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Equation

In this part, we define

i
/ .dB,
0

as the limit of intregrals with respect to semimartingales.
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Fractional integrals and derivatives

The right-sided fractional Riemann-Liouville integral of f of order «
on [0, T] is defined as

I f(s) = ﬁ /ST(r —8)* Y (r)dr, fora.a.sc]|0,T].
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Fractional integrals and derivatives

The right-sided fractional Riemann-Liouville integral of f of order «
on [0, T] is defined as

1 T
15 f(s) = I_(a)/s (r —s)* *f(r)dr, fora.a.sc]|0,T].
Fractional diferentiation is introduced as an inverse operation : We

will denote by /$_(LP([0, T])) the class of functions f € LP(]0, T])
such that

f =13 _p for some ¢ € LP([0, T]).
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Fractional integrals and derivatives

The right-sided fractional Riemann-Liouville integral of f of order «
on [0, T] is defined as

1

I5_f(s) = (o)

.
/ (r —s)*Yf(r)dr, fora.a.se[0,T]

Fractional diferentiation is introduced as an inverse operation : We

will denote by /$_(LP([0, T])) the class of functions f € LP([0, T])
such that

f=1%_¢ forsome p € LP([0, T]).
In this case

#0510 = iy (i o o )
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Fractional integrals and derivatives

f=1%_¢ forsome p € LP([0, T]).

o B 1
P=01 1= iy (7 b

Proposition (Samko et al., 1993)
Let f € LP([0, T]). Then f € I$_(LP([0, T])) if and only if

(r—s)ott

T _If(s)

— (! .
o (T —s)r S <0

and the integral

converges in LP([0, T]) as e — 0.

[ -,

CENRIOE f(s)d,> |
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1
Bf =

MN1-—a)

(zt 4 /Ot(t - s)—adws) ,

where {W, :t € R} isaBm, a=1%—H € (0,1) and

2 2

Zo= [ [(t=9)" ~(-s) ] W

—00
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Case H <%

ForH<%,

BH — ﬁ (Zt + /Ot(t - S)_adWs) )

where {W, : t € R} isa Bm, a =% — H € (0,3) and

Z - /O (£ = 5) = (=5)~] aw,

—00

has absolutely continuous paths.
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Case H <%

For H < 2,

1

B =t (2 [t~ 5 dw, )

where {W; :t e R} isaBm,a =3 —H € (0,1) and
0
7, = /_ (£ —5) — (=)™ dW,

has absolutely continuous paths. Hence we only need to consider the
term

t
B, = / (t — s) " dW,.
0
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Case H <%

and for € > 0,

t
B, = /0 (t —s)"“dW,, t € [0, T],

t
B — / (t—s+c)dW,,te o, T],
0
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Case H <%

t
B: = / (t—s)“dW,, t €0, T],
0
and for £ > 0,
t
B — / (t—s+c)"dW,
0

t
— edW, — <a/ (t—s+ a)‘a‘ldWs> dt, telo,T].
0
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Case H <%

t
B = /(lf—erg)*CVdWs
0

t
— edW, — <a/ (t— s+5)_a_1dW5> dt, telo,T].
0

Lemma (Alos, Mazet and Nualart)
Let ¢ € LY2. Then

/OTgbtdBf = /OT (¢(T —s+e)
—a / "= b)r—s + 5)_0‘_1dr> dw,

T pr
—a/ / Dy, (r — s+ &)~ 'dsdr.
o Jo
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Case H <%

Lemma (Alos, Mazet and Nualart)
Let ¢ € LY2. Then

/OTgbtdBf - /OT (¢(T =s+2)
o /T(¢, o) (r—s+ e)_o‘_ldr> dw,

T pr
—a/ / Ds,(r — s+ &)~ 'dsdr.
o Jo

Proof
T T
/0 6 dBE = e° /0 dedWV,

T t
—a/ (/ (t—5+€)a1dWs> bydt
0 0
a—



Case H <%

Proof
T T
/0 ¢ dBE = & /0 dedW,

—a/OT (/Ot(t _s+ 5)_"‘1dW5> Gedt
_ e /OT bedW, — a/oT (/ot elt—s+ 5)‘0“1dW5) dt

T t
—a/ / Dede(t — s+ )~ "Ldsdt
0 0
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Case H < %
Proof
/OT¢tdB§ S /OT bedW, — a/OT (/Ot e(t—s+ 5)‘“‘1dW5) dt
—a /OT /Ot D.e(t — s+ ) Ldsdt
T
= = [ g,
—a/OT (/Ot(gbt )t —s+ 5)_"“1dW5> dt

—a/oT (/ot b(t — s+ e)‘a‘ldWs) dt
—a /OT /Ot Dede(t — s+ )~ Ldsdt
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Case H < 1

N

Proof Finally, Fubini theorem gives

a/oT (/ot b(t — s+ e)‘o“ldWs) dt
T T
= e [ hudW, — [ 0T~ s 4e) dW,
0 0
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Case H <%

Definition
Let  €Dom . We say that ¢ is integrable with respect to B if
fOT ¢+dB; converges in probability as ¢ — 0.
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Case H <%

Definition
Let ¢ €Dom . We say that ¢ is integrable with respect to B if
fOT ¢+dB; converges in probability as ¢ — 0. In this case, the limit is

denoted by

]
/ $:dB;.
0
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Case H<%

Definition
Let  €Dom . We say that ¢ is integrable with respect to B if

fOT ¢.:dB; converges in probability as ¢ — 0. In this case, the limit is
denoted by [ ¢.dB,.

Theorem
Let ¢ € I$ (IL*?) be such that

T prr
/ / |Ds¢,|(r — s)"* dsdr < co.
o Jo

Then, ¢ is integrable with respect to B and

T T T pr
/ $:dB; = F(l—a)/ D?_(btth—a/ / D.6,(r—s)~*dsdr.
0 0 0 0
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Case H <%

Theorem

Let ¢ € I$ (LY?) be such that [y [ |Ds¢,|(r — s)~* 1dsdr < oco.
Then, ¢ is integrable with respect to B and

T T T pr
/ 6:dB, = r(1—a)/ D?‘-_(ﬁtth—a/ / D.o,(r—s)~ tdsdr.
0 0 0 0

Proof

/OT¢tdB§ = /OT (6s(T —s+e)
—a /T(¢, o) (r—s+ 5)_a‘1dr> AW,
T r
—a/o /0 Dy (r — s + ) Ldsdr.
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General case

In the remaining, we present the ideas of Carmona, Coutin and
Monseny (2003).
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General case

Fix a time interval [0, T] and consider the fBm B = {B;; t € [0, T]}.
Then there exists a Bm {W;;t € [0, T]} such that

t
B, :/ Ki(t,s)dW,,
0

where
e For H>1/2,
iy [t H_3 H_1
Ku(t,s) = cys2 H/ (u—s)""2u""2du, s<t.
@ For H<1/2,
t\H-3
Ki(t, s) = cu l@ (¢ — )P

1 t
—(H - 5)sé—H/ uH3(u—s)P2du|, s<t.
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General case

Fix a time interval [0, T] and consider the fBm B = {B;; t € [0, T]}.
Then there exists a Bm {W;; t € [0, T]} such that

t
Bt:/ Ki(t, s)dW..
0

Set, for e > 0, .
B — / Ki(t + ¢, 5)dW,.
0
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General case

Fix a time interval [0, T] and consider the fBm B = {B;; t € [0, T]}.
Then there exists a Bm {W;; t € [0, T]} such that

t
Bt:/ Ku(t,s)dW..
0

Set, for ¢ > 0, .
Bf :/ KH(t+€7s)dW5-
0

Then,

t t u
B = | Kuls+es)dWst [ ["0iK(u-+e,5)dWodu, t€[0,T],
0 0 0
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General case

t t u
B: :/ KH(5+6,S)dWs+/ / O K(u+e,s)dWsdu, te€]0,T].
0 0 JO

Definition
Let ¢ €Dom 9. We say that ¢ is integrable with respect to B if
fOT ¢+dB; converges in probability as ¢ — 0.
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General case

Definition
Let ¢ €Dom 0. We say that ¢ is integrable with respect to B if
fOT ¢+dB; converges in probability as ¢ — 0.

Hypotheses Let a € .12, o and p such that
ea+H>1/2and p>1/H.
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General case

Definition
Let » €Dom . We say that ¢ is integrable with respect to B if
fOT ¢+dB; converges in probability as ¢ — 0.

Hypotheses Let a € L.}, o and p such that
e a+H>1/2and p>1/H.

T
E[(au—as)z-i-f (Dray—Dras)?dr]
0
@ sup,., W sa < o0
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General case

Definition
Let ¢ €Dom 9. We say that ¢ is integrable with respect to B if
fOT ¢+dB; converges in probability as ¢ — 0.

Hypotheses Let a € L1, o and p such that
e a+H>1/2and p>1/H.

;
El(au—as)?+ [, (Drau—Dras)?dr]
@ Supg., lu—s|%a

@ sup, |as| € LP(Q).
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General case

Hypotheses Let a € .12, o and p such that
ea+H>1/2and p>1/H.

T
E[(au—as)z-i-f (Dray—Dras)?dr]
0
@ sup,_,, lu—sp2e <

@ sup, |as| € LP(Q).

Theorem ( Carmona, Coutin and Monseny)
Let a be an adapted process satisfying above hypotheses. Then,

T T
/ 2,dB, — / a.K(T, s)dW,
0 0
T T
—i—/ / [a, — as]01 K (u, s)dud Wi
0 s

T u
—l—/ / Dsa,0:K(u, s)dsdu.
o Jo
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General case

Proposition ( Carmona, Coutin and Monseny)
Let H>1/4 and f € C*(R). Then,

f(B) = f 0)+/t F(B,)k(t, s)dW,

+//[f' ) — £/(B,)] 8:K (u, s)dus W,
+H / F(B,)s?H1ds.
0
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Stochastic differential equations

Let o« = H — £ be with H > 1/2 and B, = [o(t — s)*dW.

Proposition (Thao)
Let Sy € L%(Q). Then,

dst St(/lldt + VdBt) 0 <t S T,

has a unique solution given by

Si = Soexp(ut + vBy).
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