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Equation

We consider the equation

Zy =

v = &+ /Otf(zz)dxs, telo, 7],
.
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Equation

We consider the equation

t
ye = fo+ /0 F(2)dx., telo,T),
zZ = ¢

Here x € C*([0, T]), f: C*([-h,0]) = R, £ & C/(|—h,0]).
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Equation

We consider the equation
t
Yo = 504‘/0 f(Zg/)dXSa te [Oa T]a
Zy = ¢,
Here x € C¥([0, T]), f: C*([-h,0]) = R and & & C”([—h,0]),

with
v>1/2 and ZJ(0)=y(s+0), 6 € [—h0].

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 6/ 64



Equation

We consider the equation

Yi
Z3

50 + / dXsa

te|[0, T],

Here x € C*([0, T]), f : C*([-h,0]) — R and ¢ € C¥([—h,0]),

with

v>1/2 and ZY(0)

The integral is a Young one

Jorge A. Ledn (Cinvestav—IPN)

Delay Equations

=y(s+¥0), 6 € [—h,0].

Roscoff 2010

7/ 64



Contents

Q Preliminaries

Jorge A. Leén (Cinvestav—IPN)

Delay Equations



Increments

We consider
[0, T)k = R
Co(R) = { g:[0,T]

8h,..t, =0if t; = tiyq

for some /€ {l,... k—1}

}
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Increments

We consider

_ g:[OaT]k%R: 8t1,..., thOift,':t,-Jrl
Ck(R)_{ for some e {1,... . k—1}

0 G(R) = Cer1(R)
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Increments

We consider

. g [0, T]k —R: 8ty t — 0if t; = t,'+]_
Ck(R)_{ for some /e {1,... k—1}

and
k+1

(5g)t1,...,tk+1 - Z(_1)k_igt,',...,/f',',...,tk+1 .

i=1

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 11 / 64



Properties of ¢

We consider
_ g [0 TF=R: gy b =0if t; =t
Ck(R)_{ for some i€ {l,....k—1}
and
k+1 -
(5g)t1 ..... ter — Z(—l) ﬂgtl. 77777 Frotirn
i—1
e 00 =0.
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Properties of ¢

We consider
e[0T =R gy g =0if t; =t
Ck(R)_{ for some i€ {l,....k—1}
and
k+1 "
(5g)t1 ..... tep1 — Z(—l) ﬂgt,- _____ Bt
i—1
e 00 =0.

o Let ZC(R) = Cx(R) N ker § and BC,(R) = Ce(R) N Im 6.
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Properties of ¢

We consider
o g[o, T]k—>R gtl ’’’’ thOIft,:t,+1
Ck(R)_{ for some i€ {l,....k—1}
and
k+1 '
(5g)t1 ~~~~~ teyr — Z(_l)kﬂgfi ----- [/ e
i=1
e 00 =0.
o Let ZC(R) = Ck(R) N ker § and BC,(R) = Ce(R) N Im 6.
Then,

ZC(R) = BG(R).
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Properties of ¢

We consider
- gZ[O,T]k%R: 8t,..., thOift,':t,'Jrl
Ck(R)_{ for some i€ {1,... k—1}
and
k+1 .
(6g)t1 ----- thyr Z(_l)k_lgt,- ..... (IR
i=1
e 00 =0.
o Let ZC(R) = Ce(R) N ker 6 and BC(R) = Cu(R) N Im.
Then,

ZC(R) = BC(R).

o Let k > 1 and h € ZC;1(R). Then there exists a (nonunique)
f € Ck(R) such that
h = of.
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Properties of ¢

We consider
k+1
( t1,.y tkr1 Z( 1 gt, ..... /f,' ..... try1”
@ 00 =0.
o Let ZC(R) = Ce(R) N ker o and BC(R) = Ce(R) N Im .
Then,

ZC(R) = BC(R).

o Let k > 1 and h € ZC;1(R). Then there exists a (nonunique)
f € Ck(R) such that
h = 6f.

e For g € G4(R) and h € G(R),

(6g)st =8t — 8s and (5h)sut = hst - hsu - hut-

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 16 / 64



Notation
For v € R,

o (R)=A{g:[ana] > R:g, = v, [lgllufo ) < 00}
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Notation

For v € R,

Cl o (R)={g [ar, 2] > R g, = v, [lgllup ) < 00},

and, for p € C}'([2: — h, 21]),

G (R)={¢ e G([5n = h 2]) - £ = pon [ = h a]}.
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Notation

For v € R,

Clo o (R)={g [ar 2] > R g, = v, [lgllunp ) < 00},

and, for p € C{'([a1 — h, a1]),
. L(R)y={{e€ G([a1 — h o)) : E=pon[a1 — h,a]}.

These are complete metric spaces with respec to

du(fag) = ||f_g||u'

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 19 / 64



Notation

For f € Gy([a1, a2]; R), we define

||f||,u,[a1782] -

sup
rate[ala

|Fre

as] |t—r|“'

Jorge A. Le6én (Cinvestav—IPN)

Delay Equations



Notation

For f € Gy([a1, a2]; R), we define

|Fr.e]
f = sup —,
|| ||N,[31732] r,te[al,az] |t - I’|“

and
C([ar, 22]) = {F € GR) : [|f||ufor.an) < 00}

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 21 / 64



Notation

For f € Gy([a1, a]; R), we define

|Fr.el
f = sup —.
|| ||N7[31,a2] r,te[al,az] |t . I’|”

and
C([ar, 22]) = {F € GR) : [|f||ufor.an) < 00}

Similarly, for h € G5([a1, a2]), we define

(TP —
,P191,a - °
e s,u,t€[a1,an] |U - S|V|t - u’p

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010
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Notation

For h € G3([a1, a2]), we define

_ su |hsut’
V,P7[31732] s,u,tE[a1,az] |U - S|V|t - u’p’

|Ih

the norm

1]

wlar,a2] — inf{z ||hi||pi,#—P1; h = Z hi= 0< pi < :u}'
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Notation

For h € G3([a1, a2]), we define

llpiosg = sup P
a2 s,u,t€[ar,az] |U - S|V|t - u|p’

the norm

||h||u,[al,az] = inf{z [hill pip—prs h = Z hi, 0 < p;i < p}.

and
C([a1, &2]) = {h € G([ar, a2]) : [l [a1,00) < 00}
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Notation
For h € G5([a1, a]), we define

||h||V7p7[31732] = sup |hsut| ,
s,u,t€[a1,a] |U - 5|V|t — u|ﬂ

the norm

||hHu,[al,az] = inf{Z HhiHPnM—Pl; h= Z hi, 0<p; < :u}'

and
G5 ([a1, a2]) = {h € G([ar, a2]) : |h]]far,2 < 00}

We use the notation

G =U C(a,a]), k=23

pu>1

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010
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Inverse of 0

We use the notation

C,}—’— = U Cﬁ([al,ag]), k = 2,3

n>1

Proposition (Gubinelli)

Let 0 < a; < a, < T. Then, there exists a unique linear map
A: ZCH([ar, a2]) — G ([ay, a2]) such that

[a1,22])
i 14]
Ah T < p,,[a1732] .
|| ||N:[ 1, 2] — 2“—2
Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 26 / 64



Inverse of 0

Proposition (Gubinelli)
Let 0 < a; < a, < T. Then, there exists a unique linear map
A: ZCH([ar, a2]) — G ([ay1, a2]) such that

(5/\ = IdZC§+([al,az])

and

||h|| ila1,a2]
||Ah||u7[al,a2] S ﬁ

Remark For any h € C;([a1, a2]) such that 6h = 0, there exists a
unique g = A(h) € G such that 6g = h.
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Inverse of 0

Corollary
For g € Gy(R) such that 6g € C3, we have

[(Id - A(s)g]st = Ilm Z gtltl-l-l’

Mst|—

where

N ={to=s<t;<...<t,=t}
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Inverse of 0

Corollary
For g € Gy(R) such that 6g € C3, we have

[(Id - A(s)g]st = Ilm Z gtltlJrl’

IMst|—

where
N ={to=s<t;<...<t,=t}

Proof : Note that

d(lg —No)g = og — dg = 0.

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010
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Inverse of 0

Corollary
For g € C5(R) such that g € C3", we have

[(ls — No)gl,, = lim th,t,w

[Mse|—0 %

where

Mg ={to=s<t <...<t,=t}

Proof : Note that
(ly —No)g =dg — dg = 0.
Then, there exists f € C;(R) such that
Of = (la — Nd)g.
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Inverse of 0

Corollary

For g € C5(R) such that 6g € C3F

, we have

[(lg — NO)gl,, = lim th,t,ﬂ

[Mst[—0 <

Proof : There exists f € C;(R) such that

[(lg — Ad)glst

Jorge A. Ledn (Cinvestav—IPN)

5F = (I — No)g.
n—1 n—1
(fti+1 - ft,) = Z(éf)titiﬂ
i=0 i=0
n—1 n—1
8titi1 — Z(/\(sg)ti,fiﬂ‘
0 i=0

Delay Equations Roscoff 2010
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Inverse of 0

Corollary

For g € C5(R) such that g € C3", we have

(RTINS P

Proof : B B
[(ld - Aé)g]st = thiti+1 - Z(Adg)ti,tiﬂ'
i=0 i=0
Finally, there is ;# > 1 such that
n—1 n—1
D 1Nt | < D NINGE||u(tis — )" — 0.
i=0 i=0
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Young integral

We want to define

-
| fde.
0
with f € CY(R) and g € C*(R), where

v+ > 1
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Young integral

We want to define ;
| fde.
0

with f € CY(R) and g € C*(R), where
v+ > 1

To do so, we first assume that f y g are two smooth functions.
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Young integral

Assume that f y g are two smooth functions. Then

t t
Julfdg) = [ frdgr = £(08)ec + [ (3F)ades
- 7cs(5g)st + Js,t((éf)sdg)
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Young integral

Assume that f y g are two smooth functions. Then

t t
Jo(fdg) = / frdgr:@(ég)st+/(5f)sudgu
= £(08)st + Js.:((6F)s.dg).

On the other hand,

hsut = [0J(6fdg)]sut = (6F)su(0g)ut

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010
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Young integral

Assume that f y g are two smooth functions. Then

t t
Js:(fdg) = / frdgr = £,(0g)st +/ (6F)sudgu
= 1(0g)st + Js5.t((0F)s.dg).
On the other hand,
heut = [0J(5fdg)]sut = (0F)su(08) ut-

Therefore h € C37([0, t];R) and 6h = 0 because J o § = 0.

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010
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Young integral

Assume that f y g are two smooth functions. Then

t t
Jo:(fdg) = / frdgr:@(ég)sth/((Sf)sudgu

= £(08)s + Jee((57)s.dg)
— £(08)w + Na(0F3).
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Young integral

Definition
Let f € CY([0, T]) and g € C{([0, T]) be such that u+ v > 1.
Then, we define the Young integral of f with respec to g as

Jo(fdg) / frdgr = £,(0g)s + Nt (575g).
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Properties of the Young Integral

Theorem
Letf e C"yfe Ct, v+ u>1. Then,

o |Jut(fdg)| < |[f]lllgllu(t — s)* + ClIFll.|lgl|u(t — s)*™.

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 41 / 64



Properties of the Young Integral

Theorem

Let fe C" yfe CH, v+ pu>1. Then,
o |Js(fdg)| < ||fllocllgllu(t = s)* + ClIfIl]Ig]].(t — s)*.
o letlNs,={s=th<t <...<t,=t},

n—1

Jst = lim th, 5g ti b1

||-|5 t|—)
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Properties of the Young Integral

Theorem

Let fe C" yfe CH, v+ pu>1. Then,
o |Js(fdg)| < ||fllocllgllu(t — s)* + ClIf|l]Ig]].(t — s)* .
@ ForMs,={s=th<t <... <t,=t},

n—1

Jst = lim thl((Sg trtivl

[Ms,e|—

Proof : The first statement is a consequence of the properties of A.
The second one follows from

J(fdg) = [Ild — Ad](fig).
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Equation

we consider

where x € C”.

Jorge A. Le6én (Cinvestav—IPN)

on

t
e = G+ [ f(Z)dx,
Zy = &

[_ha 0]7
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Equation

we consider

Y = €0+/ qua tG[O,T],
ZyO = h70]7

where x € C¥ and y € C*, with 1/2 < )\ < v.
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Hypothesis

(H1) There exists A € (1/2,v) such that

f <M y |f(z) - f(z)| < M%S[EEO] (21 = 2)(0)],

where z, 21,z € G)([—h,0]).
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Auxiliary result

(H1) There exists A € (1/2,v) such that

RN <M v 1fz) ~fla)| < M sup (e~ 2)(0)]

where z, 21,z € G)([—h,0]).

Lemma
Let a = (a1, a) and

[UDz], = F(Z7), s€[a,a)]

Then

||u(a)z||>\,[a1,a2] = I\/I||z||,\7[al—h,a2]'
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Hypotheses

(H1) There exists A € (1/2,v) such that

fI <M y |f(z) - f(z)| < MGGS[EEO] (2 = 22)(0)],

where z, 21, z, € C}([—h,0]).

(H2) For any positive integer N,

||U(a)(zl) - U(a)(z2)||>\7[31732]
< CNHZI - Z2H)\7[31*h,32]

||zl||>\,[al—h,az]7 ||z2||)\,[al—h,a2] S N

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 49 / 64



Example

Example

two derivatives.

Let m be a finite measure on [—h,0] and o : R — R a function with
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Example

Example
Let m be a finite measure on [—h,0] and o : R — R a function with

two derivatives.
Then

f(e) = o( [ 2(6)m(df)
satisfies (H1) and (H2).
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Example

Example

Let m be a finite measure on [—h,0] and o : R — R a function with
two derivatives.

Then o
f(2) = o( [ 2(0)m(d6))
satisfies (H1) and (H2).

Proof : By the mean valued theorem,

a) ~ @) < M [ 1a(6) - 2(6)m(d6)

< Mm([-h,0]) oup |21(0) — 2(0)].
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Equation

we consider
t
e = G+ [ f(Z)dx,
Z¥y = & on [—h0],

where x € C”.

Theorem

Under Hypotheses (H1) and (H2), above equation has a unique

. . )\
solution in C¢g 1.

teo, T],

Jorge A. Ledn (Cinvestav—IPN) Delay Equations
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Equation

Theorem

Under Hypotheses (H1) and (H2), our equation has a unique
solution in Cq 7.

Proof (an idea) : We first consider the interval [0, 7], where 7 is as
follows :
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Equation

Theorem

Under Hypotheses (H1) and (H2), our equation has a unique
solution in Cq 7.

Proof (an idea) : We first consider the interval [0,7)], where 7 is as
follows :

Set
. A A
M Coon = Ceon
t
z = & —I—/ f(Z2)dx,.
0
Jorge A. Ledn (Cinvestav—IPN) Delay Equations
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Proof

Set
. A A
r . C§70’77 % C§70,77
t
2o ot [ F(ZD)dx,
0
Then
IF(z1) = T(22)[[x =01
< |If(2%) = £(2%) e ol X o o” ™
+CIF(2%) = F(22) [\ pmlIx][n”
< (14 Ol pamllf(22) = F(Z2%)\ 0"
< (1 + Olixllnpan” Gllzr = 2| |x - ha-
Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010
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Fractional delay equations

Let B={B;:0 <t < T} with Hurs parameter H > 1/2.
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Fractional delay equations

Let B={B;:0 <t < T} with Hurs parameter H > 1/2. Then
Hypotheses (H1) and (H2) imply that the equation

B = §0+/ {)dB:;, 0<t<T
Zy =

has a unique pathwise solution.
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Fractional delay equations

Let B={B;:0 <t < T} with Hurs parameter H > 1/2. Then
Hypotheses (H1) and (H2) imply that the equation
ye = §o+/ Y)dB,, 0<t<T
Zy =
has a unique pathwise solution.
Proposition

Let f(z) =0 (f_oh z(9)m(d9)), with o € C°(R) and a(n1)o () > €
for all n1,m, € R. Then y, has a C*-density for any t € (0, T].

Jorge A. Ledn (Cinvestav—IPN) Delay Equations Roscoff 2010 59 / 64
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zahle.
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zahle. This have been used by several authors to study
stochastic differential equation. Between them, we can mention
Ruzmaikina.
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zahle. This extension can be controled by Besov-type
inequalities.
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Young and fractional integrals

An extension of the Young integral via fractional calculus has been
given by Zahle. This extension can be controled by Besov-type
inequalities.

Using this approach, Nualart and Rascanu, Nualart and Saussereau,
and Nualart and Hu have seen that the equation

t
X, = a+/ F(X.)dB,
0

has a unique solution with a smooth density under non-degeneracy
conditions.
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