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T T
Y, = ¢+ / (s, Yo, Zs) ds + / 9(s, Ye, Z5)dBs
t Jt

/‘Tzsdws, telo,T], (1)
Jt

@ dW is a forward It integral

@ dBis a backward It6 integral

@ ¢, a 7}/-measurable variable =terminal condition

@ The functions f and g = coefficients (also generators) e
@ (Y,Z) = unknowns (4]
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@ BDSDE (1) = by Pardoux and Peng (1994): Existence et
uniqueness result under Lipschitz condition on the coefficients

@ The Lipschitz constant « of g with respect z satisfies 0 < a < 1,
which is a very natural condition for many particular situations,
e.g., g linear on z and does not depend on y.

@ The solution (Y, Z) is adapted to 7 © 77, which is not a
filtration. '
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INTRODUCTION

@ As application BDSDE (1) give in the Markovian framework the
representation to SPDE

u(t,x) = h(x)+ /.T[Lu(s, X) + f(s, x, u(s, x), (Oxu.o)(s, x))]ds
Jt
+ /Tg(s,x. u(s,x))dBs, 0 <t<T, (2)
t

1< R
=1 - [
£ 2;:1(” )’fax,-ax, +; "oxi
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Other results

@ Bally and Matoussi (2001): Weak solutions of parabolic
semilinear SPDEs in Sobolev spaces.

@ Matoussi and Scheutzow (2002): SPDEs with nonlinear noise
term give by [t6-Kunita stochastic integral.

@ Buckdahn and Ma (2001,2002): Notion of stochastic viscosity
solution for SPDE

@ Boufoussi and Mrhardy (2007, 2008): Stochastic viscosity
solution for SPDE with Neuman-Dirichlet boundary condition and
multivalued SPDE.

@ Aman and Mrhardy (2008) : Obstacle problem for SPDE with
Neuman-Dirichlet boundary condition
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Other works about BDSDE
@ M. N’zi and J. M. Owo (2008, 2009): BDSDE with non-Lipschitz
and discontinuous condition

@ A. Aman (2009): LP-solution of BDSDE with non Lipschitz
condition

@ L. Hu and Y. Ren (2009): GBDSDE with Lévy process and
stochastic PDIE Neuman-Dirichlet boundary condition

@ A. Aman and Y. Ren (2010): Viscosity solution for SPDIEs with
nonlinear Neuman-Dirichlet boundary condition
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BDSDE with parameter

T T
Y: = g(x)—&—/t f(s, Ys, Zs) ds—&—/t a(s, Ys)dBs

T
- / ZodWs, te [0, T, 3)
Jt

@ Solution depends on x via {(x) = (Y*,Z%).

@ In the sequel g do not depend on z due to the use of strict
comparison theorem for BDSDE, which works only in this case.

=/
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Aim of topic
X — &(x,w) homeomorphism on R for almost all w;

—

X — Y*(w) homeomorphism on R for almost all w?

svd
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Additional assumptions
(Hz,) Letset Cy > 0and ¢ > 0.

Forall z< RY t < [0, T] and any y € R such that |y| < ¢4,

(i) y f(t,y,2) > —Ci| 2|13,

(i) g(t,0) = 0. |
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Additional assumptions

(Hg) For almost w, x — &(x,w) is increasing (or decreasing ) and is
an homeomorphism on R,

(HZ) for any R > 0, there are g, Cr > 0 such that

El¢(x) — £(¥)[? < Crlx — y[™**7, ¥|x|,ly| < R.

(H2) For some 3 < =25 A 0,

liminf E|¢(x)|* = 0.

|X|—o00
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FORMULATION OF PROBLEM

Let denote by

f(y,z) =y + arctan(y)(1 + sin(z)).
Then f satisfy (H7 (1))

Moreover Hg holds if £(x) verify this condition
for some Ry > 0 and ¢ > 0,

it Sxow)
(x>Re}  9(X)

> e

g : R — R continuous such that
liMy— 00 g(X) = F00 Or liMy_ 00 g(X) = o0.
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Main result

Theorem
Under Lipschitz condition on f and g

Under additional assumptions,

for almost w € Q, the map x — Y{(w) is a homeomorphism on R, for
every t € [0, T].
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Preliminaries results

Comparison theorem
Let (Y',Z") — solutions of BDSDEs (¢!, ', g) solution of BDSDEs

(Y2, 72) — solution of BDSDEs (£2, 2, g).
If €1 > £2, a.s.
fi(t, Y, 2" > (L, Y1, 2"), as., Vt € [0, T],

then, Y/ > Y7, a.s.

svd
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Preliminaries results

Injection property

Forany R > 0 and any |x|, |y| < R,
E < sup | Y7 — YV) < Crlx —y|"**"
te[0,T]

In particular, { Y, (,x) € [0, T] x R} admits a continuous
modification on [0, 7| x R. and

P({w: Y{(w)< Y/(w), Vx<y, te[0,T]}) =1.
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Preliminaries results

Property at infinity

Under Lipschitz condition on f and g, additional assumptions (Hﬁg)
and (HZ), we have

liminf E < sup |Y,X4<’> = 0. (4)

|X|—o0 0<t<T

A. AMAN A NOTE ON HOMEOMORPHISM FOR BACKWARD DOUBLY SDES AND APPLICAT



HOMOMORHISM RESULTS

Proof of main Theorem (Injection)

Assumption (H}),
Comparison theorem
Injection property

— X — Y{(w) are continuous and injective a.s., for all f € [0, T].
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Proof of main Theorem (Surjection)

Since § < 0, forany ne N* , x e Rand t € [0, T], by Tchebychev’s

inequality,
P(|Y¥|>n) = P(|Y* < n*)
> P sup |YX‘43 43
0<t<T
= 1-P SUp|YX‘4d 45
0<t<T
E | sup |Y¥|*
> 0<t<T
- 43 c s
! 4]
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Proof of main Theorem (Surjection)

By virtue of Property at infinity, we have, for any n € N* and for all
tel0, T]

I|m|nf1P><|Y"\ > n) 1.

|x]—o00
Therefore

lim Y| =+o0, Vtel[0,T],

|X|—+o0
Hence, by injectivity
lim Y = +oo, I|m Y = Foo, Vte]0,T],

XT+o0 X|—o0

Consequently, x — Y{(w) is surjective.

R R RRRRRRRRRRRRRRRRRRRRRRRRRRRRRRERRRRRRRRRRRRRRRRRRRRRRRRERRRRRRRRRRRRRRRREERRRRRRERERRRRRRRERRRRRERRERERRRRRRBRBRBRRERRERERwERRE
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Standing Assumptions

On coefficients of SDE

(A;,b) Forallt € [0, T], o(t,.), b(t,.) € Cl’o:b(R);

A2 ) Forsome C,, > 0andforall (t,x) € [0,T] xR
o,b )

o (t, )| + [b(t, X)| < Co plX];
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Standing Assumptions

On coefficients of BDSDE

(A}) forall t € [0, T],(x,y,z) — f(t,x,y,z)is of class C%, and their
derivatives of order one and two are bounded on [0, T| xR xR x R;

(A?) for every t € [0, T], the function x — f(t, x,0,0) has polynomial
growth at infinity together with all partial derivatives up order
three;

(A?) for some C; > 0 and ¢; > 0, it holds that
yi(w, t,x,y,2) > —Cy|z|?, for all (w,t) € Q x [0, T] and |y| < €1,
X,z € R; ﬁi
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Standing Assumptions

On coefficients of BDSDE

(A;) forall t € [0, T], (t,x,y) — g(t, x, y) is of class C?, and all
derivatives are bounded on [0, 7] x R x R.

(A2) forall (t,x) € [0, T] xR, g(t,x,0) =0,
(Ah) he G(R),

(A2) x — h(x) is increasing (or decreasing) and a homeomorphism
on R.

(A?) there are constants ¢y, > 0 such that |h(x)| > c1|x|°. i
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Main result

Under the assumptions (A) and for any t € [0, T],

the map x — Y. * is a homeomorphism on R for all s € [t, T], a.s.
In particular, denoting Y,”X = u(t, x) the unique solution to SPDEs (2),

X — U(w, t, x) is a homeomorphism on R for almost all w and
te[o, T].

y. 7]

A. AMAN A NOTE ON HOMEOMORPHISM FOR BACKWARD DOUBLY SDES AND APPLICAT



APENDIX

Proof of Preliminaries results

Proof of comparison theorem

Define
= < S (i 1(i 2(i
£ -2 V=v-v, ZP=Z9_Z0,
fio= f(s Y, 28) - (s, Y2, Z2)
and
" fi(s, Y1, 20— fl(s, Y2,Z}) bi = fil(s, Y2‘Z’ ‘)-f1(s, y2, k)
(Yf1 — Yf2)1{Y;7£Y,2} (2[1(1) — th(’))‘l{ztw(/)izf(f)
. g(s, Y3) — g(s, Y&)
t )
(Y - Y) {yi#yZ}
:::.'.
where Z0) = (22(), 222), 720, Z\0+1),__ Z1)) ra
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Proof of Preliminaries results

Proof of comparison theorem

(Y, Z) is a unique solution of the following linear BDSDE
- —_— ‘T — — -
% ES § =F / [as Ys a4F bSZS aF fs]ds
t
T _ T _
+/ Cs VsdBs — / Z.dWs, telo,T].
t t

Now, by the explicit expression for linear BDSDE

T
Vr = E (I',7T§_+ / I_,_,rf,dr ‘ th> 9
Jt
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Proof of Preliminaries results

Proof of comparison theorem

where
ot
st = exp (/ ardr+/ c-dB, — / llce | dr>
J S

Therefore, since £ > 0and £, > 0,V t € [0, T],

we have Y; > 0,as. i.e. Y{ > Y7, as. foreach t € [0, ]
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Proof of injection property

(Y*,Z*¥)and (Y”,ZY) be respectively the unique solution of BDSDE
associated to £(x) and £(y)
Define

E=Ex)—Ey), =Y =Y, Z=2Z' - Z
By virtue of Ité’s formula, taking expectation, using (H}Ag), Young’s

inequality, Gronwall’s inequality and (Hg)

T
E < Y 2 +/ ||2s2d3> < Clx —y|"*on. (5)
Jt
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Proof of injection property

Applying again Ité’s formula, taking the sup and hence expectation, it
follows by Young inequality, Burkhélder-Davis-Gundy inequality and

(5), we get
E ( sup | V; ) c (EEIQHE / VoPds + E / ||232ds>
t€[0,7] 0 t
Clx — y|"*°. (6)

IA

IA
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Proof of property at infinity

Assume that for all x € R E[¢(x)[* < +o0o. Forany 0 < ¢ < £y and
a <0,

.
(IV{P+e* = (YFP +e)*+2a / (IS + &) Y2H(s, Y2, Z)ds
Jt
.
+2a,/ (| YX2 4+ e)*"YZg(s, YX)dBs (7
t
o
24 / (V2P + € Y2 ZXdWs
Jt

T
+2a(a — 1)/t YR YEP + ) 2llg(s, Y&)|Pds

+Aq-
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Proof of property at infinity

T
A, = a / (| Y2P+e)>"llg(s, Y2)|Pds
Jt
T
—2a(a—1) / \YSX|2(| st‘2 + 6)(!72”25)(”2(15
Jt

T

o / (V2P + )12 Pds
t

First for each x ¢ R

sup E|Y¥* < +oo. (8)
0<t<T

-l
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Proof of property at infinity

(Hz,) implies f(s, 0,0) = 0, which together with (H; ;) gives

#(t,y.2)] < Ce(lyl + |1zIl) and [lg(t,y)[I* < Cqlyl®.

For 0 < € < €1, putting oo = 23, taking expectation, using (5) and
letting ¢ | O,

:
E|Y % < B +C / E| VX [* ds.

Therefore it follows from Gronwall’s inequality

E|Y/|¥ < CE[E(X)P,

)
which proves (8) % |
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Proof of property at infinity

Now, starting from (7), using Young’s inequality with property of 5 and
Gronwall’s inequality

)
E<Yf*4**+ / |Y;|2(2’“>||z;||2ds) < CEfg(x)|*

Similar to the above calculations, from (7) with Doob’s maximal
inequality

T
E(Sup RO 4”) < CE <£(X)“"+/ V3| ds

0<t<T Jo

S
+ / Y;““zgﬁds)
0

43
< CE[&(x)[*,
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