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Stochastic integration
We consider

-
/ - odB;.
0
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Stochastic integration

We consider

.
/ - o dB..
0

Here, the stochastic integral is in the Stratonovich sense and B is a
fBm with Hurst parameter H € (0,1/2).
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FBM

The process B satisfies

Bt:

/OK(t,s)dWS, te o, T].
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FBM

The process B satisfies
t
B, :/ K(t,s)dW,, telo,T].
0

Here :

SAt

Ru(t,s) = K(t,r)K(s,r)dr

I\JII—‘C\

(52” + M- s|2H) , t.selo, T

Jorge A. Ledn (Cinvestav—IPN) Stratonovich Integral Roscoff 2010 8 /61



FBM

The process B satisfies

t
Bt:/ K(t,s)dW,, telo,T].
0

Here :
o Ry(t,s)= [ K(t,r)K(s,r)dr, t,s€][0,T].
°
K(t,s) = cu(t — s)H i4sfiR (s) s<t,
with

-an(b-) [ a0
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FBM
The procees B satisfies

t
Bt:/ K(t,s)dW,, telo,T].
0

Here :
o Ru(t,s) = J3 " K(t,r)K(s,r)dr, t,s€]0,T].
o K(t,s)=cu(t—s)2+s"2F (5) , s<t,with

AE@ =an(yH) [0 @@

Jorge A. Ledn (Cinvestav—IPN) Stratonovich Integral Roscoff 2010 10 / 61



FBM

t
Bt:/ K(t,s)dW,, telo,T].
0

Here :
o Ry(t,s)= [ K(t,r)K(s,r)dr, t,s€][0,T].
o K(t,s)=cu(t—s)2+s"3F (ﬁ) , s<t,with
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Seminorm

We consider,
2 Ty 2
lollk: = [ G(K(T.5)ds
2

+/0T </ST|gp(t)—go(s)|(t—s)H_%dt> ds, ¢pef.
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Seminorm

We consider,

.
lolli: = [ @(S)K(T.5)ds

o ( [ 1ete) —w(s)\(t—s)”—%dtfds, et

and Hx the completion of £ with respect to || - ||x.
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Seminorm

We consider,

.
lolli: = [ (S)K(T.5)ds

o ( [ 1ett) —w(s)\(t—s)”—%dt)zds, pet,

H i the completion of £ with respect to || - ||« and the space
D1’2(HK).
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Seminorm

We consider,
2 T o 2
lelli: = [ (s)K(T.5)ds
T [T s )2
# (160 - ptole - tar) as. g,
H i the completion of £ with respect to || - ||x and the space
]D)l’z(HK) :

A process {u;; t € [0, T]} € D"?(Hy) iff there exists a sequence
{¢n}n of Hy-valued processes

n—1
90” = Z 'Ejl(tj’tﬂ-l]’
Jj=0

where FFeSand 0=t <t <...<t,=T.
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Seminorm

A process {u;; t € [0, T]} € D?(H) iff there exists a sequence
{¢n}n of Hy-valued processes
n—1
Yn = Z Ffl(i}',tj+1]7

=0

where ;e Sand 0=ty < t; <...<t, =T, such that

.
E(||u—g0,,||f<>—|-E</0 ||D,(u—g0,,)||f<dr>—>0, n— oo.
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Divergence operator

° |K(t s)| < c((t—s)H2
(t,s)| < et —s)H 3.

Theorem
D“?(Hy) C Dom§ and

2 T 2
€ (lu=onlfe) + £ 104u = elBer) 0

implies

E ((0(u) = 8(¢n))?) = 0.
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Stratonovich integral

Definition (Russo and Vallois)

We say that a process u with integrable paths belongs to Dom §§ if
and only if

T
(26)_1/0 US(B(S+E/\T) - B(s—sVO))ds

converges in probability as ¢ | 0.
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Stratonovich integral

Definition (Russo and Vallois)

We say that a process u with integrable paths belongs to Dom & if
and only if

T
(26)_1/0 US(B(S+€/\T) - B(s—z—:\/O))ds

converges in probability as € | 0. In this case we denote this limit by

-
6S(u) or /usost.
0
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Trace of the Stratonovich integral

We also need
Definition

We say that a process u € D*?(H) belongs to Dg*(H) if the limit
in probability

1T e
TrDu = !l_%z—g/o (D us,1(s_s)vo,(s+a)AT]>HdS-

exists.
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Trace of the Stratonovich integral

We also need
Definition

We say that a process u € D'?(Hy) belongs to D¢(H) if the limit
in probability

1T
TrDu := eh—%Z_a/o <D U571(5—6)\/0,(s+5)/\T]>’HdS-

exists.

Remark Remembert that H is the completion of £ with respect to
Ry.
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Stratonovich integral

Theorem
Let u € Dg*(Hk) be such that

E </OT (521 4 (T — 5)2H_1)ds> < o0,
and
E </OT /OT(D,us)2(52H_1 (T - 5)2”—1)dsdr> < o0.

Then, u € Dom 55 N Dom 68 and

§8(u) = 08(u) + TrDu.
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Stratonovich integral

o |K(t,s)| < c((t — )% +sH2)
o |25(t,s)| < c(t — )2
Theorem

Let u € Dg*(Hi) be such that

o E(Jy u3(s?M1+ (T — 5)*1)ds) < oo,

o E(Jy Jo (Drus(s2M=1 + (T — 5)*-1)dsdr) < oo.
Then, u € Dom 62 N Dom 68 and

68(u) = 68(u) + TrDu.
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Stratonovich integral

Theorem
Let u € Dg*(Hk). Then, u € Dom 68 N Dom 68 and

62(u) = 08(u) + TrDu.

Proof : The Fubini theorem gives
LT
(22" [ ulBsanr — Bs-apo)s
T
= (26)_1/0 58(Us]-[(s—a)VO,(s—i-a)/\T])ds

.
+(2¢) 7" /O (DPus, Lts—cpvo,(sepnt) () 2eds
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Stratonovich integral

Theorem
Let u € Dg*(Hk). Then, u € Dom 68 N Dom 68 and

68(u) = 68(u) + TrDu.

Proof : The Fubini theorem gives
LT
(28)_ /0 uS(B(S-I—E)/\T - B(s—a)vo)ds

T (r4+e)AT
— (2¢)71 / ( / usds> dB,
0 (r—e)Vvo

.,
+(2¢)71 /0 (DPus, Ls—cpvo (s+e)nt)())2ds
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Stratonovich integral

Theorem
Let u € Dg*(Hk). Then, u € Dom§€ N Dom 68 and

§8(u) = 08(u) + TrDu.

Proof : The Fubini theorem gives

.
()" [ ulBsonr — Bs-apo)s

T (r+e)AT
— (20) / ( / usds> dB,
0 (r—e)Vvo
T
+(2e)7? /O (DPus, Li(s—cpvo(ste)nt)(-)) s
T
_ /0 wdB, + B
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Stratonovich integral

Proof : The Fubini theorem gives

.
(@) [ ulBesonr — Bs-apo)s

T (r+e)AT
— (20) / ( / usds> dB,
0 (r—e)Vvo
-
-|r(2e)‘1/O (DBus, Lis—cpvo,(stepnt) () 2eds
i
_ /0 wdB, + B

Using that u € Dg” (Hk) we get that B° converges to TrDu in
probability as ¢ | 0.
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Stratonovich integral

Proof : The Fubini theorem gives

-
(25)_1/0 us(B(ers)/\T - B(sfe)vo)ds
T (r+e)AT
— (2)70 / ( / usds> dB,
0 (r—e)Vvo
1 (T8
‘|‘(25) /O <D U57]-[(sfs)VO,(ere)/\T](')>’Hd5
T
_ / dB, + B
0
So, we need to show that u® converges to u in the norm of D2 (H)
in order to see that [,/ uZdB, converges to 6% (u) in L?(Q) as ¢ tends

to zero.
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Stratonovich integral

Step 1 We first assume that is a simple process of the form

I
—

n

u= Fjl(t‘/"thrl]'

-
Il
o
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Stratonovich integral

Step 1 We first assume that is a simple process of the form

Z FJ tJ7tJ+1]'

Jj=0

Hence, Property (i) of the kernel K, the fact that u is bounded and
the dominated convergence theorem imply

.
E/ (us — U5)?K(T,s)’ds — 0 as /0.
0
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Stratonovich integral

Step 1 We first assume that is a simple process of the form

n—1
u= Z Ffl(fjafjﬂ]'
j=0

Now, using that u; — us = 0 for s, t € [t; t;1] we obtain

2

tit1 T
/ (/ 08 — o — (up — us)\(t—s)—l—adt> ds
t; s

tit1 tit1 2
<2[" (/ e = ] (£ — s)_l_adt> ds
t; s
tit1 T 2
+2 (/ lug — uZ — (ur — ug)| (t — s)_l_adt> ds
ti tit1
= 2A1(I, 8) + 2A2(I, 6).
Jorge A. Ledn (Cinvestav—IPN) Stratonovich Integral Roscoff 2010
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Stratonovich integral

tit1 T 2
/ (/ |uf—u§—(ut—u5)|(t—s)_1_“dt> ds
t; s

tiy1 tit1 1 2
2 [ (/ l0f — | (£—5) _O‘dt> ds
t; s

2
tiv1 T
+2 (/ lug — ul — (ur — ug)| (t — s)_l_adt> ds
t; i

tit1

= 2A(i,e) + 2Aq(i, €).

IN

Ax(i,€) goes to 0, as € | 0, because of the dominated convergence
theorem and the fact that v is a bounded process.

Jorge A. Ledn (Cinvestav—IPN) Stratonovich Integral Roscoff 2010 33 /61



Stratonovich integral

Also we have
Al(ia 6)
ti+2e ti+2e 2
< 8/ (/ lup — uZ| (t — s)_l_”‘dt) ds
ti s

t; t; 2
4" (/ " lup — uZ| (t — s)_l_"‘dt) ds

tiy1—2¢
ti+2e tiv1 2
+8 ( [ s = (e - s)ladt> ds
t; ti+2e
tiy1—2e tit1 2
+8 ( / \uf—ug\(t—s)-l-adt> ds.
tj tiy1—2¢e
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Stratonovich integral
Also we have

Al(i,E)
ti+2e ti+2e 2
<8/ (/ |uf—u§|(t—s)_1_o‘dt) ds
ti s

t; t; 2
w8 [ (/ " |uf—u§|(t—s)_1_o‘dt) ds

tiy1—2e
ti+2e tiv1 2
+38 (/ |ug — uZ| (t — s)_l_adt> ds
ti ti+2e
tiy1—2¢e tit1 2
+8 (/ E — | (¢ — )1 0dt | ds.
t; tiy1—2¢

The first and second integrals converge to zero, due to the estimate
c
|up —ug| < |t —s.
€
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Stratonovich integral

Also we have
Al(ia 5)
ti+2e ti+2e 2
<8/ (/ 0 — | (£ — s)_l_o‘dt> ds
t; s

tit1 tiy1 1 2
8 (/ uE — uE| (¢ — 5) "dt) ds

tiy1—2e
ti+2¢e tit1 2
18 </ uf — u§|(t—s)_1_adt> ds
t; ti+2e
tip1—2¢ tit1 2
+8 ( / e — u§|(t—s)_1_adt> ds.
t; tiy1—2¢e

The third and fourth term of the above expression converge to zero
because u is bounded.
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Stratonovich integral

Step 2 Fix 0 > 0 and a bounded simple H k-valued processes ¢ such
that

2 T 2
Ellu=glii+E | 11Du— Dyl dr <4,
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Stratonovich integral

Step 2 Fix 0 > 0 and a bounded simple H k-valued processes ¢ such
that

2 T 2
Ellu—ls+E [ 11Du— Dl dr <4,

Then, Step 1 implies that for € small enough,
g 2 T £ 2
Ellu—wli+E [ 11D, (u—u)lficar
2 T 2
< cEllu—gli+cE [ 11D (u=p)lficar
(3 2 T c 2
+eElp = @l + € [ 11D, (o = ¢l r
(3 1> 2 T £ € 2
+E |l — vk + <E [ 11D, (o = )i
T
< 28+ cE |lo* = i[5+ € [ 11D, (¢° = )i o
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Stratonovich integral

Step 2 Fix 0 > 0 and a bounded simple H -valued processes ¢ such
that

2 T 2
Ellu—l%+E [ 11Du— Dl dr <4,
We have

T € £\2 2
E((ps_ us) K(T,S) ds

! (1 /s+€(g0,—u,) dr>2 K(T, s)%ds

2¢ Js—¢

1 (r+e)AT
E(pr — u,)? —/ K(T,s)ds | dr <6
2e (r—e)vo

T

I
S— &— S5—
m
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Stratonovich integral

Step 2 Fix 0 > 0 and a bounded simple H -valued processes ¢ such

that
2 T 2
Ellu—o|x+E | |Dyu — Dyplli dr < 6.

We have
T € £12 2
E(Sps - us) K(T,S) ds
0
T 1 s+e 2
< [E (—/ (o — u) dr) K(T, s)ds
0 2¢ s—e
2

T 1 (re)AT )
/O E(p, — uy) (2_5/( K(T,s) ds) dr <6

r—e)Vvo

IN

due to (2¢)71 f((rrf))\foT K(T,t)>dt < c[(T —r)=2>+ r2].
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Stratonovich integral

Theorem
Let u € Dg*(Hy). Then, u € Dom 68 N Dom 68 and

62(u) = 08(u) + TrDu.

Remark The results of this section can be easily generalized to a
centered Gaussian process of the form B; = [y K(t,s)dWs, where
K(t,s) is a continuously differentiable kernel in the region
{0 <s <t < T} satisfying :

o |K(t,s)| < c((t—s)H % +sH2).

o |25(t,s)| < c((t —s)H 3.
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Example

Let F be a continuously differentiable function satisfying the growth
condition )
max{|F(x)|, [F'(x)|} < ce**",

where ¢ and ) are positive constants such that A < T2/,

Jorge A. Ledn (Cinvestav—IPN) Stratonovich Integral Roscoff 2010 42 / 61



Example

Let F be a continuously differentiable function satisfying the growth
condition

max{|F(x)|, |[F'(x)[} < ce*",
where ¢ and ) are positive constants such that A\ < T2, We know
that if H > 1, the process u; = F(B;) belongs to the space
Lz(Q; HK)
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Example

Let F be a continuously differentiable function satisfying the growth
condition

max{|F(x)|, |F'(x)|} < ce*"",

where ¢ and ) are positive constants such that A < T2/,
Also

(2¢)7* /OT F'(B:) <1[O,t]7 1[(t—a)V0,(t+a)/\T]>,H dt
= (2¢)7¢ /OT F'(Be) (R(t,(t+e)ANT)—R(t,(t—¢e)V0)) dt

—  (4e)" 1/0 F’(Bt)(((t+8)A TY?H — ((t— &)V 0yH

H(t+e)AT —t)*H —(t — (t — &) v0)*H)dt

— H|[ F(B)t*'dt as /0.
0
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Example

Let F be a continuously differentiable function satisfying the growth
condition .
max{|F(x)[, |F'(x)|} < ce*"",

where ¢ and ) are positive constants such that A < T=2". Then

T T T
/ F(Bt)odBt:/ F(Bt)dBtJrH/ F'(B,)t2H1dt.
0 0 0
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Example

The forward integral of F(B;) with respect to B defined as the limit
in probability, as € | 0, of

LT
€ /0 F(B:) (B(H—a)/\T - Bt) dt,

does not exist in general.
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Example

The forward integral of F(B;) with respect to B defined as the limit
in probability, as € | 0, of

1 T
= [ F(B) (Buronr — B:) .

does not exist in general. For intance, for F(x) = x,
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Example

The forward integral of F(B;) with respect to B defined as the limit
in probability, as € | 0, of

1 T
=t [ F(B) (Buronr — B:) .

does not exist in general. For intance, for F(x) = x,

1 T
€ /0 <1[0,t]> 1[t,(t+a)/\T]>,H dt

= ' (R( (t+2) A T) — R(t t)) dt
T2H

2H -1
_ Tg2H-1 o2H .
( € +2H—|—1 — —0

(t+e) ATPH =2 — ((t+e) AT — 1)) dt

N — r\.)‘,_‘
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Ito's formula

(C) u and D,u are A—Hélder continuous in the norm of the space
D* for some \ > «, and the function

|Druy — Drus|ly 4

vy = sup || D, UsH14+ sup

0<s< <s<T |t — s
satisfies fo ~E % —H.
Also

E/ s 4 (T — s)*M) ds < oo,
and

E/ / (D,us)? (572 + (T — 5)72) dsdr < co.
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Ito's formula

Theorem

Suppose a < %. Let u be an adapted process in D*2 (Hy) satisfying
condition (C) and such that the following limit exists in probability

r

for some process (Vu), in L*? . Define X; = [y us o dBs. Then, for

all F € C3(R) the process F'(X;)us is Stratonovich integrable with
respect to B and

ds — 0,

1
(VU)S T <DBU57 1[(t—5)V0,(t+5)/\T]>,H

F(X.) = F(0) + /0 " F(X.)us 0 dBs.
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|to’s formula : Proof
Proof. We know that

t t
xt:/ usst+/ (Vu), ds.
0 0
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Ito’s formula : Proof
Proof. We know that

t t
Xt:/ usst+/ (Vu), ds.
0 0
Then,

F(X) = F(0)+ /0 "F/(X.)usdB,

+ [P0 u, ( [0 s ([ 0 k), o) dr) ds
b [FO0 ([ (keuzar) o

+ [ F06) (Va), o5

+ /O (X us /O ’ ( / "D, (Vu), d0> %f(s, r) drds.
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Ito’s formula : Proof

Then we only need to check that

1

t
im = [ (D® (F/(X)u) Lepvo eeyam),, 65

and that it is equal to

| /0 F (Xs) us ( /0 ?; (s,r) < /O D, (K:u), dvvg) dr) ds

1 t " 8 s * \2
+§/o F (Xs)g </0 (Klu): dr) ds

+ /Ot FI(X,) (Vu), ds

+ /ot F"(Xs)us /Os (/05 D, (Vu), d9) ?Js( (s, r)drds.
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SDE

Consider the equation

t t
Xo=x+ [ a(X)odBs+ [ b(X;)ds
0 0
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SDE

Consider the equation

Xt_x+/ ) o dB, +/

Here, H € (7,%), x € R and a, b are bounded and measurable
functions.
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SDE

Proposition

Assume that a € C2(R) and b € CL(R). Then the unique solution of
above equation is given by

Xe =« (Bta Yt)>

where Y, is the solution of
(2. y _lb B..Y.))d
tfx+/0 (m( 5 s)> (a(Bs, Ys)) ds

and o (x,y) is the solution of

{ % (x,y) = a(a(x,y))
a(0,y)=y.

v
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SDE : Proof

For any € > 0, set

1
B = —
t2e

and

/Ot (B(s+€)/\T - B(s—l—e)VO) ds

X; =a(B;, Y:).
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SDE : Proof
Set B = % i (Bisse)nt — Blsseyvo) ds and X7 = a (B, Y4). Then,
Xe

1 t
=t [ a8 o) (Beronr  Brevona)

+ / t (80‘ (B, Ys)> (gj (B., Y. )>_1 b(a(Bs, Ys))ds

= x+ 5 / o (Bs, Y5)) (Bls+apnt — Bis+eo) ds

+278/0 [a (a (Bi, Ys)) — a(a (Bs, YS))] (B(5+5)AT - B(s+z—:)V0> ds

+ [ (gj (B, Ys)> (gj (B, Ys)>_1 b(a (B, Ys)) ds.
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SDE

Proposition
Assume that a € C3(R) and b € C}(R). Then,

Xe =« (Bt: Yt)a

where Y; and o (x, y) satisfy
S
Yt_x+/ ( (B., Y. ) b(a (B, Y,))ds

{ S (xy)=ala(x,y))
05(0,)/) =Y.

y

Remark Neuenkirch and Nourdin (2007) have shown that this result
still hold for H > 1/2.
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