Nonlinear Expectations and Stochastic Calculus
under Uncertainty

—with Robust Central Limit Theorem and G-Brownian Motion

% % X.Shige Peng

Shandong University

Presented at Spring School of Roscoff

# % X.Shige Peng () Nonlinear Expectations and Stochastic Calct



e L%(Q)): the space of all B(Q))-measurable real functions;
e B,(Q): all bounded functions in L%(Q));
e Cp(Q)): all continuous functions in B,(Q)).

All along this section, we consider a given subset P C M.

We denote

c(A) :=sup P(A), AeB(Q).
PeP
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One can easily verify the following theorem.

Theorem

The set function c(-) is a Choquet capacity, i.e. (see [?, ?]),

@ 0<c(A) <1 VACOQ.

@ IfAC B, then c(A) < ¢c(B).

Q If (A, is a sequence in B(Q), then c(UA,) < Y c(Ap).

Q If (An)%, is an increasing sequence in B(Q): A, T A= UA,, then
c(UA,) = limp_e0 c(Ap).
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Furthermore, we have

For each A € B(Q)), we have

c(A) =sup{c(K): K compact K C A}.

It is simply because

c(A)=sup sup P(K)= sup supP(K)= sup c(K).
PeP K compact K compact PP K compact
KCA KCA KCA

A\
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Definition
We use the standard capacity-related vocabulary: a set A is polar if
c(A) = 0 and a property holds “quasi-surely” (q.s.)"gs if it holds outside

a polar set.
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We also have in a trivial way a Borel-Cantelli Lemma.

Lemma

Let (An)nen be a sequence of Borel sets such that

c(Ap) < oo.
=1

n

Then limsup,,_,o, An is polar .

Applying the Borel-Cantelli Lemma under each probability P € P.

The following theorem is Prokhorov's theorem.

‘P is relatively compact if and only if for each € > 0, there exists a
compact set K such that c(K€) < e.
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The following two lemmas can be found in [?].

Lemma

‘P is relatively compact if and only if for each sequence of closed sets
Fn | @, we have c(F,) | 0.

Proof.

We outline the proof for the convenience of readers.

“"=—" part: It follows from Theorem —newth6 that for each fixed ¢ > 0,
there exists a compact set K such that ¢(K¢) < e. Note that F,NK | @,
then there exists an N > 0 such that F, N K = @ for n > N, which implies
lim, c(F,) < e. Since € can be arbitrarily small, we obtain c(F,) | 0.
“«<=" part: For each € > 0, let (Af‘)j”:l be a sequence of open balls of
radius 1/ k covering (). Observe that (U7 AX)¢ | @, then there exists an
nk such that c((UTk AK)€) < e27k. Set K =N, UMk Ak It is easy to
check that K is compact and ¢(K€) < &. Thus by Theorem —newth6, P is
relatively compact. [

| N\

4
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Let P be weakly compact. Then for each sequence of closed sets F,, | F,
we have c(F,) | c(F).

Proof.

We outline the proof for the convenience of readers. For each fixed € > 0,
by the definition of c(F,), there exists a P, € P such that

Pn(Fn) > c(Fn) — €. Since P is weakly compact, there exist P, and

P € P such that P, converge weakly to P. Thus

P(Fm) > limsup Py, (Fm) > limsup Py, (Fp,) > lim c(F,) —e.

k—s 00 k—o00 =9

Letting m — oo, we get P(F) > lim,_ c(Fp) — €, which yields
c(Fn) | c(F). O
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Following [?] (see also [?, ?]) the upper expectation of P is defined as
follows: for each X € L°(Q)) such that Ep[X] exists for each P € P,

E[X] = EP[X] := sup Ep[X].
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It is easy to verify

Theorem

The upper expectation E|[-] of the family P is a sublinear expectation on
By(Q)) as well as on Cp(Q)), i.e.,

Q forall X,Y in B,(Q)), X > Y = E[X] > E[Y].

Q forall X,Y in By(Q), E[X + Y] <]E[ | +E[Y].

Q forallA >0, X € B,(Q), E[AX] = AE[X].

Q foralic € R, X € By(Q)) , E[X + ¢] = E[X] + c.
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Moreover, it is also easy to check

We have

Q Let E[X,] and E[Y;" 1 X,,] be finite. Then
E[Y 021 Xa] < X521 E[Xo).
Q Let X, T X and E[X,], E[X] be finite. Then E[X,] T E[X].
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Definition
The functional [E[-] is said to be regular if for each {X,}%_; in Cp(Q)
such that X, | 0 on ), we have E[X,] | 0.

Similar to Lemma —Lemmal we have:

E[-] is regular if and only if P is relatively compact.
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Proof.

“—" part: For each sequence of closed subsets F, | @ such that Fp,,
n=1,2,---, are non-empty (otherwise the proof is trivial), there exists

{gn}, C Cp(Q) satisfying

S|

0<g <1 gr=1lonFrand g, =0on{weQ:dw,F,) >~}
We set f, = AP_,gj, it is clear that f, € Cp(Q)) and 15, < f, | 0. E[]is
regular implies [E[f,] | 0 and thus c(F,) | 0. It follows from Lemma
—Lemmal that P is relatively compact.

“«=" part: For each {X,}"_; C Cp(Q)) such that X, | 0, we have

E[X,] = sup Ep[X,] = sup/ P({X, > t})dt < / c({X, > t})dt.
PeP pep /O 0

For each fixed t > 0, {X, > t} is a closed subset and {X, >t} | @ as

n T oo. By Lemma —Lemmal, c¢({X, > t}) | 0 and thus

Jo_ c({Xn = t})dt | 0. Consequently E[X,] | 0. O
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We set, for p > 0,
o LP:={X € L%Q) : E[|X|P] = suppcp Ep[|X|P] < oo};
o NP:={X € L°(Q) : E[|X|P] = 0};
o N:={Xel%O): X =0, cqs.}.
It is seen that £P and NP are linear spaces and NP = N/, for each p > 0.

We denote ILP := LP/N . As usual, we do not take care about the
distinction between classes and their representatives.
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Let X € ILP. Then for each &« > 0

E[IXIF]

c({Ix| > ah) < =2
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Just apply Markov inequality under each P € P. O

Similar to the classical results, we get the following proposition and the
proof is omitted which is similar to the classical arguments.

Proposition.
We have

© For each p > 1, IL? is a Banach space under the norm
1
X1, := CE[X]P])e.

@ For each p < 1, ILP is a complete metric space under the distance
d(X,Y):=E[|X-Y|"].

A,
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We set

L :={X € L°(Q):TFaconstant M, s.t. |[X| <M, qs.};

L®:=L®/N.

Under the norm

[ X[l :==inf {M >0:|X| <M, qs},

IL*° is a Banach space. O

Proof.

From {|X| > X[l } = Uy {IX] 2 X, + 1} we know that
|X| < ||X||: a-s-, then it is easy to check that ||-||., is @ norm. The proof
of the completeness of IL® is similar to the classical result. O

| A\

v
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With respect to the distance defined on ILP, p > 0, we denote by

o L7 the completion of B,(€2).
e ILf the completion of Cp(Q).

By Proposition —Prop3, we have

LPCLyCLP, p>0.
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The following Proposition is obvious and the proof is left to the reader.

Proposition.
We have

Q Letp,g>1, %—l— = 1. Then X € ILP and Y € IL9 implies

1
q

XY € L* and E[|XY|] < (E[|X|])? (E[|Y]]);
Moreover X € IL? and Y € L implies XY € ILi;

(2] lplcl”,LglClg2,L€1CIL@Q,0<p2§p1§oo;
© [IX][, T [[X||o for each X € L.

|

Proposition.
Let p € (0,00] and (X,,) be a sequence in ILP which converges to X in ILP.

Then there exists a subsequence (X, ) which converges to X quasi-surely
in the sense that it converges to X outside a polar set. [

v
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Proof.

Let us assume p € (0,00), the case p = oo is obvious since the
convergence in IL® implies the convergence in ILP for all p.
One can extract a subsequence (X, ) such that

E[|X — X, |P] < 1/kPT2, k€ N.

We set for all k
Ak = {|X — Xp, | > 1/k},

then as a consequence of the Markov property (Lemma —markov) and the
Bﬂal—Cantelli Lemma —BorelC, c(limy_oAx) = 0. As it is clear that on
(limg—oAxk)€, (Xn,) converges to X, the proposition is proved. O

v
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. . . p
We now give a description of IL,.

Proposition.

"“Prop5For each p > 0,
Ly ={X €L": lim E[|X|"1{x>n] = 0}.
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Proof.

We denote J, = {X € ILP : limj_c E[|X|P1{|x|>n] = 0}. For each
X € Jplet X, = (X An)V(—n) € Bp(Q). We have

E[|X = Xa|P] < E[|X[?1{|x|>n}] — 0, as n — 0.

Thus X € IL}.

On the other hand, for each X € L}, we can find a sequence {Y,}’_; in
By(Q) such that E[|X — Y,|P] — 0. Let y, = supecq | Ya(w)| and

Xn = (X Ayn)V (—yn). Since [ X — X,| < |X — Y|, we have

E[|X — X,|P] — 0. This clearly implies that for any sequence («,) tending
to 00, limy—e E[|X — (X Ap) V (—ap)|P] = 0.

Now we have, for all n € IN,

E[|X|PL{x|>n] = E[(|X] = n+ n)PLyx|sm]
< (1v 2P (E[(I1X] = n)PL{xj>m] + nPc(|X] > n)).

The first term of the right hand side tends to 0 since

: g : D =
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Proposition.

Let X € ILL. Then for each € > 0, there exists a 6 > 0, such that for all
A€ B(Q) with c(A) <6, we have E[|X|14] <. O
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Proof.
For each ¢ > 0, by Proposition =PFsp5; there exists an N > 0 such that
E[|X[1{x>ny] < 5. Take d = 5. Then for a subset A € B(Q) with
c(A) <0, we have

E[[X[|1a] < E[[X[1alyx>ny] + E[[X[1algx<p)
< E[[X[1{x>ny] + Ne(A) <e.
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It is important to note that not every element in ILP satisfies the condition
limp—co E[|X|P1{x|>n] = 0. We give the following two counterexamples
to show that IL! and ]L[l) are different spaces even under the case that P is
weakly compact.

Let Q =IN, P = {P,:n € N} where P;({1}) =1 and
P,({1}) =1—21, P,({n}) =1, for n=2,3,---. P is weakly compact.

We consider a function X on IN defined by X(n) = n, n € IN. We have
E[|X|] = 2 but E[|X|1{x|>n] =1 7 0. In this case, X € ! but
X ¢ L}
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Example

Let QO =IN, P = {P,:ne& N} where P;({1}) =1 and
P({1}) =1—%, P,({kn}) =% k=1,2,...,nforn=2,3,---. Pis
weakly compact. We consider a function X on IN defined by X(n) = n,
n € N. We have IE[|X|] 2 and nE[1x|>m] = 10 but
E[|X|1{x5n] = 3 + 25 7L> 0 In this case, X is in IL, continuous and

nE[1{x)>,3] — 0, but it is not in IL}.
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Definition
A mapping X on () with values in a topological space is said to be
quasi-continuous (q.c.) if

Ve > 0, there exists an open set O with ¢(O) < ¢ such that X|oc is continu
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Definition

We say that X : Q) — IR has a quasi-continuous version if there exists a
quasi-continuous function Y : Q) — R with X = Y g.s..
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Proposition.

Let p > 0. Then each element in IL? has a quasi-continuous version. [

Proof.

Let (X,) be a Cauchy sequence in Cp(Q)) for the distance on ILP. Let us
choose a subsequence (X, )x>1 such that

E[| X,

Ny41

— Xn |P] <272, Vk>1,

and set for all k,

> 271/P},

A = U {‘X"i+1 — Xn;
i=k
Thanks to the subadditivity property and the Markov inequality, we have

c(A) < Y Xy = X > 277/P) < Y271 = 27K,

A n A Hee A 0 ho R A N\ A
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The following theorem gives a concrete characterization of the space IL2.

For each p > 0,

L? ={X € LP: X has a q.-c. version, ,,llnooIE[|X|p1{|X\>n}] = 0}.
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Proof.
We denote

()

Jp = {X € LP: X has a quasi-continuous version, lim E[|X|P1(x>m] =

Let X € IL2, we know by Proposition —qc that X has a quasi-continuous
version. Since X € IL?, we have by Proposition —Prop5 that

IimnHOO ]E[|X’p1{‘x|>n}] =0. Thus X € Jp.

On the other hand, let X € J, be quasi-continuous. Define

Yo = (X An)V(=n)forall n€N. As E[|X|P1{x|~n] — 0, we have
E[|X — Y,|P] — 0.

Moreover, for all n € IN, as Y, is quasi-continuous , there exists a closed
set F, such that c(FS) < nplﬂ and Y, is continuous on F,. It follows from

Tietze's extension theorem that there exists Z, € Cp(Q)) such that

|Z,| < nand Z,=Y, on F,.

We then have

_ _ 2n)P
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We give the following example to show that L2 is different from L even
under the case that P is weakly compact.

Let Q =[0,1], P = {6« : x € [0,1]} is weakly compact. It is seen that
L2 = Cp(Q2) which is different from IL}.
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We denote LY := {X € IL® : X has a quasi-continuous version}, we have

Proposition.

ILY is a closed linear subspace of IL*. O]
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Proof.

For each Cauchy sequence {X,}’"_; of L™ under |-||.,, we can find a
subsequence {X,, }=; such that || X, — Xn |l < 27'. We may further
assume that each X, is quasi-continuous. Then it is easy to prove that for
each € > 0, there exists an open set G such that ¢(G) < € and

| Xnin — Xni| < 277 for all i > 1 on G€, which implies that the limit
belongs to LY. O]
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As an application of Theorem —Thm8, we can easily get the following
results.

Proposition.

Assume that X : () — IR has a quasi-continuous version and that there

exists a function f : R™ — R™ satisfying lim; .« % — o0 and

E[f(|X])] < co. Then X € L2, O
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For each € > 0, there exists an N > 0 such that ( ) > % for all t > N.
Thus
E[|X|PLixsny] < eB[F(IX])1qxsny] < eE[fF(]X])].

Hence limy . E[|X|P1{|x|>n}] = 0. From Theorem —Thm8 we infer X €
L2. O

.
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Let {P,}>_, C P converge weakly to P € P. Then for each X € L}, we
have Ep [X] — Ep[X].
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Proof

We may assume that X is quasi-continuous, otherwise we can consider its
quasi-continuous version which does not change the value Eg for each

Q € P. For each € > 0, there exists an N > 0 such that

E[|X[1yx|>ny] < 5. Set Xy = (X AN) V (=N). We can find an open
subset G such that ¢(G) < ;% and Xy is continuous on G€. By Tietze's
extension theorem, there exists Y € Cp(Q)) such that |Y| < N and

Y = Xy on G€. Obviously, for each Q € P,

|EQ[X] — Eo[Y]l < Eo[|X — Xn[] + Eo[lXn — Y]

£ oyt =
+ 4N

It then follows that

limsup Ep, [X] < lim Ep, [Y]+e=Ep[Y]+e< Ep[X]+ 2

n—oo

and similarly liminf,_.« Ep, [X] > Ep[X] — 2¢. Since € can be arbitrarily
small, we then have Ep [X]| — Ep[X]. O
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For continuous X, the above lemma is Lemma 3.8.7 in [?]. O

Now we give an extension of Theorem —Thm2.

Let P be weakly compact and let {X,}"_; C LL be such that X, | X,
g.s.. Then E[X,] | E[X].
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It is important to note that X does not necessarily belong to ILL. []
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Proof
For the case E[X] > —oo, if there exists a 6 > 0 such that

E[X,] > E[X]+6, n=1,2,---, we then can find a P, € P such that
Ep,[Xs] > E[X]+6—%, n=1,2---. Since P is weakly compact, we

then can find a subsequence {Py,}~, that converges weakly to some
P € P. From which it follows that

Ep[Xp,] = lim Ep, [Xn,] > limsup Ep, [Xn;]

J—ooo J—>oo

> Iimsup{IE[X]—l-(S—n—} =E[X]+4, i=1,2,---.
d]

_j;»oo

Thus Ep[X] > E[X] + J. This contradicts the definition of IE[-]. The
proof for the case IE[X] = —oo is analogous.
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We immediately have the following corollary.

Let P be weakly compact and let {X,}"_, be a sequence in ILL
decreasingly converging to 0 q.s.. Then E[X,] | 0.

0 March 13, 2010 107 / 186



Definition

Let / be a set of indices, (X;)tes and (Y;)ses be two processes indexed by
I . We say that Y is a quasi-modification of X if for all t € [, X; = Y;

g.s..
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In the above definition, quasi-modification is also called modification in
some papers. []
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We now give a Kolmogorov criterion for a process indexed by RY with
d e N.

Theorem

Let p > 0 and (Xt)te[oll]d be a process such that for all t € [0,1]9, X;
belongs to ILP . Assume that there exist positive constants ¢ and & such

that

E[|X; — Xs|P] < c|t — 5|9,

Then X admits a modification X such that

for every & € [0,&/p). As a consequence, paths of X are quasi-surely
Héder continuous of order o for every o < €/ p in the sense that there
exists a Borel set N of capacity 0 such that for all w € N€¢, the map

t— X (w) is Hoder continuous of order w for every a < €/p. Moreover, if
X; € IL? for each t, then we also have X; € ILP.

v
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Proof.
Let D be the set of dyadic points in [0,1]¢:

I ] . .
D:{(;”;)’ neN/’l/"'/Ide{orll"',2n}}.

Let « € [0,&/p). We set
Xe — Xs
M= sup 7| : ’X|.
s,teD,s#t |t_5|

Thanks to the classical Kolmogorov's criterion (see Revuz-Yor [?]), we
know that for any P € P, Ep[MP] is finite and uniformly bounded with
respect to P so that

E[MP] = sup Ep[MP] < oo.
PP

As a conse uence, the map t — Xt is uniformly continuous on D
y
quasi—surely and so we can define
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Sec. G-expectation as an Upper Expectation

In the following sections of this Chapter, let O = C{(R™) denote the
space of all RY—valued continuous functions (wWt)ter+, with wg =0,
equipped with the distance

[e°]

plwh,w?) =Y 27[( max |w} — w?|) A1),
i=1 te[0,i]

and let ) = Q]Rd ![O""’) denote the space of all RY—valued functions
(@¢)¢er+- Let B(Q)) denote the o-algebra generated by all open sets and
let lﬂ@ denote the o-algebra generated by all finite dimensional cylinder
sets. The corresponding canonical process is Bi(w) = w; (respectively,
Bi(@) = @), t € [0,00) for w € O (respectively, @ € ()). The spaces of
Lipschitzian cylinder functions on Q) and Q) are denoted respectively by

Lip(Q) := {@(By, By, -+ ,B,) : Vn>1,t1,- -+, t, € [0,00), Ve € Cpip(RY
L,'p(Q) = {(P(Btl’gt2" . /Btn) :Vn 2 ]_, t]_,‘ . ,tn - [0,00),Vq) (S CL,‘p(Rd:
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Let G(-) : S(d) — R be a given continuous monotonic and sublinear
function. Following Sec.2 in Chap.—ch3, we can construct the
corresponding G-expectation IE on (Q, L;,(Q)). Due to the natural
correspondence of Lj,(Q) and L;y(€2), we also construct a sublinear
expectation E on (Q), L;j»(Q))) such that (B:(@))¢>0 is a G-Brownian
motion.

The main objective of this section is to find a weakly compact family of
(o-additive) probability measures on (Q), B(Q2)) to represent
G-expectation IE. The following lemmas are a variety of Lemma —I-le3 and
—l-led.
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Let 0 < t1 <tp < < tm<ooand {@,}; C Cpip(RI*™) satisfy
(Pn l 0. Then IE[(Pn(Btertgl e, Btm)] l 0.
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We denote
T:={t=(t,. . tm):VMEN,0<t1 < tp < -+ < t, < 0}.

Let E be a finitely additive linear expectation dominated by IE on Li,(Q)).

Then there exists a unique probability measure @ on (Q, B(Q)) such that
E[X] = Eq[X] for each X € Ljp(Q)).
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Proof.

For each fixed t = (t1,...,tm) € 7, by Lemma —le3, for each sequence
{@n}; C Cip(RY*™) satisfying ¢, | 0, we have

E[9,(Bt, B, -+, Bt )] | 0. By Daniell-Stone's theorem (see Appendix
B), there exists a_unique probability measure Q; on (R¥*™, B(IR¥*™))
such that Eg.[¢] = E[@(By,, Bt,, -+, By,,)] for each ¢ € Cp;,(RIX™).
Thus we get a family of finite dimensional distributions {Q; : t € T }. It is
easy to check that {Q; : t € T} is consistent. Then by Kolmogorov's
consistent theorem, there exists a probability measure @ on (), B(Q)))
such that {Q; : t € 7} is the finite dimensional distributions of Q.
Assume that there exists another probability measure Q satisfying the
condition, by Daniell-Stone's theorem, @ and @ have the same
finite-dimensional distributions. Then by monotone class theorem, Q@ = Q.
The proof is complete. O

v
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There exists a family of probability measures Pe on (Q), B(Q))) such that

E[X] = max Eq[X], for X € Lip(Q0).
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By the representation theorem of sublinear expectation and Lemma —le4, it
is easy to get the result. Ol
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For this P, we define the associated capacity:

¢(A) := sup Q(A), Ae B(Q),
QeRr

and the upper expectation for each B(Q))-measurable real function X
which makes the following definition meaningful:

E[X] := sup Eg[X].
QeR

For (B)+>o , there exists a continuous modification (B):>q of B (i.e.,
¢({B; # B:}) =0, for each t > 0) such that By = 0.
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Proof.

By Lemma —le5, we know that IE = IE on L;,(Q)). On the other hand, we
have

E[|B: — Bs|*] = E[|B: — Bs|*] = d|t —s|? fors, t €[0,0),

where d is a constant depending only on G. By Theorem —ch6t128, there
exists a continuous modification B of B. Since &({By # 0}) = 0, we can
set By = 0. The proof is complete. O

v
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For each Q € R, let Q o B~! denote the probability measure on
(Q, B(Q))) induced by B with respect to Q. We denote
Pr={QoB1:Qc R} Bylemma—le6, we get

E[|B: — Bs|*] = E[|B: — Bs|*] = d|t — s|?,Vs,t € [0,00).

Applying the well-known result of moment criterion for tightness of
Kolmogorov-Chentsov's type (see Appendix B), we conclude that Py is
tight. We denote by P = P the closure of Py under the topology of
weak convergence, then P is weakly compact.

Now, we give the representation of G-expectation.

Theorem

For each continuous monotonic and sublinear function G : S(d) — R, let
IE be the corresponding G-expectation on (Q, Lj,(Q)). Then there exists a
weakly compact family of probability measures P on (Q), B(Q))) such that

E[X] = Ep[X] for X € Ljp(Q).
[X] = max Ep[X] for X € Lip(QQ)

V.

0 March 13, 2010 122 / 186


Administrator
线条

Administrator
线条


By Lemma —le5 and Lemma —le6, we have

E[X] = Ep[X] for X € Lip(Q).

b = i for p(Q2)

For each X € L;j,(Q)), by Lemma —le3, we get -

E[|X — (XAN)V (=N)|] | 0as N — co. Noting that P = P, by the
definition of weak convergence, we get the result. O

v
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Remark.

In fact, we can construct the family P in a more explicit way: Let
(We)es0 = (Wl'l)IdII,tZO be a d-dimensional Brownian motion in this
space. The filtration generated by W is denoted by ftW. Now let I' be the

bounded, closed and convex subset in IR?*? such that

G(A) = suptr[Ayy "], A€ S(d),
yel

(see (=GaChll) in Ch. 1l) and Ar the collection of all ®-valued
(FV)¢>0-adapted process [0,00). We denote

.
B! ::/0 yedWs, >0, 7€ Ar.

and Py the collection of probability measures on the canonical space
(Q), B(Q))) induced by {B7 : v € Ar}. Then P = Py (see [?] for
details). O

0 March 13, 2010 124 / 186



Sec. G-capacity and Paths of G-Brownian Motion

According to Theorem —Gt34, we obtain a weakly compact family of
probability measures P on (Q, B(Q)) to represent G-expectation IE[-].
For this P, we define the associated G-capacity:
¢(A) :=sup P(A), Ae B(O)
PeP
and upper expectation for each X € L%(Q)) which makes the following

definition meaningful:
E[X] := sup Ep[X].

PP
By Theorem —Gt34, we know that E = E on L,-,,(Q), thus the
E[| - |]-completion and the EJ| - |]-completion of L;,(Q)) are the same.

For each T > 0, we also denote by Q7 = C¢([0, T]) equipped with the
distance

1

p(w!, w?) = [jw! —wzHcg([O’T]) = max_|w! —w?.

0<t<T

We now prove that LL(Q)) = L., where L} is defined in Sec.1. First, we

need the following classical approximation lemma.
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Lemma

For each X € Cp(Q)) and n=1,2,- -, we denote

XM (w) = inf {X(«) + nl|jw _w/Hcg([o,n])} for w € Q.

w'en
Then the sequence { XM} satisfies:
(i) =M <X < XD <o <X, M = supgeq X (w));
(i) | XM (wy) — X (wo)| < nlwy — w2|‘cg([0,n]) for w1, wy €
(i) X(M(w) 1 X(w) for w € Q.
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Proof.
(i) is obvious.
For (ii), we have

XM (wy) — XM (w,)
< supyreai[X(@') +nlwr = &l cg(o,m)] — X (@) + nlwz — ']
< n|wr — wal| cg 10,

and, symmetrically, X(") (w,) — X" (w;) < n|w; — w2l cg(jo,n))- Thus
(ii) follows.
We now prove (iii). For each fixed w € Q, let w, € Q) be such that

n 1
X(wn) + nlw — wall cg(o,n) < X" (w) + o

It is clear that n|w — wa| cg(jo,n)) < 2M + 1 or

|w — w”HCS([O,nD < 2MHLSince X € Cp(QY), we get X(w,) — X(w) as

n — oo. We have
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Proposition.
For each X € C,(Q)) and € > 0, there exists Y € Lj,(Q)) such that

E[[Y - X|] <e. O
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Proof.
We denote M = sup,cq | X(w)|. By Theorem —Thm2 and Lemma —lel0,

we can find 4 >0, T > 0 and X € Cp(Q7) such that E[|X — X|] < ¢/3,
suPe [X(@)] < M and

X (w) = X(")| < p||lw — w,HCg([o,T]) for w,w’ € Q.

Now for each positive integer n, we introduce a mapping
w(w): Q — O

n—1 1 n &n (t)
n [t t0 1)
W (w)(t) =),

th . —¢tn [(t£+1—t)w(t;())—i-(t—tg)w(t£+1>]+]_[7_loo
k=0 “k+1 k

where t] = g, k=0,1,---,n. Weset X" (w) := X(w(w)), then

X (@) = X ()] < posup w0l (w)(t) — 0! (@')(1)]
te[0,T]
= sup |w(tg) —w'(t)].
kelo,--,n]
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By Proposition —prll, we can easily get LIG(Q) = L. Furthermore, we
can get L2.(Q)) =12, Vp > 0.
Thus, we obtain a pathwise description of L’(’;(Q) for each p > 0:

LZ(Q) = {X € L°(Q) : X has a quasi-continuous version and lim E[|X|P/

n—oo

Furthermore, E[X] = [E[X], for each X € LL(Q).

Exercise.
Show that, for each p > 0,

L2(Q7) = {X € L°(Q7) : X has a quasi-continuous version and lim E[|X

n—oo

Ol
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