case)

Assume that the stochastic process {Ut}te[oﬂ satisfies :
(c) The stochastic processes {o+}¢cpo, 7] and

{J5" 1Dt — r|?M=2dr}cqo.7) have square integrable paths.
(d) There are o, a € (0, H) such that :

(dv) The family {0-}o<c<e, is bounded in probability, where 6. =

e _ 2
et H2 L[5 S 1Dl s — P2 ducks] o}
(d>) The set {0:}o<c<s, converges in probability to 0 as e — 0.
(d3) B>2(1—H+a) and H—a > max(3,a).

Then o satisfies Assumptions (H2) and (H3).

NI
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Examples : Proof

(H2) o is forward integrable and there is £; > 0 such that the family
of random variables

-
775:/
0

/O 05 (Blssepnt — Be)ds — /0 0.dB;

dr, 0<e<eyq,

X

O'rg_l(B(r—i—e)/\T - Br)

is bounded in probability (limc_ supy...., P(n. > C) = 0).
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Examples : Proof

We have
t
6_1/0 O's(B(s-i-a)/\T - BS)dS = Z Jls(t)’

with

t r
Ji(t) = 5_1/ l/( ) 0'5d5‘| 0B,
0 r—e)Vvo

t
55(t) = 871/ 0s(B(ste)aT — Br)ds,
(t—e)VvO0

t
s(t) = —e! /(t—s)vo <Das, 1[t,(s+z—:)/\T]>,H ds,

t
Ji(t) = 5—1/0 <D05,1[5’(5+5)/\T]>Hd5.
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Examples : Proof

. 4
6_1/0 0s(B(s4eynt — Bs)ds = ij(t),
i=1

with
t r
() = g—l/ V asds] 5B,
0 (r—e)Vvo
t
JE(t) = —1/ (Blesonr — B.)ds,
5(1) € (t—s)VOU( (s+e)AT e)ds
t
Jg(t) = —5_1 /(t_g)\/o <D0571[t,(s+5)AT]>H dS,
t
Jf(t) = 5—1/0 <D0571[s,(s+E)AT]>HdS'
and

t t T t SH—_2
/ osdBC :/ 05685+H(2H—1)/ / D,o, |r — s drds.
0 0 0 0
S TREETTEE



Examples : Proof

e to,(AB,.)|dr

T r
n < /O Jf(r)—/o 0:0B,

T T
+ |J§(r)|(e—1a,(A,,EB) dr+/ (0|0, (D.B)| dr

o

x |e o (D B)| dr ZAE

J(r 2H—1// D.oy |u — s dsdu
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Examples : Proof

c [T "D 2H=2 yds o, | A, Bl d
S A Y YA uds |o,| | A, B| dr
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Examples : Proof

T rr T
A < cgfl/ /( | / Dyos| |u — s duds |o,| | A, . B| dr
0 r—e)Vv0 J0

T r T
< CUasH_a/ [/( ) / et |Dyos| |u — s|*"? duds| |o,| dr,
0 r—e)v0 JO
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Examples : Proof

T pr T
A < Ce‘l/ /( ) / Dyos| |u — s 2 duds |o,| |A, . B| dr
0 r—e)vo JO

T r T
< CUEH2 / [ /( | / 51|Duas\|u—s|2H_2dud5] 0| dr,
0 r—e)v0 JO

which implies

1
T 2 T T
A < CuU,eht=2 V |0,\2dr] l/ ‘/ Do |u — s du
0 0 0

1

2 3
ds]
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Examples

Proposition ( The absolutely continuous case)

Let {o+}ieqo, 1] be an absolutely continuous process of the form
t
oy = 0y ~|—/ osds, t €0, T],
0

with oo, € L2, for some 0 < p < H — 1. Then Hypotheses (H2)
and (H3) are satisfied for the process {0} co,7]-
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Forward and Young Integrals

Proposition (Russo and Vallois)

Let Y and X be two processes with paths in C*([0, T]) and
CA([0, T]), respectively, where o + 3 > 1. Then

T T T
/ YSdXs‘:/ YsodXs:/ Y.dxV).
0 0 0
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Forward and Young Integrals

Proposition (Russo and Vallois)

Let Y and X be two processes with paths in C*([0, T]) and
CA([0, T]), respectively, where o + 3 > 1. Then

T T T
/ stx;:/ Ysodst/ Y.dXW).
0 0 0

Proof Let

X.(t) = é/ot (X(u+2)— X(u))du, te[0,T]
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Forward and Young Integrals

Proposition (Russo and Vallois)

Let Y and X be two processes with paths in C*([0, T]) and
CA([0, T]), respectively, where o + 3 > 1. Then

T T T
/ YSdXs‘z/ Ysodst/ Y.dxW).
0 0 0

Proof Let

X.(t) = é/ot (X(u+2)— X(u))du, te[0,T],

which has paths in C([0, T]). Then,

/ Y.dX.(s / Y.dXY)(s).

Jorge A. Ledn (Cinvestav-IPN) Forward Integral 2010 69 / 79



Forward and Young Integrals

Proposition (Russo and Vallois)

Let Y and X be two processes with paths in C*([0, T]) and
CA([0, T]), respectively, where a + 3 > 1. Then

T T T
/ stx;:/ YsodXs:/ Y.dXW).
0 0 0

Proof Let
1 t
Xs(t):g/ (X(u+¢)— X(u))du, telo,T],
0
So,
T T
sup / Y,dXY) — / Y. dX.(s)
telo,T] |70 0
T T
—  sup / Y,dx) — / Y.dXY)(s)
telo,7] |70 0
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Forward and Young Integrals

Proposition (Russo and Vallois)

Let Y and X be two processes with paths in C*([0, T]) and
CA([0, T]), respectively, where o + 3 > 1. Then

T T T
/ stx_;z/ Ysodst/ Y.dXW),
0 0 0

Proof
T T
sup / Y,dXY) — / Y. dX.(s)
tc[0,T] |70 0
T T
—  sup / Y.dXY) — / Y.dXY)(s)
tefo, 7] |/0 0

< C||Y||a||X - Xs”ﬂ‘
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Forward and Young Integrals

Stepl Case 0 <s<s+e<t.
Set

A(t)

1 rtte
Xs(t) - Xt — g .

X,du— 1 / "X, du
g Jo
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Forward and Young Integrals

Stepl Case 0<s<s+e<t.
Set

1 t+e 1 re
A(t) = X.(t) — X, = E/t X,du — g/0 X, du.

Hence

|A(t) — A(s)]
1 t+e 1 s+e
< -/ Xy = Xeldu+= [ X, = Xldu.
g Jt g Js
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Forward and Young Integrals

Stepl Case 0 <s<s+e<t.

Set
1 t+e 1 €
At)=X(t) —Xe=- [ Xydu— —/ X, du.
e Jt € Jo
Hence
|As(t) - A€(5)|
]_ t+e 1 s+e
< -/ |Xu—Xt|du+—/ X, — X,|du
e Jt g Js

< Xl (7 e [ )
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Forward and Young Integrals

Stepl Case 0 <s<s+e<t.

Set
1 t+e 1 re
A(t) = X(t) — X, = - Xudu——/ X, du.
g Jt g Jo
Hence
|A:(t) — A(s)]
1 t+¢ 1 s+e
< [ X Xeddut S [ X — Xodu
E Jt g Js
1 t+e s+e
< Xl ([ - eydu= [ w0 du)
t s
< Ce&°

2010 75 /79



Forward and Young Integrals

Stepl Case 0 <s<s+e<t.

Set
1 rtte 1 re
A(t) = X.(t) = Xe = - Xudu——/ X, du.
g Jt £ JO
Hence
|Ae(t) - A&(S)l
1 rtte 1 pste
< -/ |Xu—Xt|du+—/ X, — Xi|du
g Jt g Js
1 t+e s+e
< XUz ([ w-0Pda— [ (- 0)%du)
€ t s
< CP <P -
EOT—



Forward and Young Integrals

Step2Case 0 <s<t<s+e.
Set

A(t)

1 rtte
Xs(t) - Xt — g .

X,du— 1 / "X, du
g Jo
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Forward and Young Integrals

Step2Case 0<s<t<s+e.

Set
1 t+e 1 €
At)=X(t) —Xe == [ Xydu— —/ X, du.
g Jt g Jo

In this case

A (t) — A(s)
_ E/HE(XU ~ Xe.)du— é/t(xu ~ X,)du

€ Js+te
t_
+— * (Xore — X) + X — Xe.
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Forward and Young Integrals

Step2 Case 0 <s<t<s+e.
Set

]_ t+e ]_ €
A(t)=X(t) = Xe= - | Xodu— —/ X, du.
EJt g Jo
In this case

A (t) — A(s)

1 tte 1 st

—/ (X, — Xoro)du — —/ (X, — X.)du

€ Jste g Js
t—s

_|_

(Xose — Xs) + Xs — X

Hence, using 0 <t — s < ¢,
|A(t) — A(s)] < Csﬁ_ﬁ/|t - s\'@'.
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