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@ Equity Linked Insurance Pricing
© The Indifference Pricing Problem
© The UVL Insurance Problem

@ General Life Insurance Models
© The Case of Bereaved Partner
@ Counter-Party Risk Models

@ UVL Insurance Problem Once More
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Equity Linked Life Insurance

An Equity-Linked Life insurance is one that
@ allows a separate account with cash/investment options

@ links the death benefits to the cash/investment performance
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Equity Linked Life Insurance

An Equity-Linked Life insurance is one that
@ allows a separate account with cash/investment options

@ links the death benefits to the cash/investment performance

Examples of such insurance include

e "ELEPAVG" (Equity-Linked Endowment Policy with Asset
Value Guarantee)

e “UVL" (Universal Variable Life)
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Equity Linked Life Insurance

An Equity-Linked Life insurance is one that
@ allows a separate account with cash/investment options

@ links the death benefits to the cash/investment performance

Examples of such insurance include

e "ELEPAVG" (Equity-Linked Endowment Policy with Asset
Value Guarantee)

e "“UVL" (Universal Variable Life)

| \

Literature:
@ Brennan-Schwartz ('76), Boyle-Schwartz ('77), Delbaen ('86),
Aase-Persson ('94), Nielson-Sandmann (1995), Kurz ('96), ...

@ Also, Young (with Bayraktar, Jaimungal, Ludkovski,
Zariphopoulou, ...), Schweizer, Frittelli, Rouge-El Karoui, ...
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Basic elements involved in an UVL insurance

A Life Model
@ Single life
o Multiple life
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Basic elements involved in an UVL insurance

A Life Model
@ Single life
o Multiple life

A Market Model

@ Tradable assets vs. Non-tradable assets, ...

Benefit Specifications
o Guaranteed benefit/return

e "Multiple decrements” (including death, retirement, long term
disability, ...)
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The Single Life Case

@ T(x) — Future Life-time r.v., where x is the current age

Gy(t) 2 P{T(x) > t} 2 tPx, t > 0 — survival function

(*]
A
® hx+t = P{T(x) <t + h[T(x) > t} =1 — hpute.
x fi(t :
o M\ (t) = ,I,imo hqh+t = C ((t)) — force of mortality
- X
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The Single Life Case

@ T(x) — Future Life-time r.v., where x is the current age

o Gy(t) 2 P{T(x) > t} 2 tPx, t > 0 — survival function

A
® nGxrt = P{T(x) <t +h[T(x) >t} =1— ppxie.
fe(t
o \(t) = il;iino hq;“ =— Gi;((t)) — force of mortality
e X; € {0,1,..., m} — State Process (finite state Markov,
representing “multiple decreements”, e.g. short/long term
disabilities, withdrawal, retirement, death, etc. Xy = 0, and

the state “1” is cemetery/absorbing, representing “death”.)

o dS? = rSY; S§ = s® —money market
o dS; = Si{utdt + 0+dB:}, Sp = s, — tradable
o dZ; = Z%uZdt + oZdB; + 0+dB;}, Zy = z —non-tradable

<
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Principle of Equivalent Utility

The original form of “Principle of Equivalent Utility’ states that
the premium [T of a claim 2" should be determined by the equation

u(x) = Efu(x+ N -2,

where u is a utility function, and x is the initial wealth.
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Principle of Equivalent Utility

The original form of “Principle of Equivalent Utility’ states that
the premium [T of a claim 2" should be determined by the equation

u(x) = Efu(x+ N -2,

where u is a utility function, and x is the initial wealth.

e If x =0, then it is called Zero Utility Principle.

o If furthermore u(x) = x, then is often referred to as
“Equivalence Principle’.)

@ Dynamically, assume that X; = x + fot csds — S;, t > 5> 0,
and 2" = St, then at any time t € [0, T] the premium ¢; can
be determined by solving the equation

u(x) = E{u(X7)| Xt = x}.
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Principle of Equivalent Utility

@ If we use the risk reserve with investment, that is, the
dynamic of the risk reserve X follows the following SDE:

t t
X = x+/ [rs Xs + cs(1 —|—p5)]d5+/ (ms,05dBs ) —S¢, (1)
0 0

then we can require that the premium is determined so that
the expected utility maximized. In other words, one solves

u(x) = sup E {u(XT)| Xt = x},
e
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If we use the risk reserve with investment, that is, the
dynamic of the risk reserve X follows the following SDE:

t t
X = x+/ [rs Xs + cs(1 —|—p5)]d5+/ (ms,05dBs ) —S¢, (1)
0 0

then we can require that the premium is determined so that
the expected utility maximized. In other words, one solves

u(x) = sup E {u(XT)| Xt = x},
e

(Note: This is almost like an optimal control problem for
maximizing the expected terminal utility by Merton (1969,
1971). But determing the premium process is rather difficult.)
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Principle of Equivalent Utility

@ If we use the risk reserve with investment, that is, the
dynamic of the risk reserve X follows the following SDE:

t t
X = x+/ [rs Xs + cs(1 —|—p5)]d5+/ (ms,05dBs ) —S¢, (1)
0 0

then we can require that the premium is determined so that
the expected utility maximized. In other words, one solves

u(x) = sup E {u(XT)| Xt = x},
e

o (Note: This is almost like an optimal control problem for
maximizing the expected terminal utility by Merton (1969,
1971). But determing the premium process is rather difficult.)

@ A more practical version of the “premium” is that it is paid as
a lump-sum at the time of the contract. Although it is still
priced “dynamically’, it is paid only once at the initial time t.
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A Stochastic Control Point of View

Assume we are in a “risk neutral world". Rewrite (1) as
t t
X =Xo +p+/ rsXs”ds—i—/ (7s,05dBs) =Yy = Wy — Ys,
0 0

where
e pis the (lump-sum) premium paid at t = 0,

yAN t !
) WngXO‘f‘P‘i‘/ rsXsd5+/ <7r$705d85>'
0 0

e Y is a general “Loss process’ (e.g., Y: = St)

Note

If the insurer does not sell the insurance, then Y =0, and
therefore p = 0. The utility maximization problem becomes a usual
stochastic control problme, and we denote its value function by

VO(x, t) 2 sup E {u( W) We = x}. 2)

w
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The Indifference Pricing Problem

If the insurance is sold, and the liability cannot be traded after its
transfer and before the expiration. Then the value function of the
insurer should be

U(t,x+p,y) = su;E{u(WT - Yr)[We=x+p,Ye=y}. (3)
e

Definition

Let y 2 Y:. A premium p > 0 is said to be “y-acceptable” if
VO(t,x) < U(t,x+p,y),  Y(t,x). (4)

Denote &\, = {all y-acceptable premium}. Define the universal
write price, p*(t,y) by

p*(t,y) 2inf{p > 0: VO(t,x) < U(t,x + p,y),V(t, x)} = inf 2,.
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Existence of the Fair Price

Suppose that s , # 0, and let p* 2 inf . Then it holds that
VO(t,x) = U(t, x + p*,y), Y(t,x).

Sketch of the proof
@ By Comparison Theorem, Wy > W, — W7 > W?
= U(t,x+ p,y) is increasing in p.
e Since Y71 >0 = u(W}—-Y7)<u(WF) =

U(t,x,y) < VO(t,x) < U(t,x + p*, y).
e If U(t,-,y) is continuous, then Ip** € [0, p*] s.t.
VO(t,x) = U(t,x + p**,y)

@ But p* € ¥, = p*<p"” = p*=p. [ |
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Indifference Pricing in Finance/Insurance

@ First introduced by Hodges and Neuberger (1989), as a pricing
principle for contingent claims in an incomplete market.

@ The value is within the interval of arbitrage prices

igf Eo{Z e "}, supEg{Z e ""}|,
Q

where @ runs over the set of all EMMs.
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Indifference Pricing in Finance/Insurance

e First introduced by Hodges and Neuberger (1989), as a pricing
principle for contingent claims in an incomplete market.

@ The value is within the interval of arbitrage prices
{igf Eo{Z e}, sup EQ{%e_’T}},
Q

where @ runs over the set of all EMMs.

Existing works for similar problems

o Cvitani¢ et al.('01), Delbaen et al.('02)... (martingale, duality)
@ Rouge & El Karoui('00) (BSDEs)

e M. Davis ('00), M. Musiela & Zariphopoulou('02); Young and
Zariphopoulou('02) (PDE solutions, power/exponential utility)

@ Bielecki, Jeanblanc and Rutkowski ('05) (defaultable claims)

V.
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A Universal Variable Life Insurance Problem

The Universal Variable Life (UVL for short) is an insurance product
that offers

@ a separate cash account besides a death benefit

@ various investment options

o different risk/return relationships (may include money market,
bond, common stocks, or even non-tradable equities.)

Main Features

@ The changes in the policy’s cash values and death benefits will
be related directly to the investment performance of its
underlying assets.

@ The death benefit will not fall below a minimum amount
(usually the initial face amount) even if the invested assets
depreciate in value by a substantial amount. Although there is
no similar “floor” to protect the cash values.

4
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The Death Benefit

Consider a term life insurance with expiration date 7 > 0 and
death benefit

be=g(St, -, S8, Z) = g(Se. Z2), (5)

where g : R4t — (0, 00) is some measurable function.
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The Death Benefit

Consider a term life insurance with expiration date 7 > 0 and
death benefit

bt:g(sga"'7ngzt):g(5tyzt)7 (5)
where g : R4t — (0, 00) is some measurable function.

o g(S:,Z:) = Si v s, for some i,
o g(5:,Z:) =2V z.
o If Z is the retirement fund, one can set g(Z;) = Z; V e"tz,

t > 0, where 7 is a certain growth rate (such as the interest
rate or any contractually pre-determined rate.
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The Death Benefit

Consider a term life insurance with expiration date 7 > 0 and
death benefit

bt:g(sga"'7Sgazt):g(5tyzt)7 (5)
where g : R4t — (0, 00) is some measurable function.

o g(S:,Z:) = Si v s, for some i,
o g(5:,Z:) =2V z.
e If Z is the retirement fund, one can set g(Z;) = Z; V e'tz,

t > 0, where 7 is a certain growth rate (such as the interest
rate or any contractually pre-determined rate.

In this case the loss process is Y; = g(S7, Z7)1{7(x)<s}, t > 0.
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Some Optimization Problems

We denote
o o ={m: EfOT |7e2dt < oo}
° Et,w,s,z{‘} - E{ |Wt = W,St = S,Zt = Z}.
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Some Optimization Problems

We denote
o o ={m: EfOT |7e2dt < oo}
° Et,w,s,z{‘} - E{ |Wt = W,St = S,Zt = Z}.

o J(t,w,s,2,7) 2 Epps{u(WE - Y1)},
o SO(t,wim) 2 Epy {u(WE)}. (T(x)> T, = Yr=0.)
o J(t,w,s;m) £ Ers{u(WF — g(ST)Y7)}. (g = &(57))

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 14/ 63



Some Optimization Problems

We denote
o o ={m: EfOT |7e2dt < oo}
° Et,w,s,z{‘} - E{ |Wt = W,St = S,Zt = Z}.

o J(t,w,s,z;) 2 Etws{u(WF —YT)},
o SO(t,wim) 2 Epy {u(WE)}. (T(x)> T, = Yr=0.)
o J(t,w,5:7) = Eew o{u(WF — g(ST)Y7)}. (g = &(5T))

The Value Functions

C Vo(ta W) = SUPrey Jo(ta w; 7'[')

o V(t,w,s) =sup,c, J(t,w,s;n)
o U(t,w,s,z) =sup,c, J(t,w,s, z;m).
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Solution for g = g(S7)

@ First recall the Bellman Principle: for any h > 0,
V(t,w,s) = SUE% Etws{V(t+h W, Sein)}.  (6)
TE

@ Since g(S1) involves all tradeable assets, and the benefit is
paid at a fixed terminal time T, one can consider g(St) as a
contingent claim, and determine its present value by

c(t,s) = E9e "T-9g(Sr)|S; = s}.

o If the death occurs during [t, t + h], then one can set aside
the amount of ¢(t + h, St4p) at time t + h to hedge the
potential claim lost g(S7), and consider the remaining
optimization problem on [t + h, T| as if there were no
insurance involved. Thus,

Et,w,s{v(t + h7 WtTr+h7 St+h)}
= Et,w,s{vo(t + h, tﬁ-h - C(t + h, St-‘rh))}'
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Solution for g = g(S7)

e Now for any 7 on [t, t + h],

V(t,w,s) > Eews{V(t+h Wlih, Sern)}npxtt
+Et,W7S{VO(t+ h, t7T+h — C(t+ h, 5t+h))}hqx+t~
o Assume that c(-,-) € C1? and satisfies the Black-Scholes
PDE, we can apply Itd to both V(W, t,S;) and

VO(W; — c(t, St), t) from t to t + h, and then take
conditional expectations and rearrange terms to obtain

V(w, 5255 > VO(w — c(t, 5), 1) 2

LE {% /tt+h{vt + ZIVI(u, W, S,)

1 t+h
+E{3/ (VO + 2[V(r, Wa, S.)
t

W; = W} hPx+t

W; = W} hQx+t-
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Solution for g = g(S7)

Letting h — 0, noting that
li h = X(t), li =1, li =0
hTO hqx+t/ x( )7 hlno hPx+t 5 hTO hqx+t 5

and using the fact that c satisfies the Black-Scholes PDE, we
obtain the HJB Equation for V:

1
0= Vt+mﬁx{(ﬂ_r)77\/w+§(727r2 wa+5027rvws}+rWVW

1
+suVs + 50—252 Vis+ M (1) (VO(w — ¢, t) = V(w, t,5)),
V(T,w,s) = u(w).
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Solution for g = g(S7)

o Letting h — 0, noting that
li h = X(t), li =1, li =0
hTO hqx+t/ x( )7 hlno hPx+t 5 hTO hqx+t 5

and using the fact that c satisfies the Black-Scholes PDE, we
obtain the HJB Equation for V:

1
0= Vt+m7§x{(u— r)m Vi + 5027r2 Vipw+s5°m Vs } +rwV,,
1
+suVs + 50—252 Vis+ M (1) (VO(w — ¢, t) = V(w, t,5)),
V(T,w,s) = u(w).

Note: In the Black-Scholes world, the HJB equation for V9 is

1
VP*Q%‘@ {§\M|2v3w+<7r,u—r> V,,?,}+rWVV?, =0, )

VO(T,w) = u(w).
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The Case of Exponential Utility

Consider now the case of exponential utility. l.e., u(w) = —Le=o".

@ V0 has the close form solution:

VO(t,w) = —é exp{—awe (771 — %(T -t} (8)
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The Case of Exponential Utility

Consider now the case of exponential utility. l.e., u(w) = —Le=o".

@ V0 has the close form solution:

VO(t,w) = —é exp{—awe (771 — %(T -t} (8)

e Assume V(t,w,s) = VO(t,w)®(t,s), then
2 2¢ 2 2¢2 T —t
O+ 150, + === - 2758\ (eloe T o) =0
®(T,s)=1.
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The Case of Exponential Utility

Consider now the case of exponential utility. l.e., u(w) = —Le=o".

@ V0 has the close form solution:

VO(t,w) = —é exp{—awe (771 — %(T -t} (8)

e Assume V(t,w,s) = VO(t,w)®(t,s), then
2 2¢ 2 2¢2 T —t
O+ 150, + === - 2758\ (eloe T o) =0
®(T,s)=1.

o Define h(t,s) = c(t,s)ae’T=t) —In®. Then one shows that

1
{ e+ sths + 507 hes — M(B)(€" 1) =0 g
h(T,s) = ag(s)
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The Case of Exponential Utility

o If we change the variable: v =logs, 7= T — t, (9) becomes:

1 1
{ he = (r = 500, + 502 = M(T = 7)(e" ~ 1)

2 10
h(0, v) = ag(e") u)

Note: The reaction-diffusion PDE (10) has a exponential
growth, and we must show that it does not blow-up in finite
time!
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The Case of Exponential Utility

o If we change the variable: v =logs, 7= T — t, (9) becomes:

{ h‘f‘ = (r - %Uz)hv + l0-2hvv - )\X(T - T)(eh — 1) (10)

2
h(0,v) = ag(e”)
Note: The reaction-diffusion PDE (10) has a exponential
growth, and we must show that it does not blow-up in finite
time!
e Now consider the Initial-Boundary value version of (10) with

h(0,x) = ag(x), h(t,£N)= ag(£N).

and denote its solution by h"(t, x).
e Define K = |a/||g]|oo, and let
K é — |Og(1 _ (1 _ eff()efoT A(u)du)_
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The Case of Exponential Utility

o Consider the function
Br(t) = ~log{1 — (L~ e M)e X} ¢ >0,
Since (k(t) is decreasing in t, we have
K =PBk(T) < Br(t) <Bx(0) =K, Vte[o,T]

@ It can be easily checked that h(t, x) 2 Bk (t), solves (10) with
the Initial-Boundary value:

h0,x) = K, h(t,£N) = B(t). (11)

@ Thus by Comparison Theorem of PDE hV(-,) is bounded by
Ok ().

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 20/ 63



The Case of Exponential Utility

o Similarly, denote vN(7, x) = 0xhV (7, x), and apply the
Comparison Theorem to vV one sees that v/(-,-) is bounded
by the function ¥(t,x) = K'el! NOd with K’ = ||| | o-

@ We can now apply the Arzela-Ascoli Theorem to obtain a
uniformly bounded solution of the Cauchy problem by letting
N — ool

@ The indifference price of the UVL insurance is given by

h(0
p=c(0,s) — _(a,s) e T,
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The General Case: g = g(S7, Z7)

Since Z is non-tradable, this is an “incomplete market” case and
the arbitrage free price for the payoff g(St, Z7) cannot be
determined as in the previous case.
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The General Case: g = g(S7, Z7)

Since Z is non-tradable, this is an “incomplete market” case and
the arbitrage free price for the payoff g(St, Z7) cannot be
determined as in the previous case.

A Dynamic Strategy

We consider the following more aggressive (or adventurous)
strategy:
@ Assuming that the death of the insured occurs before t + h

@ Instead of putting aside a certain amount of money at the
t + h to hedge the future claim, the insurer simply continue to
invest all of his current wealth freely, but knowing that he is
liable to pay g(St,Z7) at time T.

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 22/ 63



The General Case: g = g(S7, Z7)

@ Consider an auxiliary control problem assuming death happens
before T

~ A
J(t,x,s,z;m) = Er x5 {u(XT) — &(ST,2Z7)},
with the corresponding value function U(t,x, s, z).
@ Then U satisfies a HJB equation: (assuming p = r)
1
0 = U; 4+ max {5027T2UWW + (U.,.,SSU2 + UWZZO'ZO')TF}
1
+rwUy, + UsSp+ U, Zp% + 502 UssS?

1 .
+5 U 22(5 + 07%) + Uy SZoo? + M\ (t)(U — U),
U(w, T,s,z) = u(w),

where U satisfies a similar HJB equation with Ay = 0.
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The General Case: g = g(S7, Z7)

Using the similar techniques as before, modulo the technicalities of
showing the no blow-ups, we can derive the indifference price in
this case:

@ The premium p(t,s,z) = ée*’(T*t)h(T — t,log s, log z),

@ his a bounded, classical solution to the PDE
hr — %&2/7;2/ - 2hy1y1 - %(‘7 +02%)hy,y, — 00%hy,y,
—(r - %02>h (,u iy #) hy,
(T = T)(eh_” -1)=0;
h(oaylayZ) = Oa

and his a bounded, cIassi~ca| solution to a similar PDE as
above, with A, =0, and h(0, y1, y2) = ag(e’, *?).
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Multiple-decrement Case

@ Allowing “multiple decrement”: such as short/long term
disabilities, withdrawl, retirement, death, etc.

@ benefit payable at a random time, e.g., “moment of death”.

@ the payments may depend on the different status as well as
the transitions between them.
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Multiple-decrement Case

@ Allowing “multiple decrement”: such as short/long term
disabilities, withdrawl, retirement, death, etc.

@ benefit payable at a random time, e.g., “moment of death”.

@ the payments may depend on the different status as well as
the transitions between them. )

The State/Status Process { X }+>0

@ A Markov chain with finite state space {0, 1, ..., m},
representing the numerical code of the “status”.

@ / =1 to be the “cemetary state” (death), and Xp =0

o denote I} = 1(x,—iy to be the “status indicator” and define
the countmg process

#{transmons of X from state i to j during [0, t]}.
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Multiple-decrement Case

Some Important Quantities
e for each t, denote 7: = inf{s >t : Xs # X;}; and for
i=0,...,m, define 7/ = 7, if X;, = i and oo otherwise.

FRVAN .
P = P{ms > t|Xs = i};

o
o G EP{H=r,<tXe=i},s<t, ije{0,..m)
o Clearly, t;')sl =1 taslf =0, for all j # 1; and
PL+D Gl =1, Vi=01---.m 0<s<t (12)
J#i
@ “force of decrement of status i due to cause j' as
A’g:huLno%, i,j=0,1,---m. (13)

y
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@ If m =1, then the state process X becomes the one as in the
simple life model, and 73 = T(x). In that case we should have

=0 01
tPs = t—sPx+s, t4s = t—sQx+s-

@ Being a Markov chain, the process X has its transition
probability and the corresponding transition intensity

hY
. t
im +hYt

[
hl0 h

i i . i & . .
1) = P{X; =jiXs =i}; A= . iP#]

There are natural links between pY’s and pY's. For example:

o M =)\ forall t>0,ij=01,---,m;
; th " ) tth
° ihPe= exp{—/ Zkf;.'ds}; t+hP{ :/ FPALdT,
t .. ¢
J#i

Vh>0,ij=0,---,m.
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The Payment Process A;:

@ Two types of payments will be considered: “life-annuity” and
“life-insurance”.

@ Since the non-tradability of the asset Z will not make
significant difference in the optimization problem, we will not
distinguish Z from S.

@ The cumulative payment process is defined by

t
A = / S tiai(, Su)du+ S a¥(u, S)dNE, £ >0,
0 i#i
(14)
— an F-adapted, cadlag , non-decreasing process in which
@ a'(t,s) — rate of payments of annuity at state /, given S; = s;

o al(t,s) — rate of payments of insurance when transit from
state i to j, given S; = s.
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Dynamics of General Reserve

Dynamics of general reserve

th7T = [rtVAVt7T + me(pe — re)ldt + mrordBy —

where

o dA; = Z/ (¢, Se)dt + ) al(t, Sp)dNf
i7#j

° Il = Lix—ips N{j = #{jumps of X from i to j during [0, t]}

dA¢,

4
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Dynamics of General Reserve
Dynamics of general reserve

th7T = [rtVAVt7T + me(pe — re)dt + o dBr — dA;,

where

o dA; = Z/ (¢, Se)dt + ) al(t, Sp)dNf
i7#j

o If =1ixi, N 2 #{jumps of X from i to j during [0, t]}

4

Hamiltonian

Al
A= §|0't7f|2¢ + [ e — rel) +rw — (1, )]
+(m, o0l trD[s]p), k=0,1,---,m,
HX(t, w, s, 0,9, p) = sup, HK(t, w, 5,00, pi ).
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The HJB Equation

Theorem (Yu, '07; M.-Yu, '10)

Under suitable conditions, the value function U = (U°, U%, ..., U™)
is the unique viscosity solution to the system of PDDE's:

Utk + Fi(t,w,s, DU¥, D2Uk) + (v4U) =0,
k (15)
U(T,w,s) = u(w), k=0,---,m,

where

1
Fi(--+) = s:ﬁ {ﬂ(ut = rt)UVkV + §|0't7r‘2kavw + WU?SUVkVS}
iy

1
+uesUX + 50?52 UL + (rew — a¥(t, s))UX

(V) = D AT(U(t,w—aY(t,5),5) — UK(t, w,s)).
J#k
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Viscosity Solution for System of PDDEs

Main Difficulties

@ Definition of viscosity solution for the system of PDDE.
@ Uniqueness

o Different from Ishii et al.’s results: Parabolic PDDE vs. Elliptic
PDEs

o Different from Pardoux et al.’s results: Fully Nonlinear System
vs. Semilinear System
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Viscosity Solution for System of PDDEs

Main Difficulties

@ Definition of viscosity solution for the system of PDDE.

@ Uniqueness

o Different from Ishii et al.’s results: Parabolic PDDE vs. Elliptic
PDEs

o Different from Pardoux et al.’s results: Fully Nonlinear System
vs. Semilinear System

@ Taking the index vector of the value function as an additional

“spatial” variable with values in a finite set: the system of
PDDEs becomes a single PDDE!

@ The abstract framework of viscosity solutions (e.g., Fleming &
Soner book) applies!

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 31/ 63



Abstract Dynamic Programming Principle Revisited

Recall Fleming-Soner (11.3)

@ ¥ — a closed subset of a Banach space

@ ¥ — a collection of functions on X
@ T, 0<t<r< T — afamily of operators on %, s.t.,

(i) T =¢;
(iia) T < Tsp, fo < (Tstp), VOL<t<r<s;
(”b) %rcp > %swv if w = (951/))' vo<t<r<s.

e r = s in (ii) = monotonicity: Tyo < T, if p < 9,
e (iia) @ (iib) = semigroup property:

%590 = =7tr(c7r590)a t<r<s<T, |if %;&p EC Vpe€.

Of course, the fact that T € € must be verified!
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Abstract Bellman (Dynamic Programming) Principle

@ ¥ C 0, where O is an open set in IR", and € = . (%),
o Terutb(x) 2 J(t,riu) = Et,x{/ L(s,Xs,us)ds—i—i/J(Xr)}.
t

o T h(x) 2 infuca, Teruth(x) (Thus, Torib(x) = V(£ %)),
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Abstract Bellman (Dynamic Programming) Principle

@ ¥ C 0, where O is an open set in IR", and € = . (%),
o Tirutp(x ) J(t,riu) = Erx {/ L(s, Xs, us)ds + 1/1(Xr)}.
t

o T h(x) 2 infuca, Teruth(x) (Thus, Torib(x) = V(£ %)),

Semigroup Property = (Abstract) Bellman Principle(!)
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Abstract Bellman (Dynamic Programming) Principle

@ ¥ C 0, where O is an open set in IR", and € = . (%),
o Tirutp(x ) J(t,riu) = Erx {/ L(s, Xs, us)ds—H/J(Xr)} :
t

o T h(x) 2 infuca, Teruth(x) (Thus, Torib(x) = V(£ %)),

Semigroup Property = (Abstract) Bellman Principle(!)

o Let {%};>0 be the “infinitesimal generator’ of the semigroup
T, thatis, forall p € 2,y € ¥,

1 0

im 5 {(Teenp(t +.))(y) = ot y)} =[50 + Fle(ty),

e where 7 C C([0, T) x X) is the set of “test functions’ [i.e.,
Vo e 9, %(p(t,y) and (%:¢(t,-))(y) are continuous.]
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Abstract form of HJB Equation

Assume V € C12 C 2. Then use the semigroup property one
derives the HJB equation:

0= lim L Fsn Ve + b)) - Vi)

=[5+ HIV(Ey), Ve
V(T,y) =¢(y).

(16)
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Abstract form of HJB Equation

Assume V € C12 C 2. Then use the semigroup property one
derives the HJB equation:

0= lim L {(FaeaV(t-+ ) = Vi)

=[5+ HIV(Ey), Ve
V(T,y) =¢(y).

(16)

Theorem (Fleming-Soner, Theorem 11.5.1)

If the value function of a control problem V € C[0, T] x X), then
V is a viscosity solution to the (abstract) HJB equation (16).
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Abstract form of HJB Equation

Assume V € C12 C 2. Then use the semigroup property one
derives the HJB equation:

0= lim L {(FaeaV(t-+ ) = Vi)

=[5+ HIV(Ey), Ve
V(T,y) =¢(y).

(16)

Theorem (Fleming-Soner, Theorem 11.5.1)

If the value function of a control problem V € C[0, T] x X), then
V is a viscosity solution to the (abstract) HJB equation (16).

What are &4, 9,..., etc. in our case? l
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Back to UVL Model

o Y ={(w,s,k):w,seR ke{0,1,..., m}},
o ¢ =C(X).

A ~

o (Tup)(w,s, k) = sup Ewsi{e(W], S, X0)} t=>r
e

o (Ziru)(w,s, k) = UK(t,w,s), Y(t,w,s)and k

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 35/ 63



Back to UVL Model

o ¥ ={(w,s,k):w,s €R ke {0,1,...,m}},

o ¢ =C(X).

o (Trp)(w.5.K) £ sup Eusslo(WF, S, X)), £
o

e
o (Ziru)(w,s, k) = UK(t,w,s), Y(t,w,s)and k

@ It is easy to check that the family {.%,} satisfies (i), (ii).

o Since UX(t, w,s)'s are all continuous, the function
(t,w,s, k) — UX(t,w,s) (on I) should satisfy an abstract
HJB equation!
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Back to UVL Model

o) = {(sta k) w,s € R,k S {0,1,...,m}},

o ¢ =C(X).

o (Tp)(w,s, k) 2 sup Ew,s,k{(P(W;T,Sr,Xr)}, t>r
o

(S

o (Ziru)(w,s, k) = UK(t,w,s), Y(t,w,s)and k

@ It is easy to check that the family {.%,} satisfies (i), (ii).

o Since UX(t, w,s)'s are all continuous, the function
(t,w,s, k) — UX(t,w,s) (on I) should satisfy an abstract
HJB equation!

V.
Problems:

@ ldentify the infinitesimal generator of the semigroup 7.

@ Define the “viscosity solutions” to the corresponding abstract
HJB equation (vs. the system of the HJB equations!)

o
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Abstract HJB Equation vs. System of PDDEs

Denote U(t,w,s, k) = UX(t,w,s), and recall the PDDEs (15):

ot (17)

9 Yk 4 Fi(t, w, 5, DUX, D2UK) + (J4U) (2, w, 5) = O,
UA(T, w,s) = u(w), k=0,wc,m.
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Abstract HJB Equation vs. System of PDDEs

Denote U(t,w,s, k) = UX(t,w,s), and recall the PDDEs (15):

9k k 2k
— F DU*. D =
8tU + Fi(t,w,s, DU*, D*U*) + (4. U)(t,w,s) =0, (17)

Uk(T,W,s):u(W), k=0,---,m.

The viscosity solutions of the abstract HJB equation (16) with
respect to the operator .7 and that of the system of PDDEs (17)
are equivalent if and only if

(gtso(ta '))(W’ S, k) = [Fk('a ) D907 D290) + (jfk@)](ta w, S)' (18)
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Abstract HJB Equation vs. System of PDDEs

Denote U(t,w,s, k) = UX(t,w,s), and recall the PDDEs (15):

9k k 2k
— F DU*. D =
8tU + Fi(t,w,s, DU*, D*U*) + (4. U)(t,w,s) =0, (17)

Uk(T,W,s):u(W), k=0,---,m.

The viscosity solutions of the abstract HJB equation (16) with
respect to the operator .7 and that of the system of PDDEs (17)
are equivalent if and only if

(gtso(ta '))(W’ S, k) = [Fk('a ) D907 D290) + (jfk@)](ta w, S)' (18)
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The Case of Bereaved Partner

Main Rationales

@ The usual "Multi-Life Contingency” (e.g., pension plans)
assumes independent mortality, even for married couples
e Empirical evidence of the bereaved spouse (Hu-Goldman ('90)

Mariikainen-Valkonen ('96), and Valkonen et al. ('04))
indicated the possible correlated mortality.
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The Case of Bereaved Partner

Main Rationales

@ The usual "Multi-Life Contingency” (e.g., pension plans)
assumes independent mortality, even for married couples

Empirical evidence of the bereaved spouse (Hu-Goldman ('90)
Mariikainen-Valkonen ('96), and Valkonen et al. ('04))
indicated the possible correlated mortality.

o Ty, Tx, -, Ty, — future life time random variables,
A L
@ Tm= Ty . x, =min{Ty, -, Ty} — (Joint-life)

o Ty=Tx=x 2 max{ Ty, -+, Tx,} — (Last-survivor)
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The Case of Bereaved Partner

Main Rationales

@ The usual "Multi-Life Contingency” (e.g., pension plans)
assumes independent mortality, even for married couples

e Empirical evidence of the bereaved spouse (Hu-Goldman ('90)
Mariikainen-Valkonen ('96), and Valkonen et al. ('04))
indicated the possible correlated mortality.

o Ty, T, -, Tx, — future life time random variables,

0 Tm = Txx, 2 min{Tx, -, T, } — (Joint-life)

o Ty = Txx=x 2 max{ Ty, -, Ty, } — (Last-survivor)
elfn=2onehas Ty + Tym= Ty + T, TMTin = Tx, Tr-

o Fum(t) + Fm(t) = Fr, (t) + Fr,,(t), t > 0 where Fr is the
distribution function of T.

° If TX1 —L TX2' then FM(t) = FTxl(t)FTX2(t)
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The Case of Bereaved Partner

Assume n = 2, and that the individual force of mortalities take the
form:

:uxl(t) = )‘Xl(t) + l{TX2§t}’Yx1(t - TX2)
I, () = A () + l{Txlﬁf}’VXz(t — Tx),
where \,.'s are the (marginal) force of mortality and

Y (t) = i=1,2, r,rn,n,nmn>0.

ni
r,-et + 1’
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The Case of Bereaved Partner

Assume n = 2, and that the individual force of mortalities take the
form:

le(t) = )\Xl(t) + 1{T2<t}'7><1(t - TX2)
2= t>0, 19

{ poa(8) = A (8) + 17, <yt — o). .
where \,.'s are the (marginal) force of mortality and

Y (t) = i=1,2, r,rn,n,nmn>0.

nj
r,-et + 1’

Note:

This essentially becomes a problem of “Counter-Party Risk", a
well-know topic in “Contagion Models" of correlated default!
Existing literature include

o King-Wadhwani, Kodres-Pritsker, Collin-Dufresne, ...
@ Jarrow-Yu, Yu (2001, counterparty, two firms)
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Let (2, #,{.Z:},P) be a given filtered probability space.

o P is risk neutral (in a default free bond market)
e J a factor process X = {X; : t > 0}

o There are / firms, with default times 7/, i =1,--- ,/
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Let (2, #,{.Z:},P) be a given filtered probability space.

o P is risk neutral (in a default free bond market)
e J a factor process X = {X; : t > 0}

@ There are / firms, with default times 7/, i =1,---,/
Denote

o Ni = 1;i<yy — default process with respect to T

A ; ; :
o Fr=FXVFLV..VF] where FI =c{N.:0<s<t} Vi

o A =FXvFLv..vF v F . v.F]
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Define
o S| =P{r' > t|#'} >0 (= S is an H#'-supermg)
o Hi 2 In(S}), t > 0 — Hazard Process
Jin Ma (USC)
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Define
o S| =P{r' > t|#'} >0 (= S is an H#'-supermg)
o Hi 2 In(S!), t > 0 — Hazard Process

@ S! > 0 implies that 7/ cannot be an .%#'-stopping time!
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Define
o SI =P{r' > t|#} >0 (= S’ is an ¥ -supermg)
o Hi 2 In(S!), t > 0 — Hazard Process

@ S! > 0 implies that 7/ cannot be an .%#'-stopping time!
o If 3\ € A, such that H] = [; AL ds, t >0, then

. . . t .
Si=B{r > |47} = o | —/ X ds} (20)
0

— M is called the (conditional) intensity process of 7/, and it
holds that A = —dS;/S!, t > 0.
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A Useful Lemma

For any . -measurable random variable Z we have, for any t > 0,

1, E{I{T">t}z|f%0ti}
R T P!

1{r/’>t}E{Z’yt} = (21)
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A Useful Lemma

For any . -measurable random variable Z we have, for any t > 0,

1, E{I{T">t}z|f%0ti}
R T P!

1{r/’>t}E{Z’yt} = (21)

Idea: Define
FrE{Ac FPBe A, AN{r >t} =BN{r > t}}.

Then one can check that .7 = . %, t > 0.
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A Useful Lemma

For any . -measurable random variable Z we have, for any t > 0,

1, E{1{7f>t}z‘f%0ti}
R T P!

1{r/’>t}E{Z’yt} = (21)

Idea: Define
FrE{Ac FIIBe A, An{r >t} =Bn{r > t}}.

Then one can check that .7, = .7, t > 0.
Applying “Monotone Class”, one shows that, VZ € .%, 3X € J¢/,

s.t.
E{l{‘r">t}z|ﬂt} = 1{7”'>t}E{Z|gzt} - 1{7'">t}X'

Taking E{- |7’} on both sides and solve for X. [ ]
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The Conditional Survival Probability

Note that P{7/ > T|.#;} = s E{1is 1y [Fe}. Applying
Lemma we have
1 ) P A

T 4T}

P{r’ > T|.%:} = (22)

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 42/ 63



The Conditional Survival Probability

Note that P{7/ > T|.#;} = s E{1is 1y [Fe}. Applying
Lemma we have
1 ) P A

T 4T}

P{r’ > T|.%:} = (22)

Since
o E{1n 1y A} = EBE > T} |47} =
T \i .
E{e—fo Xds f/;'}.

o Eflpig |} = e Jo o
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The Conditional Survival Probability

Note that P{7/ > T|.#;} = s E{1is 1y [Fe}. Applying
Lemma we have
1 ) P A

T 4T}

P{r’ > T|.%:} = (22)

Since
o E{liis |} = BRI > T} ) =
E{e‘ J) Aids %i}_
0 E{l(,i, |4} = e Jo N

Consequently:

o P(rl > T|.Fe} = 1Bl e/ X

Y.
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The Conditional Survival Probability

Note that P{7/ > T|.#;} = s E{1is 1y [Fe}. Applying
Lemma we have
1 ) P A

T 4T}

P{r’ > T|.%:} = (22)

Since
o E{liis |} = BRI > T} ) =
E{e‘ J) Aids %i}_
0 E{l(,i, |4} = e Jo N

Consequently:

o P(rl > T|.Fe} = 1Bl e/ X

] M{, é Ntl‘ — H;/\Ti = l{TiSt} — fot 1{7i>5})\2d5, i = 1, ey /, are

{#:}-martingales.

Y.
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Standing Assumptions

(H1) Ml satisfy the following condition:

{exp(/Z)\ds)}<oo, Vt < oo.

(H2) For each i, P{r’ > 0} = 1. Furthermore, there are no
simultaneous defaults among the / firms. In other words, it
holds that P{7/ # 7/} = 1, whenever i # ;.
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Standing Assumptions

(H1) Ml satisfy the following condition:

{exp(/ZAds>}<oo, Vt < oo.

(H2) For each i, P{r’ > 0} = 1. Furthermore, there are no
simultaneous defaults among the / firms. In other words, it
holds that P{7/ # 7/} = 1, whenever i # j.

Find effective, tractable way to calculate the joint distribution
(survival probability):

P{T1§ 315 000 ,TI < t/}, and/or ]P){Tl >y, ,TI > t[},

given the conditional intensities.

V.
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Representation of Joint Survival Probability

Define, for i = 1,..., |, [ £ exp{ [ Al ds}, and

t
i A i i
Zt = 1{7i>t}rt = 1{7i>t} exp { /0 )\SdS}. (23)
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Representation of Joint Survival Probability

Define, for i = 1,..., |, [ £ exp{ [ Al ds}, and

t
i A i i
Zt = 1{7i>t}rt = 1{7i>t} exp { /0 )\SdS}. (23)

Then
© Z/>0;and Zj =1, Vi.
o Z''s are {#;}-adapted, and E{Z/} = 1.
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Representation of Joint Survival Probability

Define, for i = 1,...,1, i 2 exp{ [y ALds}, and

t
i A i i
Zt = 1{7i>t}rt = 1{7‘i>t} exp { /0 )\SdS}. (23)

Then
© Z/>0;and Zj =1, Vi.
o Z"'s are {.#;}-adapted, and E{Z/} = 1.

Assume (H1) and (H2). Then, for k =1, ..., I, the processes

k k
iA i
[1Zi =11 t=0 (24)
i=1 i=1

are all {.#;}-martingales.
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Representation of Joint Survival Probability

[Sketch of the proof.] (i) Z/'s are martingales.
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Representation of Joint Survival Probability

[Sketch of the proof.] (i) Z/'s are martingales.

E{Z”gs} = ]E{l{r">t}ri|gzs} = l{r">s}]E{1{r">t}r”§s}
- E{l oMo'}
= 1pisg ;

E{1is g}
1 E{l oMo}
I GV
= ZE{E{l i |} = ZL

(Lemma)

= ZsiE{l{r">t}ri|¢%psi}
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Representation of Joint Survival Probability

[Sketch of the proof.] (i) Z/'s are martingales.
E{Z”gs} = ]E{l{r">t}ri|gzs} = l{r">s}]E{1{r">t}r”§s}
1 E{l oMo'}
= B {1 g |}
1 E{1(isq T2}
{.T >S} (I-,t)_l | | |
= ZEAE{1 sy | 3T AL} = 2o
(ii) If Zk 2 Hf;l Z! is an mg, then so is Hf:ll Zl = zkzk,

(Lemma)

= ZsiE{l{r">t}ri|¢%psi}
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Representation of Joint Survival Probability

[Sketch of the proof.] (i) Z/'s are martingales.
E{Z”gs} = E{1{7i>t}ri|gzs} = l{r">s}]E{1{r">t}r”§s}
1 E{l oMo'}
= B {1 g |}
1 E{1(isq T2}
{.T >S} (I-,t)_l | | |
= ZEAE{1 sy | 3T AL} = 2o
(ii) If Zk 2 Hf;l Z! is an mg, then so is Hlf:ll Zl = zkzk,

1

(Lemma)

= ZsiE{l{r">t}ri|¢%psi}

t t
Zfzk = / L Zdze / Ztdze 125 2,
0 0
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Representation of Joint Survival Probability

[Sketch of the proof.] (i) Z/'s are martingales.

E{Z”gs} = ]E{I{T,->t}|'§|5?s} = l{r">s}]E{1{r">t}r”§s}
1 E{l oMo'}
= B {1 g |}
1 E{1(is T}
{.T >S} (I-,t)_l | | |

= ZEAE{1 sy | 3T AL} = 2o
(ii) If Zk 2 Hf;l Z! is an mg, then so is Hlf:ll Zi = zkzkt

1

(Lemma)

= ZsiE{l{r">t}ri|¢%psi}

t t
Zfzk = / ZE dzk + / Ztdze 125 2,
0 0

"
Since both Z and Z**1 are FV and quadratic pure jump,
(25,25 = Z5Z5 4 Y AZEAZET = Z§zg n

0<s<t
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Representation of Joint Survival Probability

Define

dPi| A,  dPLK
dP |, ~ dP

k
A s i
=75 =1z (25)

and EL k(X & BV XY = B{ZL72.. 7k X},
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Representation of Joint Survival Probability

Define

dPi| A,  dPLK
dP |, ~ dP

and EL k(X & BV XY = B{ZL72.. 7k X},
Then,for each k and A € %, it holds that

B{LaZ/EYM{X|Z:}} = E{LAE{Zf|F}BYK{X|F:}}
EL K LARY KX |7}

EL k14X } = E{1,R{ZXX|.%:}}.
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Representation of Joint Survival Probability

Define

dPi| A,  dPLK
dP |, ~ dP

and EL k(X & BV XY = B{ZL72.. 7k X},
Then,for each k and A € %, it holds that

B{LaZ/EYM{X|Z:}} = E{LAE{Zf|F}BYK{X|F:}}
EL K LARY KX |7}

EL k14X } = E{1,R{ZXX|.%:}}.

This leads to
E{Z}Z72..ZXX|.7,} = 7} Z2.. ZFEY K (X|.#,}, P —as. (26)
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Representation of Joint Survival Probability

Assume | =2, and t; < t,. Apply (26) we get
P{rl>t, 72>t} = {1{Tl>tl}E{z§2(r }‘ n}}
= E{1.0y Z2E7{(12) 7 |70 )
= E{ZZZE"{(r}) 7 (r3) *}| 7 } }
BB Fa )

In particular, if t; = t, = t, then we have

P{r! > t,72 >t} = El’z{ exp{ — /t()\i + )\E)ds}}.
0
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Representation of Joint Survival Probability

Assume (H1) and (H2). Then,
(i) Forany 0 < t; < tp < ... < t; < 00, it holds that

]P’{T1>t1,7'2>t2,.. ’7'/>t[}
!

_ gl { {E]P”{H Hﬁt,_l}""ﬁn}?

i=1
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Representation of Joint Survival Probability

Assume (H1) and (H2). Then,
(i) Forany 0 < t; < tp < ... < t; < 00, it holds that

]P’{T1>t1,7'2>t2,.. ’7'/>t[}
!

_ gl { {E]P”{H Hft,_l}""ﬁn}?

i=1

(”) Denote 7’* e min{’Tl, 500 ’,7-1}v then fOr any 0 S ¢ S T
a) P{r* >t} = E17-~-J{e— JEsl, A;ds};
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Representation of Joint Survival Probability

Assume (H1) and (H2). Then,
(i) Forany 0 < t; < tp < ... < t; < 00, it holds that

]P’{T1>t1,7'2>t2,.. ’7'/>t[}
!

_ gl { {E]P”{H Hft,_l}""ﬁn}?

i=1
(ii) Denote 7* = min{7!,--- 7'}, then forany 0 <t < T

a) P{r* >t} = E17-~-J{e— JEsl, A;ds};

l}
b) ]P{T* > T|g\t} = H 1{7i>t}E1""’I{e_ftTE;:1 Asds
i=1

,%}.

V.
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Counter-Party Risk Models

Two firm case:

)\}4 ao(t)+1{73<t}al(t—7'3),
- (27)
)\tB = bo(t) + l{TASt}bl(t — TA),

where ag, a1, by, and b; are deterministic functions.
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Counter-Party Risk Models

Two firm case:
)\}4 = ao(t) + l{TBSt}a]_(t — TB),
AP = bo(t) + 1racy bi(t — %),

where ag, a1, by, and b; are deterministic functions.

Jarrow-Yu (2004) — a3, by constants.
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Counter-Party Risk Models

Two firm case:

{ )\}4 = ao(t) + l{TBSt}a]_(t — TB),

B A (27)
Af = bo(t) + l{TASt}bl(t - T ),

where ag, a1, bg, and by are deterministic functions.
Jarrow-Yu (2004) — a;, b; constants.

(H3) (i) ap and by are positive functions;
(i) a1 and by are either positive and decreasing or negative
and increasing, such that

lim ai1(t) =0 lim bi(t)=0; (28)

t—o0o t—o0

and such that both A2 and A8 are positive functions.
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Counter-Party Risk Models

Assume (H1)-(H3). Then the joint survival probability
]P’{TA > t,78 > tr} is given by

]P’{TA > tl,TB > t2}
(

t1

+/ ao(x)e_ffxl 0(s)ds dx)

[%)

to

S X
+ / bo(x)e ™ Jo ()4 dx)

\ t1

where c(t1, t) = exp { — [ ao(s)ds — [;? bo(s)ds}.

to 2 .
C(tl, t2) (/ ao(X) e fx2 b1(s—x)ds—ft1 ao(s)dst

t1 2 N
c(t1, 1.‘2)</ bo(x) e~ [t a(s—x)ds— [ bo(s)dst

t; < by,

t1 > b.

v
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Counter-Party Risk Models

Main Observation: \2 = ag(s), A2 = by(s), PAB-ass.

= 1-FB(x) =PB(r" > x) = PAB((Mf) 1) = e o (),
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Counter-Party Risk Models

Main Observation: A2 = ag(s), A8 = by(s), PAE-as.

= 1-FB(x) =PB(r" > x) = PAB((Mf) 1) = e o (),
Applying the change of measure, we have
P{r" > 1,7 > 6} = E|1asey lposny TE(TE)
= EB [I{TA>t1} exp (—/Otz(bo(s) + 1 acbi(s — TA))dsﬂ

%) t [ele}
_ c(tz){ / = J2 bils=)ds £B (g / Fﬁ(dx)}

t1 %)
to ¢ [ee)
= c(tg){/t e I bl(s—x)deTA(X)dx—i—/t fTA(X)dx}
1 2

= RHS (tl < t2)
[ |
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Multiple Firm Case

Assume that / > 2, and that the default intensities are given by
= aj(t +Zl{7,<t} (e=7), i=1- 00, (29)
J#I

where aj’:'s are deterministic functions satisfying (H3).
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Multiple Firm Case

Assume that / > 2, and that the default intensities are given by

L= al(t +Zl{ﬂ<t} (=), i=1,--0, (29)
J#I

where aJ’:'s are deterministic functions satisfying (H3).

@ For 1 < m </, denote fp(t1,t2,- -, tm) to be the joint

density function of the default times 71,72, .- , 7™,

o For example, fi(t1) = f1(t1) = a10(t1)e” Jo" aro(s)ds.

Proposition

ForO0=th<t1 <tr <...<tmp1-
fm+1(t17 Byo00 g tm+1)

m N Iml ml o o
= { X - ) ST ),
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Multiple Firm Case (General)

o Let Z(I) be all the permutations p = p(1,---, /), then
2| = 1.

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 53/ 63



Multiple Firm Case (General)

o Let Z(I) be all the permutations p = p(1,---, /), then
2| = 1.

e Vpe Z(I), permute (t1,---, ) to (tfp),n ,t,(p)), and

7P 2 (1, 1) eR, P << Py,
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Multiple Firm Case (General)

o Let Z(I) be all the permutations p = p(1,---, /), then
2| = 1.

e Vpe Z(I), permute (t1,---, ) to (t{p), e ,t,(p)), and

7P 2 (1, 1) eR, P << Py,

° ]Rjr = Uiegz(/) 2(P): 9(P) N P) = .
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Multiple Firm Case (General)

o Let Z(I) be all the permutations p = p(1,---, /), then
2| = 1.

e Vpe Z(I), permute (t1,---, ) to (t{p), e ,t,(p)), and
7P 2 (1, 1) eR, P << Py,
° R{‘r = Uiegz(/) 2(P): 9(P) N P) = .

e Vp e (1), define (r (p), . ,T,(P)) accordingly, and
J#l
where bjo(t) = ajp o(t), j=1,---,1, j(P) is the image

position of j after the permutation p € Z2(/), and bJ’-' are
appropriately defined functions from aJ’:'s.
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Multiple Firm Case (General)

Vp € (1) apply the Proposition on the region D(), with
(A1, -+, Ar) being replaced by ()\gp), e )\sp)), to obtain the joint
density function on D(P), denoted by f,(p). We can then define

gi(ty, -, t) = f,(p)(ty’),--- ,t,(p)), (t1,--- 1) € D).
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Multiple Firm Case (General)

Vp € (1) apply the Proposition on the region D(), with
(A1, ,Ar) being replaced by (A&”), e )\gp)), to obtain the joint
density function on D(P), denoted by f,(p). We can then define

gi(ty, - .t) = f,(p)(tip),"' 7tl(p))7 (tr,---,t)) € D(P).

Theorem

Assume (H1)—(H3). The joint distribution of 71,7, --- , 7/ can be
expressed as

t1 ty
P{r' <, -, 7' <t} :/ / gi(u1,- -+, uy)duduy - - - du.
0 0

where g;'s are defined above. |

4
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Joint-life vs. Last-survivor

Let Ty, Tx,,- -, Ty, be n future life time random variables, then
their and are given by, respectively:

VAN
Tm=Tax, =min{Ty, Ty, -, Tx, }
— (Joint-life = first default)
VAN
Tvm = Tz = max{ T, T, - 5 Tt

— (Last-survivor = last default)
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Joint-life vs. Last-survivor

Let Ty, Tx,,- -, Ty, be n future life time random variables, then
their and are given by, respectively:

A

o = Min{ Ty, Ty, -+, Ty

— (Joint-life = first default)

A
v = Tagrz = max{ Ty, Ty -+, T
— (Last-survivor = last default)
If n =2, one has
° TM + Tm = TX1 + TX21 TMTm = TX1 TX2-

o {T,, <t}N{T,, <t} ={Tm <t}
{TX1 < t}U{TX2 < t} = {Tm < t},

o Fum(t) + Fm(t) = Fr, (t) + Fr,,(t), t > 0 where Fr is the
distribution function of T.
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First Default in Multi-firm Case

Assume for i =1, --- 1,

Xo = ab(8) + D0 Al cry = 3h(6) + D k(BN
ki ki
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First Default in Multi-firm Case

Assume for i =1,--- 1,
)‘It = aé(t) + Z a;'((t)l{TkSt} = a(i)(t) + Z a;.((t)N;a
k#i k#i
Then
P{Tm>t} = P{T1>t77—2>t7"'77—l>t}

EL2: ,/{e— SOk +x2 +...+,\;)ds}

EL2 ,/{e_ for[aé(s)+ag(s)+...+ag(s)]ds}_
If all aj's are deterministic, then

P{rm >t} = exp{ - /Ot[aé(s) +a(s)+ ...+ a{,(s)]ds}.
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First Default in Multi-firm Case

Similarly one can obtain the conditional survival probability of 7p,:

P{rm>T|F}=P{r* > T, 72> T, 7' > T|.%}

= liI 1{7{>t}E1’27m vl{ exp { — [T[EI: )\’S]ds} ’«9}}
i=1 i=1
_ 1{Tm>t}IE1,2,~--J{ exp{ - /t T[i aé(s)]ds}‘ﬂ}}.
i=1

If aé's are all deterministic, then

T .
P{rm > T|F} = 17,50 exp{ - / Z ab(s)ds}.
t
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Flight to Quality

@ The term “flight to quality” refers to the phenomenon that
investors move their capital away from riskier investments to
the safest possible investment vehicles, e.g., treasury bonds.
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Flight to Quality

@ The term “flight to quality” refers to the phenomenon that
investors move their capital away from riskier investments to
the safest possible investment vehicles, e.g., treasury bonds.

@ One firm model (Collins-Dufresne et al. (03,04)):

re=r+ Jl{TSt} > 0, t> 0, (30)
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Flight to Quality

@ The term “flight to quality” refers to the phenomenon that
investors move their capital away from riskier investments to
the safest possible investment vehicles, e.g., treasury bonds.

@ One firm model (Collins-Dufresne et al. (03,04)):
re=r+ Jl{TSt} > 0, t> 0, (30)
o We will consider multi-firm model:

r= rO(Xt) + J l{TMSt}a t > 05 (31)

A . . .
where 7y = max{7!,--- 7'} is the last-to-default time, X is
a factor process.

@ Main purpose: pricing defaultable zero-coupon bonds.
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Pricing of UVL Insurance Involving Married Couples

o Let T,, and T,, be two future life time r.v.’s. Denote
NZL = l{TxiSf}’ i = 1,2, and

Fe=FXVvTFLvFE >0,

where F! = a{Ni,0<s<t}, t>0,i=1,2 and X is a
factor process, assumed to be a diffusion process
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Pricing of UVL Insurance Involving Married Couples

o Let T,, and T,, be two future life time r.v.’s. Denote
NZL = l{TxiSf}’ i = 1,2, and

Fe=FXVvTFLvFE >0,

where F! = a{Ni,0<s<t}, t>0,i=1,2 and X is a
factor process, assumed to be a diffusion process

@ Death benefit is a lump-sum (e.g., $1) payable at a terminal
time T, contingent on the survivorship of a married couple.
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Pricing of UVL Insurance Involving Married Couples

o Let T,, and T,, be two future life time r.v.’s. Denote
NZL = l{TxiSf}’ i = 1,2, and

Fe=FXVvTFLvFE >0,

where F! = a{Ni,0<s<t}, t>0,i=1,2 and X is a
factor process, assumed to be a diffusion process

@ Death benefit is a lump-sum (e.g., $1) payable at a terminal
time T, contingent on the survivorship of a married couple.

@ Let K; be a generic status process, e.g., K could be one of
the following:

JLI; = l{Txl)QSt}’ SLI; = 1{7'7 <t} t >0,

1X2
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Pricing of UVL Insurance Involving Married Couples

o Let T,, and T,, be two future life time r.v.’s. Denote
NZL = l{TxiSf}’ i = 1,2, and

Fe=FXVvTFLvFE >0,

where F! = a{Ni,0<s<t}, t>0,i=1,2 and X is a
factor process, assumed to be a diffusion process

@ Death benefit is a lump-sum (e.g., $1) payable at a terminal
time T, contingent on the survivorship of a married couple.

@ Let K; be a generic status process, e.g., K could be one of
the following:

JLI; = l{Txl)QSt}’ SLI; = 1{7'7 <t} t >0,

1X2
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Bereaved Partner Case (M.-Yun '10)

Assume that the individual T,'s follow the Gompertz's law (1825):
Ay () = hpegtlatt) N\ (1) = hpe®0ett) h. >0, g; > 0. Then

P{Txl > ty, TX2 > tg}
, n n k
Gl o (7) g2 B (Bl (1) - Bh(n)

+c(t2, t2) t1 < to;
- t1,t: h k ~
Gt St (3) g B2 (B (1)) ~ Bi(22))
+c(t, t1) t1 > to,

where

. ko _hi o
o Di(6) =[5 y& e 5 dy, Bi(r) = DL (¥42), i=1,2

I

_ M oe1(xq+t1) _ 12 eg2(xp+t2)
° B]_ —e k(l’2+X1)+gle ' B2 —e k(t1+X2)+gze

1

o clty,t2) = exp { — 2[esnlut) —emn] — 2ol ) e},

Jin Ma (USC)

Finance, Insurance, and Mathematics Roscoff 3/2010 60/ 63



Back to UVL Insurance Pricing

o Let Ty, and T, be two future life time r.v.’s and let K; be a
generic status process, e.g., K could be one of the following:

Jle=1r <y, Slhk=17__ <y,  t>0,

[Then the pdf of Kt could be computable!]

Jin Ma (USC) Finance, Insurance, and Mathematics Roscoff 3/2010 61/ 63



Back to UVL Insurance Pricing

o Let Ty, and T, be two future life time r.v.’s and let K; be a
generic status process, e.g., K could be one of the following:

Jle=1r <y, Slhk=17__ <y,  t>0,

[Then the pdf of Kt could be computable!]

@ Let u be an exponential utility function:

1
u(w) = —ae_o‘w, w e R. (32)
o Define J(t,w; ) £ E¢ w{u(WF — K7)}, where W is the
wealth process with investment portfolio 7.
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Back to UVL Insurance Pricing

o Let Ty, and T, be two future life time r.v.’s and let K; be a
generic status process, e.g., K could be one of the following:

JLIy = L7, <t} SLly =11 <1} t>0,
[Then the pdf of Kt could be computable!]

@ Let u be an exponential utility function:

1
u(w) = —ae_o‘w, w e R. (32)

o Define J(t,w; ) £ E¢ w{u(WF — K7)}, where W is the
wealth process with investment portfolio 7.

o If K =0, then denote JO(t, w; ) £ B¢, {u(WD)}, 7 € o

o U(t,w) = supre,y J(t, wim), V(t,w) = sup,e,, J(t, wi).
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Back to UVL Insurance Pricing

Recall the “separation of variable”: U(t,w) = V(t, w)®(t, w),
where

_ )2
V(t,w) = —é exp ( —awe"(T8) — (M2—2f)(7- - t))
o

What is ®7 I
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Back to UVL Insurance Pricing

Recall the “separation of variable”: U(t,w) = V(t, w)®(t, w),
where

)2
V(t,w) = —é exp ( — awe"(T71) — (u22r)(_,_ - t))
o

What is ®7

Theorem (M.-Yun '10)

o O(t,w) = Enw{eaKT}.
[Note that J(t, w; ) = JO(t, w; 7)E¢ , {e“KT H]

4
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Back to UVL Insurance Pricing

Recall the “separation of variable”: U(t,w) = V(t, w)®(t, w),
where

)2
V(t,w) = —é exp ( — awe"(T71) — (u22r)(_,_ - t))
o

What is ®7

Theorem (M.-Yun '10)

o O(t,w) = Enw{eaKT}.
[Note that J(t, w; ) = JO(t, w; 7)E¢ , {e“KT H]

@ The indifference (selling) price is

1 1
pr = Ee”(T*t) log ®(t, w) = ae”(T*t)logEt,W[eO‘KT].

4
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