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Stochastic integration

We consider ∫ T

0
· ◦ dBs .
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Stochastic integration

We consider ∫ T

0
· ◦ dBs .

Here, the stochastic integral is in the Stratonovich sense and B is a
fBm with Hurst parameter H ∈ (0, 1/2).

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 5 / 61



Contents

1 Introduction

2 Preliminaries

3 Stratonovich Integral

4 Itô’s formula

5 Stochastic Differential Equations

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 6 / 61



FBM

The process B satisfies

Bt =
∫ t

0
K (t, s)dWs , t ∈ [0,T ].
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FBM

The process B satisfies

Bt =
∫ t

0
K (t, s)dWs , t ∈ [0,T ].

Here :

RH(t, s) =
∫ s∧t

0
K (t, r)K (s, r)dr

=
1
2
(
s2H + t2H − |t − s|2H

)
, t, s ∈ [0,T ].
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FBM
The process B satisfies

Bt =
∫ t

0
K (t, s)dWs , t ∈ [0,T ].

Here :
RH(t, s) =

∫ s∧t
0 K (t, r)K (s, r)dr , t, s ∈ [0,T ].

K (t, s) = cH(t − s)H− 1
2 + sH− 1

2F1
( t
s

)
, s < t,

with

F1(z) = cH

(1
2 − H

) ∫ z−1

0
θH− 3

2
(
1− (θ + 1)H− 1

2
)
dθ.
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FBM

The procees B satisfies

Bt =
∫ t

0
K (t, s)dWs , t ∈ [0,T ].

Here :
RH(t, s) =

∫ s∧t
0 K (t, r)K (s, r)dr , t, s ∈ [0,T ].

K (t, s) = cH(t − s)H− 1
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2F1
(

t
s

)
, s < t, with

F1(z) = cH

(1
2 − H

) ∫ z−1

0
θH− 3

2
(
1− (θ + 1)H− 1

2
)
dθ.

|K (t, s)| ≤ c((t − s)H− 1
2 + sH− 1

2 ).
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FBM

Bt =
∫ t

0
K (t, s)dWs , t ∈ [0,T ].

Here :
RH(t, s) =

∫ s∧t
0 K (t, r)K (s, r)dr , t, s ∈ [0,T ].

K (t, s) = cH(t − s)H− 1
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t
s
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, s < t, with

F1(z) = cH

(1
2 − H

) ∫ z−1

0
θH− 3

2
(
1− (θ + 1)H− 1

2
)
dθ.

|K (t, s)| ≤ c((t − s)H− 1
2 + sH− 1

2 ).∣∣∣∂K
∂t (t, s)

∣∣∣ ≤ c(t − s)H− 3
2 .
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Seminorm

We consider,

||ϕ||2K : =
∫ T

0
ϕ2(s)K (T , s)2ds

+
∫ T

0

(∫ T

s
|ϕ(t)− ϕ(s)|(t − s)H− 3

2dt
)2

ds, ϕ ∈ E .
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0
ϕ2(s)K (T , s)2ds

+
∫ T

0

(∫ T

s
|ϕ(t)− ϕ(s)|(t − s)H− 3

2dt
)2

ds, ϕ ∈ E ,

and HK the completion of E with respect to || · ||K .
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Seminorm

We consider,

||ϕ||2K : =
∫ T

0
ϕ2(s)K (T , s)2ds

+
∫ T

0

(∫ T

s
|ϕ(t)− ϕ(s)|(t − s)H− 3

2dt
)2

ds, ϕ ∈ E ,

HK the completion of E with respect to || · ||K and the space
D1,2(HK ).
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Seminorm
We consider,

||ϕ||2K : =
∫ T

0
ϕ2(s)K (T , s)2ds

+
∫ T

0

(∫ T

s
|ϕ(t)− ϕ(s)|(t − s)H− 3

2dt
)2

ds, ϕ ∈ E ,

HK the completion of E with respect to || · ||K and the space
D1,2(HK ) :
A process {ut ; t ∈ [0,T ]} ∈ D1,2(HK ) iff there exists a sequence
{ϕn}n of HK -valued processes

ϕn =
n−1∑
j=0

Fj1(tj ,tj+1],

where Fj ∈ S and 0 = t0 < t1 < . . . < tn = T .
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Seminorm

A process {ut ; t ∈ [0,T ]} ∈ D1,2(HK ) iff there exists a sequence
{ϕn}n of HK -valued processes

ϕn =
n−1∑
j=0

Fj1(tj ,tj+1],

where Fj ∈ S and 0 = t0 < t1 < . . . < tn = T , such that

E
(
||u − ϕn||2K

)
+ E

(∫ T

0
||Dr (u − ϕn)||2Kdr

)
→ 0, n→∞.
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Divergence operator

|K (t, s)| ≤ c((t − s)H− 1
2 + sH− 1

2 ).∣∣∣∂K
∂t (t, s)

∣∣∣ ≤ c(t − s)H− 3
2 .

Theorem
D1,2(HK ) ⊂ Dom δ and

E
(
||u − ϕn||2K

)
+ E

(∫ T

0
||Dr (u − ϕn)||2Kdr

)
→ 0

implies
E
(

(δ(u)− δ(ϕn))2
)
→ 0.
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Stratonovich integral

Definition (Russo and Vallois)
We say that a process u with integrable paths belongs to Dom δB

S if
and only if

(2ε)−1
∫ T

0
us(B(s+ε∧T ) − B(s−ε∨0))ds

converges in probability as ε ↓ 0.
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Stratonovich integral

Definition (Russo and Vallois)
We say that a process u with integrable paths belongs to Dom δB

S if
and only if

(2ε)−1
∫ T

0
us(B(s+ε∧T ) − B(s−ε∨0))ds

converges in probability as ε ↓ 0. In this case we denote this limit by

δB
S (u) or

∫ T

0
us ◦ dBs .

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 20 / 61



Trace of the Stratonovich integral

We also need

Definition
We say that a process u ∈ D1,2(HK ) belongs to D1,2

C (HK ) if the limit
in probability

TrDu := lim
ε→0

1
2ε

∫ T

0
〈DBus , 1(s−ε)∨0,(s+ε)∧T ]〉Hds.

exists.
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Trace of the Stratonovich integral

We also need

Definition
We say that a process u ∈ D1,2(HK ) belongs to D1,2

C (HK ) if the limit
in probability

TrDu := lim
ε→0

1
2ε

∫ T

0
〈DBus , 1(s−ε)∨0,(s+ε)∧T ]〉Hds.

exists.

Remark Remembert that H is the completion of E with respect to
RH .
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Stratonovich integral

Theorem
Let u ∈ D1,2

C (HK ) be such that

E
(∫ T

0
u2s (s2H−1 + (T − s)2H−1)ds

)
<∞,

and

E
(∫ T

0

∫ T

0
(Drus)2(s2H−1 + (T − s)2H−1)dsdr

)
<∞.

Then, u ∈ Dom δB
S ∩ Dom δB and

δB
S (u) = δB(u) + TrDu.
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Stratonovich integral

|K (t, s)| ≤ c((t − s)H− 1
2 + sH− 1

2 ).∣∣∣∂K
∂t (t, s)

∣∣∣ ≤ c(t − s)H− 3
2 .

Theorem
Let u ∈ D1,2

C (HK ) be such that
E
(∫ T

0 u2s (s2H−1 + (T − s)2H−1)ds
)
<∞,

E
(∫ T

0
∫ T
0 (Drus)2(s2H−1 + (T − s)2H−1)dsdr

)
<∞.

Then, u ∈ Dom δB
S ∩ Dom δB and

δB
S (u) = δB(u) + TrDu.
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Stratonovich integral

Theorem
Let u ∈ D1,2

C (HK ). Then, u ∈ Dom δB
S ∩ Dom δB and

δB
S (u) = δB(u) + TrDu.

Proof : The Fubini theorem gives

(2ε)−1
∫ T

0
us(B(s+ε)∧T − B(s−ε)∨0)ds

= (2ε)−1
∫ T

0
δB(us1[(s−ε)∨0,(s+ε)∧T ])ds

+(2ε)−1
∫ T

0
〈DB
· us , 1[(s−ε)∨0,(s+ε)∧T ](·)〉Hds
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Stratonovich integral

Theorem
Let u ∈ D1,2

C (HK ). Then, u ∈ Dom δB
S ∩ Dom δB and

δB
S (u) = δB(u) + TrDu.

Proof : The Fubini theorem gives

(2ε)−1
∫ T

0
us(B(s+ε)∧T − B(s−ε)∨0)ds

= (2ε)−1
∫ T

0

(∫ (r+ε)∧T

(r−ε)∨0
usds

)
dBr
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0
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Stratonovich integral
Theorem
Let u ∈ D1,2

C (HK ). Then, u ∈ Dom δB
S ∩ Dom δB and

δB
S (u) = δB(u) + TrDu.

Proof : The Fubini theorem gives

(2ε)−1
∫ T

0
us(B(s+ε)∧T − B(s−ε)∨0)ds

= (2ε)−1
∫ T

0

(∫ (r+ε)∧T

(r−ε)∨0
usds

)
dBr

+(2ε)−1
∫ T

0
〈DB
· us , 1[(s−ε)∨0,(s+ε)∧T ](·)〉Hds

=
∫ T

0
uεr dBr + Bε.
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Stratonovich integral

Proof : The Fubini theorem gives

(2ε)−1
∫ T

0
us(B(s+ε)∧T − B(s−ε)∨0)ds

= (2ε)−1
∫ T

0

(∫ (r+ε)∧T

(r−ε)∨0
usds

)
dBr

+(2ε)−1
∫ T

0
〈DB
· us , 1[(s−ε)∨0,(s+ε)∧T ](·)〉Hds

=
∫ T

0
uεr dBr + Bε.

Using that u ∈ D1,2
C (HK ) we get that Bε converges to TrDu in

probability as ε ↓ 0.
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Stratonovich integral

Proof : The Fubini theorem gives

(2ε)−1
∫ T

0
us(B(s+ε)∧T − B(s−ε)∨0)ds

= (2ε)−1
∫ T

0

(∫ (r+ε)∧T

(r−ε)∨0
usds

)
dBr

+(2ε)−1
∫ T

0
〈DB
· us , 1[(s−ε)∨0,(s+ε)∧T ](·)〉Hds

=
∫ T

0
uεr dBr + Bε.

So, we need to show that uε converges to u in the norm of D1,2 (HK )
in order to see that

∫ T
0 uεr dBr converges to δB (u) in L2(Ω) as ε tends

to zero.
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Stratonovich integral

Step 1 We first assume that is a simple process of the form

u =
n−1∑
j=0

Fj1(tj ,tj+1].
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Stratonovich integral

Step 1 We first assume that is a simple process of the form

u =
n−1∑
j=0

Fj1(tj ,tj+1].

Hence, Property (i) of the kernel K , the fact that u is bounded and
the dominated convergence theorem imply

E
∫ T

0
(us − uεs )2K (T , s)2ds −→ 0 as ε ↓ 0.
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Stratonovich integral
Step 1 We first assume that is a simple process of the form

u =
n−1∑
j=0

Fj1(tj ,tj+1].

Now, using that ut − us = 0 for s, t ∈ [ti ,ti+1] we obtain

∫ ti+1

ti

(∫ T

s
|uεt − uεs − (ut − us)| (t − s)−1−αdt

)2

ds

≤ 2
∫ ti+1

ti

(∫ ti+1

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+2
∫ ti+1

ti

(∫ T

ti+1
|uεt − uεs − (ut − us)| (t − s)−1−αdt

)2

ds

= 2A1(i , ε) + 2A2(i , ε).
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Stratonovich integral

∫ ti+1

ti

(∫ T

s
|uεt − uεs − (ut − us)| (t − s)−1−αdt

)2

ds

≤ 2
∫ ti+1

ti

(∫ ti+1

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+2
∫ ti+1

ti

(∫ T

ti+1
|uεt − uεs − (ut − us)| (t − s)−1−αdt

)2

ds

= 2A1(i , ε) + 2A2(i , ε).

A2(i , ε) goes to 0, as ε ↓ 0, because of the dominated convergence
theorem and the fact that u is a bounded process.
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Stratonovich integral

Also we have

A1(i , ε)

≤ 8
∫ ti+2ε

ti

(∫ ti+2ε

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+1

ti+1−2ε

(∫ ti+1

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+2ε

ti

(∫ ti+1

ti+2ε
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+1−2ε

ti

(∫ ti+1

ti+1−2ε
|uεt − uεs | (t − s)−1−αdt

)2

ds.
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Stratonovich integral
Also we have

A1(i , ε)

≤ 8
∫ ti+2ε

ti

(∫ ti+2ε

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+1

ti+1−2ε

(∫ ti+1

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+2ε

ti

(∫ ti+1

ti+2ε
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+1−2ε

ti

(∫ ti+1

ti+1−2ε
|uεt − uεs | (t − s)−1−αdt

)2

ds.

The first and second integrals converge to zero, due to the estimate

|uεt − uεs | ≤
c
ε
|t − s|.
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Stratonovich integral
Also we have

A1(i , ε)

≤ 8
∫ ti+2ε

ti

(∫ ti+2ε

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+1

ti+1−2ε

(∫ ti+1

s
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+2ε

ti

(∫ ti+1

ti+2ε
|uεt − uεs | (t − s)−1−αdt

)2
ds

+8
∫ ti+1−2ε

ti

(∫ ti+1

ti+1−2ε
|uεt − uεs | (t − s)−1−αdt

)2

ds.

The third and fourth term of the above expression converge to zero
because uεt is bounded.

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 36 / 61



Stratonovich integral

Step 2 Fix δ > 0 and a bounded simple HK -valued processes ϕ such
that

E ‖u − ϕ‖2K + E
∫ T

0
||Dru − Drϕ||2K dr ≤ δ.
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Stratonovich integral
Step 2 Fix δ > 0 and a bounded simple HK -valued processes ϕ such
that

E ‖u − ϕ‖2K + E
∫ T

0
||Dru − Drϕ||2K dr ≤ δ.

Then, Step 1 implies that for ε small enough,

E ‖u − uε‖2K + E
∫ T

0
||Dr (u − uε)||2K dr

≤ cE ‖u − ϕ‖2K + cE
∫ T

0
||Dr (u − ϕ)||2K dr

+cE ‖ϕ− ϕε‖2K + cE
∫ T

0
||Dr (ϕ− ϕε)||2K dr

+cE ‖ϕε − uε‖2K + cE
∫ T

0
||Dr (ϕε − uε)||2K dr

≤ 2cδ + cE ‖ϕε − uε‖2K + cE
∫ T

0
||Dr (ϕε − uε)||2K dr .
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Stratonovich integral

Step 2 Fix δ > 0 and a bounded simple HK -valued processes ϕ such
that

E ‖u − ϕ‖2K + E
∫ T

0
||Dru − Drϕ||2K dr ≤ δ.

We have ∫ T

0
E (ϕεs − uεs )2 K (T , s)2ds

≤
∫ T

0
E
( 1
2ε

∫ s+ε

s−ε
(ϕr − ur ) dr

)2
K (T , s)2ds

≤
∫ T

0
E (ϕr − ur )2

(
1
2ε

∫ (r+ε)∧T

(r−ε)∨0
K (T , s)2ds

)
dr < δ
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Stratonovich integral
Step 2 Fix δ > 0 and a bounded simple HK -valued processes ϕ such
that

E ‖u − ϕ‖2K + E
∫ T

0
||Dru − Drϕ||2K dr ≤ δ.

We have ∫ T

0
E (ϕεs − uεs )2 K (T , s)2ds

≤
∫ T

0
E
( 1
2ε

∫ s+ε

s−ε
(ϕr − ur ) dr

)2
K (T , s)2ds

≤
∫ T

0
E (ϕr − ur )2

(
1
2ε

∫ (r+ε)∧T

(r−ε)∨0
K (T , s)2ds

)
dr < δ

due to (2ε)−1
∫ (r+ε)∧T
(r−ε)∨0 K (T , t)2dt ≤ c [(T − r)−2α + r−2α] .
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Stratonovich integral

Theorem
Let u ∈ D1,2

C (HK ). Then, u ∈ Dom δB
S ∩ Dom δB and

δB
S (u) = δB(u) + TrDu.

Remark The results of this section can be easily generalized to a
centered Gaussian process of the form Bt =

∫ t
0 K (t, s)dWs , where

K (t, s) is a continuously differentiable kernel in the region
{0 < s < t < T} satisfying :
|K (t, s)| ≤ c((t − s)H− 1

2 + sH− 1
2 ).∣∣∣∂K

∂t (t, s)
∣∣∣ ≤ c((t − s)H− 3

2 .
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Example

Let F be a continuously differentiable function satisfying the growth
condition

max{|F (x)|, |F ′(x)|} ≤ ceλ|x |2 ,

where c and λ are positive constants such that λ < T−2H .
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Example

Let F be a continuously differentiable function satisfying the growth
condition

max{|F (x)|, |F ′(x)|} ≤ ceλ|x |2 ,

where c and λ are positive constants such that λ < T−2H . We know
that if H > 1

4 , the process ut = F (Bt) belongs to the space
L2(Ω;HK ).
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Example
Let F be a continuously differentiable function satisfying the growth
condition

max{|F (x)|, |F ′(x)|} ≤ ceλ|x |2 ,

where c and λ are positive constants such that λ < T−2H .
Also

(2ε)−1
∫ T

0
F ′(Bt)

〈
1[0,t], 1[(t−ε)∨0,(t+ε)∧T ]

〉
H
dt

= (2ε)−1
∫ T

0
F ′(Bt) (R(t, (t + ε) ∧ T )− R(t, (t − ε) ∨ 0) ) dt

= (4ε)−1
∫ T

0
F ′(Bt)(((t + ε) ∧ T )2H − ((t − ε) ∨ 0)2H

+((t + ε) ∧ T − t)2H − (t − (t − ε) ∨ 0)2H)dt

−→ H
∫ T

0
F ′(Bt)t2H−1dt as ε ↓ 0.
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Example

Let F be a continuously differentiable function satisfying the growth
condition

max{|F (x)|, |F ′(x)|} ≤ ceλ|x |2 ,

where c and λ are positive constants such that λ < T−2H . Then∫ T

0
F (Bt) ◦ dBt =

∫ T

0
F (Bt)dBt + H

∫ T

0
F ′(Bt)t2H−1dt.
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Example

The forward integral of F (Bt) with respect to B defined as the limit
in probability, as ε ↓ 0, of

ε−1
∫ T

0
F (Bt)

(
B(t+ε)∧T − Bt

)
dt,

does not exist in general.
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Example

The forward integral of F (Bt) with respect to B defined as the limit
in probability, as ε ↓ 0, of

ε−1
∫ T

0
F (Bt)

(
B(t+ε)∧T − Bt

)
dt,

does not exist in general. For intance, for F (x) = x ,
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Example
The forward integral of F (Bt) with respect to B defined as the limit
in probability, as ε ↓ 0, of

ε−1
∫ T

0
F (Bt)

(
B(t+ε)∧T − Bt

)
dt,

does not exist in general. For intance, for F (x) = x ,

ε−1
∫ T

0

〈
1[0,t], 1[t,(t+ε)∧T ]

〉
H
dt

= ε−1
∫ T

0
(R(t, (t + ε) ∧ T )− R(t, t)) dt

=
1
2ε

∫ T

0

(
((t + ε) ∧ T )2H − t2H − ((t + ε) ∧ T − t)2H

)
dt

=
1
2

(
T 2H − T ε2H−1 +

2H − 1
2H + 1ε

2H
)
→ −∞.
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Itô’s formula

(C) u and Dru are λ−Hölder continuous in the norm of the space
D1,4 for some λ > α, and the function

γr = sup
0≤s≤T

‖Drus‖1,4 + sup
0≤s≤T

‖Drut − Drus‖1,4
|t − s|λ

satisfies
∫ T
0 γp

r dr <∞ for some p > 2
1−4α . Here α = 1

2 − H .
Also

E
∫ T

0
u2s
(
s−2α + (T − s)−2α

)
ds <∞,

and

E
∫ T

0

∫ T

0
(Drus)2

(
s−2α + (T − s)−2α

)
dsdr <∞.
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Itô’s formula

Theorem
Suppose α < 1

4 . Let u be an adapted process in D2,2 (HK ) satisfying
condition (C) and such that the following limit exists in probability∫ T

0

∣∣∣∣(∇u)s −
1
2ε
〈
DBus , 1[(t−ε)∨0,(t+ε)∧T ]

〉
H

∣∣∣∣ ds → 0,

for some process (∇u)s in L1,2 . Define Xt =
∫ t
0 us ◦ dBs . Then, for

all F ∈ C2b(R) the process F ′(Xs)us is Stratonovich integrable with
respect to B and

F (Xt) = F (0) +
∫ t

0
F ′(Xs)us ◦ dBs .

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 51 / 61



Itô’s formula : Proof

Proof. We know that

Xt =
∫ t

0
usdBs +

∫ t

0
(∇u)s ds.
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Itô’s formula : Proof
Proof. We know that

Xt =
∫ t

0
usdBs +

∫ t

0
(∇u)s ds.

Then,

F (Xt) = F (0) +
∫ t

0
F ′(Xs)usdBs

+
∫ t

0
F ′′ (Xs) us

(∫ s

0

∂K
∂s (s, r)

(∫ s

0
Dr (K ∗s u)θ dWθ

)
dr
)
ds

+
1
2

∫ t

0
F ′′(Xs)

∂

∂s

(∫ s

0
(K ∗s u)2r dr

)
ds

+
∫ t

0
F ′(Xs) (∇u)s ds

+
∫ t

0
F ′′(Xs)us

∫ s

0

(∫ s

r
Dr (∇u)θ dθ

)
∂K
∂s (s, r) drds.
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Itô’s formula : Proof
Then we only need to check that

lim
ε↓0

1
2ε

∫ t

0

〈
DB (F ′(Xs)us) , 1[(t−ε)∨0,(t+ε)∧T ]

〉
H
ds

and that it is equal to
∫ t

0
F ′′ (Xs) us

(∫ s

0

∂K
∂s (s, r)

(∫ s

0
Dr (K ∗s u)θ dWθ

)
dr
)
ds

+
1
2

∫ t

0
F ′′(Xs)

∂

∂s

(∫ s

0
(K ∗s u)2r dr

)
ds

+
∫ t

0
F ′(Xs) (∇u)s ds

+
∫ t

0
F ′′(Xs)us

∫ s

0

(∫ s

0
Dr (∇u)θ dθ

)
∂K
∂s (s, r) drds.

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 54 / 61



Contents

1 Introduction

2 Preliminaries

3 Stratonovich Integral

4 Itô’s formula

5 Stochastic Differential Equations

Jorge A. León (Cinvestav–IPN) Stratonovich Integral Roscoff 2010 55 / 61



SDE

Consider the equation

Xt = x +
∫ t

0
a (Xs) ◦ dBs +

∫ t

0
b (Xs) ds.
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SDE

Consider the equation

Xt = x +
∫ t

0
a (Xs) ◦ dBs +

∫ t

0
b (Xs) ds.

Here, H ∈ (14 ,
1
2), x ∈ R and a, b are bounded and measurable

functions.
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SDE
Proposition
Assume that a ∈ C2b(R) and b ∈ C1b(R). Then the unique solution of
above equation is given by

Xt = α (Bt ,Yt) ,

where Yt is the solution of

Yt = x +
∫ t

0

(
∂α

∂y (Bs ,Ys)

)−1
b (α (Bs ,Ys)) ds

and α (x , y) is the solution of{
∂α
∂x (x , y) = a (α (x , y))
α (0, y) = y .
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SDE : Proof

For any ε > 0, set

Bε
t =

1
2ε

∫ t

0

(
B(s+ε)∧T − B(s+ε)∨0

)
ds

and
X ε

t = α (Bε
t ,Yt) .
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SDE : Proof
Set Bε

t = 1
2ε
∫ t
0

(
B(s+ε)∧T − B(s+ε)∨0

)
ds and X ε

t = α (Bε
t ,Yt) . Then,

X ε
t

= x +
1
2ε

∫ t

0
a (α (Bε

s ,Ys))
(
B(s+ε)∧T − B(s+ε)∨0

)
ds

+
∫ t

0

(
∂α

∂y (Bε
s ,Ys)

)(
∂α

∂y (Bs ,Ys)

)−1
b (α (Bs ,Ys)) ds

= x +
1
2ε

∫ t

0
a (α (Bs ,Ys))

(
B(s+ε)∧T − B(s+ε)∨0

)
ds

+
1
2ε

∫ t

0
[a (α (Bε

s ,Ys))− a (α (Bs ,Ys))]
(
B(s+ε)∧T − B(s+ε)∨0

)
ds

+
∫ t

0

(
∂α

∂y (Bε
s ,Ys)

)(
∂α

∂y (Bs ,Ys)

)−1
b (α (Bs ,Ys)) ds.
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SDE
Proposition
Assume that a ∈ C2b(R) and b ∈ C1b(R). Then,

Xt = α (Bt ,Yt) ,

where Yt and α (x , y) satisfy

Yt = x +
∫ t

0

(
∂α

∂y (Bs ,Ys)

)−1
b (α (Bs ,Ys)) ds

{
∂α
∂x (x , y) = a (α (x , y))
α (0, y) = y .

Remark Neuenkirch and Nourdin (2007) have shown that this result
still hold for H > 1/2.
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