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Equation

We consider the equation

yt = ξ0 +
∫ t

0
f (Zy

s )dxs , t ∈ [0,T ],

Z0 = ξ.
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Equation

We consider the equation

yt = ξ0 +
∫ t

0
f (Zy

s )dxs , t ∈ [0,T ],

Zy
0 = ξ.

Here x ∈ C ν([0,T ]), f : C ν([−h, 0])→ R, ξ ∈ C ν([−h, 0]).
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Equation

We consider the equation

yt = ξ0 +
∫ t

0
f (Zy

s )dxs , t ∈ [0,T ],

Zy
0 = ξ.

Here x ∈ C ν([0,T ]), f : C ν([−h, 0])→ R and ξ ∈ C ν([−h, 0]),
with

ν > 1/2 and Zy
s (θ) = y(s + θ), θ ∈ [−h, 0].
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Equation

We consider the equation

yt = ξ0 +
∫ t

0
f (Zy

s )dxs , t ∈ [0,T ],

Zy
0 = ξ.

Here x ∈ C ν([0,T ]), f : C ν([−h, 0])→ R and ξ ∈ C ν([−h, 0]),
with

ν > 1/2 and Zy
s (θ) = y(s + θ), θ ∈ [−h, 0].

The integral is a Young one
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Increments

We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}
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Increments

We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}

and
δ : Ck(R)→ Ck+1(R)
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Increments

We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}

and
(δg)t1,...,tk+1 =

k+1∑
i=1

(−1)k−igti ,...,t̂i ,...,tk+1 .
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Properties of δ

We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}

and
(δg)t1,...,tk+1 =

k+1∑
i=1

(−1)k−igti ,...,t̂i ,...,tk+1 .

δδ = 0.
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Properties of δ

We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}

and
(δg)t1,...,tk+1 =

k+1∑
i=1

(−1)k−igti ,...,t̂i ,...,tk+1 .

δδ = 0.
Let ZCk(R) = Ck(R) ∩ ker δ and BCk(R) = Ck(R) ∩ Im δ.
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Properties of δ

We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}

and
(δg)t1,...,tk+1 =

k+1∑
i=1

(−1)k−igti ,...,t̂i ,...,tk+1 .

δδ = 0.
Let ZCk(R) = Ck(R) ∩ ker δ and BCk(R) = Ck(R) ∩ Im δ.
Then,

ZCk(R) = BCk(R).
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Properties of δ
We consider

Ck(R) =

{
g : [0,T ]k → R : gt1,...,tk = 0 if ti = ti+1

for some i ∈ {1, . . . , k − 1}

}

and
(δg)t1,...,tk+1 =

k+1∑
i=1

(−1)k−igti ,...,t̂i ,...,tk+1 .

δδ = 0.
Let ZCk(R) = Ck(R) ∩ ker δ and BCk(R) = Ck(R) ∩ Im δ.
Then,

ZCk(R) = BCk(R).

Let k ≥ 1 and h ∈ ZCk+1(R). Then there exists a (nonunique)
f ∈ Ck(R) such that

h = δf .
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Properties of δ
We consider

(δg)t1,...,tk+1 =
k+1∑
i=1

(−1)k−igti ,...,t̂i ,...,tk+1 .

δδ = 0.
Let ZCk(R) = Ck(R) ∩ ker δ and BCk(R) = Ck(R) ∩ Im δ.
Then,

ZCk(R) = BCk(R).

Let k ≥ 1 and h ∈ ZCk+1(R). Then there exists a (nonunique)
f ∈ Ck(R) such that

h = δf .
For g ∈ C1(R) and h ∈ C2(R),

(δg)st = gt − gs and (δh)sut = hst − hsu − hut .
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Notation

For v ∈ R,

Cµ
v ,a1,a2(R) = {g : [a1, a2]→ R : ga1 = v , ||g ||µ,[a1,a2] <∞}.
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Notation

For v ∈ R,

Cµ
v ,a1,a2(R) = {g : [a1, a2]→ R : ga1 = v , ||g ||µ,[a1,a2] <∞},

and, for ρ ∈ Cµ
1 ([a1 − h, a1]),

Cµ
ρ,a1,a2(R) = {ξ ∈ Cµ

1 ([a1 − h, a2]) : ξ = ρ on [a1 − h, a1]}.
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Notation

For v ∈ R,

Cµ
v ,a1,a2(R) = {g : [a1, a2]→ R : ga1 = v , ||g ||µ,[a1,a2] <∞},

and, for ρ ∈ Cµ
1 ([a1 − h, a1]),

Cµ
ρ,a1,a2(R) = {ξ ∈ Cµ

1 ([a1 − h, a2]) : ξ = ρ on [a1 − h, a1]}.

These are complete metric spaces with respec to

dµ(f , g) = ||f − g ||µ.
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Notation

For f ∈ C2([a1, a2];R), we define

||f ||µ,[a1,a2] = sup
r ,t∈[a1,a2]

|f r ,t |
|t − r |µ .
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Notation

For f ∈ C2([a1, a2];R), we define

||f ||µ,[a1,a2] = sup
r ,t∈[a1,a2]

|f r ,t |
|t − r |µ .

and
Cµ
2 ([a1, a2]) =

{
f ∈ C2(R) : ||f ||µ,[a1,a2] <∞

}
Similarly, for h ∈ C3([a1, a2]), we define

||h||ν,ρ,[a1,a2] = sup
s,u,t∈[a1,a2]

|hsut |
|u − s|ν |t − u|ρ .
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Notation

For h ∈ C3([a1, a2]), we define

||h||ν,ρ,[a1,a2] = sup
s,u,t∈[a1,a2]

|hsut |
|u − s|ν |t − u|ρ ,

the norm

||h||µ,[a1,a2] = inf{
∑

i
||hi ||ρi ,µ−ρ1 ; h =

∑
i

hi , 0 < ρi < µ}.
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Notation

For h ∈ C3([a1, a2]), we define

||h||ν,ρ,[a1,a2] = sup
s,u,t∈[a1,a2]

|hsut |
|u − s|ν |t − u|ρ ,

the norm

||h||µ,[a1,a2] = inf{
∑

i
||hi ||ρi ,µ−ρ1 ; h =

∑
i

hi , 0 < ρi < µ}.

and
Cµ
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Notation
For h ∈ C3([a1, a2]), we define

||h||ν,ρ,[a1,a2] = sup
s,u,t∈[a1,a2]

|hsut |
|u − s|ν |t − u|ρ ,

the norm

||h||µ,[a1,a2] = inf{
∑

i
||hi ||ρi ,µ−ρ1 ; h =

∑
i

hi , 0 < ρi < µ}.

and
Cµ
3 ([a1, a2]) = {h ∈ C3([a1, a2]) : ||h||µ,[a1,a2] <∞}.

We use the notation

C 1+
k =

⋃
µ>1

Cµ
k ([a1, a2]), k = 2, 3.
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Inverse of δ
We use the notation

C 1+
k =

⋃
µ>1

Cµ
k ([a1, a2]), k = 2, 3.

Proposition (Gubinelli)
Let 0 ≤ a1 < a2 ≤ T. Then, there exists a unique linear map
Λ : ZC 1+

3 ([a1, a2])→ C 1+
2 ([a1, a2]) such that

δΛ = IdZC1+
3 ([a1,a2])

and
||Λh||µ,[a1,a2] ≤

||h||µ,[a1,a2]

2µ − 2 .
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Inverse of δ

Proposition (Gubinelli)
Let 0 ≤ a1 < a2 ≤ T. Then, there exists a unique linear map
Λ : ZC 1+

3 ([a1, a2])→ C 1+
2 ([a1, a2]) such that

δΛ = IdZC1+
3 ([a1,a2])

and
||Λh||µ,[a1,a2] ≤

||h||µ;[a1,a2]

2µ − 2 .

Remark For any h ∈ C 1+
3 ([a1, a2]) such that δh = 0, there exists a

unique g = Λ(h) ∈ C 1+
2 such that δg = h.
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Inverse of δ

Corollary
For g ∈ C2(R) such that δg ∈ C 1+

3 , we have

[(Id − Λδ)g ]st = lim
|Πst |→0

n−1∑
i=0

gti ti+1 ,

where
Πst = {t0 = s < t1 < . . . < tn = t}.
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Inverse of δ

Corollary
For g ∈ C2(R) such that δg ∈ C 1+

3 , we have

[(Id − Λδ)g ]st = lim
|Πst |→0

n−1∑
i=0

gti ti+1 ,

where
Πst = {t0 = s < t1 < . . . < tn = t}.

Proof : Note that

δ(Id − Λδ)g = δg − δg = 0.
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Inverse of δ
Corollary
For g ∈ C2(R) such that δg ∈ C 1+

3 , we have

[(Id − Λδ)g ]st = lim
|Πst |→0

n−1∑
i=0

gti ti+1 ,

where
Πst = {t0 = s < t1 < . . . < tn = t}.

Proof : Note that

δ(Id − Λδ)g = δg − δg = 0.

Then, there exists f ∈ C1(R) such that

δf = (Id − Λδ)g .
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Inverse of δ
Corollary
For g ∈ C2(R) such that δg ∈ C 1+

3 , we have

[(Id − Λδ)g ]st = lim
|Πst |→0

n−1∑
i=0

gti ti+1 .

Proof : There exists f ∈ C1(R) such that

δf = (Id − Λδ)g .

[(Id − Λδ)g ]st =
n−1∑
i=0

(fti+1 − fti ) =
n−1∑
i=0

(δf )ti ti+1

=
n−1∑
i=0

gti ti+1 −
n−1∑
i=0

(Λδg)ti ,ti+1 .
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Inverse of δ
Corollary
For g ∈ C2(R) such that δg ∈ C 1+

3 , we have

[(Id − Λδ)g ]st = lim
|Πst |→0

n−1∑
i=0

gti ti+1 .

Proof :
[(Id − Λδ)g ]st =

n−1∑
i=0

gti ti+1 −
n−1∑
i=0

(Λδg)ti ,ti+1 .

Finally, there is µ > 1 such that

n−1∑
i=0
|(Λδg)ti ,ti+1| ≤

n−1∑
i=0
||Λδg ||µ(ti+1 − ti)

µ → 0.
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Young integral

We want to define ∫ T

0
frdgr ,

with f ∈ C ν(R) and g ∈ Cµ(R), where

ν + µ > 1.
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Young integral

We want to define ∫ T

0
frdgr ,

with f ∈ C ν(R) and g ∈ Cµ(R), where

ν + µ > 1.

To do so, we first assume that f y g are two smooth functions.
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Young integral

Assume that f y g are two smooth functions. Then

Jst(fdg) :=
∫ t

s
frdgr = fs(δg)st +

∫ t

s
(δf )sudgu

= fs(δg)st + Js,t((δf )s·dg).
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Young integral

Assume that f y g are two smooth functions. Then

Jst(fdg) :=
∫ t

s
frdgr = fs(δg)st +

∫ t

s
(δf )sudgu

= fs(δg)st + Js,t((δf )s·dg).

On the other hand,

hsut := [δJ(δfdg)]sut = (δf )su(δg)ut
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Young integral

Assume that f y g are two smooth functions. Then

Jst(fdg) :=
∫ t

s
frdgr = fs(δg)st +

∫ t

s
(δf )sudgu

= fs(δg)st + Js,t((δf )s·dg).

On the other hand,

hsut := [δJ(δfdg)]sut = (δf )su(δg)ut .

Therefore h ∈ C 1+
3 ([0, t];R) and δh = 0 because δ ◦ δ = 0.
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Young integral

Assume that f y g are two smooth functions. Then

Jst(fdg) :=
∫ t

s
frdgr = fs(δg)st +

∫ t

s
(δf )sudgu

= fs(δg)st + Js,t((δf )s·dg)

= fs(δg)st + Λst(δf δg).
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Young integral

Definition
Let f ∈ C ν

1 ([0,T ]) and g ∈ Cµ
1 ([0,T ]) be such that µ + ν > 1.

Then, we define the Young integral of f with respec to g as

Jst(fdg) :=
∫ t

s
frdgr = fs(δg)st + Λst(δf δg).
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Properties of the Young Integral

Theorem
Let f ∈ C ν y f ∈ Cµ, ν + µ > 1. Then,
|Jst(fdg)| ≤ ||f ||∞||g ||µ(t − s)µ + C ||f ||ν ||g ||µ(t − s)µ+ν .
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Properties of the Young Integral

Theorem
Let f ∈ C ν y f ∈ Cµ, ν + µ > 1. Then,
|Jst(fdg)| ≤ ||f ||∞||g ||µ(t − s)µ + C ||f ||ν ||g ||µ(t − s)µ+ν .
Let Πs,t = {s = t0 < t1 < . . . < tn = t},

Jst = lim
|Πs,t |→0

n−1∑
i=0

fti (δg)ti ,ti+1 .
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Properties of the Young Integral

Theorem
Let f ∈ C ν y f ∈ Cµ, ν + µ > 1. Then,
|Jst(fdg)| ≤ ||f ||∞||g ||µ(t − s)µ + C ||f ||ν ||g ||µ(t − s)µ+ν .
For Πs,t = {s = t0 < t1 < . . . < tn = t},

Jst = lim
|Πs,t |→0

n−1∑
i=0

fti (δg)ti ,ti+1 .

Proof : The first statement is a consequence of the properties of Λ.
The second one follows from

J(fdg) = [Id − Λd ](f δg).
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Equation

we consider

yt = ξ0 +
∫ t

0
f (Zy

u )dxu, t ∈ [0,T ],

Zy
0 = ξ, on [−h, 0],

where x ∈ C ν .
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Equation

we consider

y t = ξ0 +
∫ t

0
f (Zy

u)dxu, t ∈ [0,T ],

Zy
0 = ξ, on [−h, 0],

where x ∈ C ν and y ∈ Cλ, with 1/2 < λ < ν.
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Hypothesis

(H1) There exists λ ∈ (1/2, ν) such that

|f (z)| ≤ M y |f (z1)− f (z2)| ≤ M sup
θ∈[−h,0]

|(z1 − z2)(θ)|,

where z , z1, z2 ∈ Cλ
1 ([−h, 0]).
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Auxiliary result

(H1) There exists λ ∈ (1/2, ν) such that

|f (z)| ≤ M y |f (z1)− f (z2)| ≤ M sup
θ∈[−h,0]

|(z1 − z2)(θ)|,

where z , z1, z2 ∈ Cλ
1 ([−h, 0]).

Lemma
Let a = (a1, a2) and

[U (a)z ]s = f (Zz
s ), s ∈ [a1, a2].

Then
||U (a)z ||λ,[a1,a2] ≤ M||z ||λ,[a1−h,a2].
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Hypotheses

(H1) There exists λ ∈ (1/2, ν) such that

|f (z)| ≤ M y |f (z1)− f (z2)| ≤ M sup
θ∈[−h,0]

|(z1 − z2)(θ)|,

where z , z1, z2 ∈ Cλ
1 ([−h, 0]).

(H2) For any positive integer N ,

||U (a)(z1)− U (a)(z2)||λ,[a1,a2]

≤ CN ||z1 − z2||λ,[a1−h,a2]

||z1||λ,[a1−h,a2], ||z2||λ,[a1−h,a2] ≤ N .
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Example

Example
Let m be a finite measure on [−h, 0] and σ : R→ R a function with
two derivatives.
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Example

Example
Let m be a finite measure on [−h, 0] and σ : R→ R a function with
two derivatives.
Then

f (z) = σ(
∫ 0

−h
z(θ)m(dθ))

satisfies (H1) and (H2).
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Example

Example
Let m be a finite measure on [−h, 0] and σ : R→ R a function with
two derivatives.
Then

f (z) = σ(
∫ 0

−h
z(θ)m(dθ))

satisfies (H1) and (H2).

Proof : By the mean valued theorem,

|f (z1)− f (z2)| ≤ M
∫ 0

−h
|z1(θ)− z2(θ)|m(dθ)

≤ Mm([−h, 0]) sup
θ∈[−h,0]

|z1(θ)− z2(θ)|.

Jorge A. León (Cinvestav–IPN) Delay Equations Roscoff 2010 52 / 64



Equation

we consider

yt = ξ0 +
∫ t

0
f (Zy

u )dxu, t ∈ [0,T ],

Zy
0 = ξ, on [−h, 0],

where x ∈ C ν .

Theorem
Under Hypotheses (H1) and (H2), above equation has a unique
solution in Cλ

ξ,0,T .
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Equation

Theorem
Under Hypotheses (H1) and (H2), our equation has a unique
solution in Cλ

ξ,0,T .

Proof (an idea) : We first consider the interval [0, η], where η is as
follows :
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Equation

Theorem
Under Hypotheses (H1) and (H2), our equation has a unique
solution in Cλ

ξ,0,T .

Proof (an idea) : We first consider the interval [0, η], where η is as
follows :
Set

Γ : Cλ
ξ,0,η → Cλ

ξ,0,η

z 7→ ξ0 +
∫ t

0
f (Zz

u )dxu.
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Proof
Set

Γ : Cλ
ξ,0,η → Cλ

ξ,0,η

z 7→ ξ0 +
∫ t

0
f (Zz

u )dxu.

Then

||Γ(z1)− Γ(z2)||λ,[−h,0]

≤ ||f (Zz1)− f (Zz2)||∞,[0,η]||x ||ν,[0,η]η
ν−λ

+C ||f (Zz1)− f (Zz2)||λ,[0,η]||x ||νην

≤ (1 + C)||x ||ν,[0,η]||f (Zz1)− f (Zz2)||λ,[0,η]η
ν

≤ (1 + C)||x ||ν1[0,η]η
νC1||z1 − z2||λ,[−h,η].
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Fractional delay equations

Let B = {Bt : 0 ≤ t ≤ T} with Hurs parameter H > 1/2.

Jorge A. León (Cinvestav–IPN) Delay Equations Roscoff 2010 57 / 64



Fractional delay equations

Let B = {Bt : 0 ≤ t ≤ T} with Hurs parameter H > 1/2. Then
Hypotheses (H1) and (H2) imply that the equation

yt = ξ0 +
∫ t

0
f (Zy

t )dBt , 0 ≤ t ≤ T

Zy
0 = ξ

has a unique pathwise solution.
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Fractional delay equations

Let B = {Bt : 0 ≤ t ≤ T} with Hurs parameter H > 1/2. Then
Hypotheses (H1) and (H2) imply that the equation

yt = ξ0 +
∫ t

0
f (Zy

t )dBt , 0 ≤ t ≤ T

Zy
0 = ξ

has a unique pathwise solution.

Proposition
Let f (z) = σ

(∫ 0
−h z(θ)m(dθ)

)
, with σ ∈ C∞b (R) and σ(η1)σ(η2) > ε

for all η1, η2 ∈ R. Then yt has a C∞-density for any t ∈ (0,T ].
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zähle.
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zähle. This have been used by several authors to study
stochastic differential equation. Between them, we can mention
Ruzmaikina.
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zähle. This extension can be controled by Besov-type
inequalities.
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zähle. This extension can be controled by Besov-type
inequalities.
Using this approach, Nualart and Rascanu, Nualart and Saussereau,
and Nualart and Hu have seen that the equation

Xt = a +
∫ t

0
f (Xs)dBs

has a unique solution with a smooth density under non-degeneracy
conditions.
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