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1. Statement of the Problem

Motivated by uncertainty problems, risk measures and the superhedging
in finance, Peng introduced G-Brownian motion. The expectation E[]
associated with G-Brownian motion is a sublinear expectation which is
called G-expectation. In the papers, Peng [2007] & Gao [2009], the
stochastic calculus with respect to the G-Brownian motion has been
established .

In this work, we study the solvability of the following stochastic
differential equation driven by G-Brownian motion:

X(0) =5+ /0 b5, X(5))ds + /0 (s, X(5))d(B, B)s " /O "o (s,X(s))dBs, (1)

where t € [0, 7], the initial condition x € R" is given and ((B,B);):>0 is the
quadratic variation process of G-Brownian motion (B;):>0.

The solvability of (1) has been studied in Peng [2007] & Gao [2009],
where the coefficients b, h and G are subject to a Lipschitz condition, and
the existence and uniqueness of the solution to (1) has been obtained by
the contraction mapping principle and Picard iteration respectively.
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In this work, we establish the existence and uniqueness of the solution to
(1) under the following so-called integral-Lipschitz condition:

[b(t,x1) = b(t,22) [P+ |h(t,21) = h(t,02) P |0 (1,21) = 6 (1,22) P < p (v —22[?), (2)

where p : (0,+e) — (0,+o0) is a continuous, increasing, concave function

satisfying
L dr
0+ =0,/ — =+
p(0+) b 50

A typical example of (2) is

1b(t,01) = b(t,x2)| + [t x1) = h(t,02)| + |0 (1,11) = 0 (1,202)] <y — (I L)

Furthermore, we also establish the existence and uniqueness of the

solution to equation (1) under a “weaker” condition on b and A, i.e.,
|b(t,x1) = b(t,%2)| < p(Ix1 —x2); [h(t,x1) —h(t,x2)| < p(lx1 —x2]).  (3)

A typical example of (3) is

|b(t,x1) —b(t,x2)| < |x1 —x2/In 3 |h(t,x1) —h(t,x2)| < |x1 —x2|1In

[x1 — x|

1
[x1 — x|
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Reference:

e Watanabe-Yamada [1971] & Yamada [1981] studied the solvability of
(1) under the condition (2) for classical finite dimensional case and the
uniqueness of solutions to (1) under the condition (3) for classical case.

e Hu-Lerner [2002] studied the solvability of (1) under the condition (2)
for classical infinite dimensional case and the existence of solutions to (1)
under the condition (3) for classical case.

In this work, we prove the existence and uniqueness of the solution to (1)
still hold under either condition (2) or condition (3)
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At the end of the work, we also consider the following type of G-BSDE:
T T
=B+ [ 6. Xds+ [ g6 X)dBBFL @)

where t € [0,7] and & € LL(Fr;R"). While the solvability for (4) under a
Lipschitz condition on the coefficients f and g has been given by Peng
[2007], we prove that under the integral-Lipschitz condition:

l8(s,y1) —&(s,2)| +1f (s, 31) —=f(s,92)| < p(Iy1 —21)s

the existence and uniqueness of the solution to (4) are obtained as well.
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2. G-Brownian Motion and G-Capacity

Adapting approach in Peng [2007], we have the following basic notions:
Q: a given nonempty fundamental space.

J€: a space of random variables which is a linear space of real functions
defined on Q such that :

o lec;
e 77 is stable with respect to local Lipschitz functions, i.e., for all n > 1,
and for all Xi,...,X, € 7, ¢ € C1;,(R"), ©(X1,...,X,) € H.

[E: a sublinear expectation which is a functional E : 7 — R with the
following properties : for all X,Y € JZ, we have

e Monotonicity: if X > Y, then E[X] > E[Y];

e Preservation of constants: E[c] =, for all ¢ € R;

e Sub-additivity: E[X] —E[Y] <E[X-Y];

e Positive homogeneity: E[AX] = AE[X], for all A > 0.
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Definition (Independent)

For arbitrary n,m > 1, a random vector Y € 7" is said to be independent
of X € ™ under E[-] if for each test function ¢ € Cypip(R") we have

E[o(X,Y)] = E[E[@(x,Y)]x=x]-

Definition (ldentically Distributed)

Given two sublinear expectation spaces (Q, 7, ) and (é,fzﬁ) two
random vectors X € 7" and Y € 7" are said to be identically
distributed if for each test function ¢ € Cj;,(R")

Fx[¢] = Fy[e],

where Fx|[¢] := E[p(X)] and Fy[@] :=E[@(Y)] respectively.
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Definition (G-Normal Distributed)

) H
|
Q‘ |

A d-dimensional random vector X in a sublinear expectation space
(Q,,E) is called G-normal distributed if for each ¢ € C;rjp(RY),

u(t,x) :=E[p(x+ v1X)], t > 0,x e R?

is the viscosity solution of the following PDE defined on [0,0) x R%:
du
S G(DM) =0, ulio =,

where G = Gx(A) : S? — R is defined by

Gx(A) := %]E[(AX,X)],A s,

and D*u = (8)621)(1 )w 1
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Remark

In particular, E[¢(X)] = u(1,0), and by Peng [2007] it is easy to check
that, for a G-normal distributed random vector X, there exists a bounded,
convex and closed subset T’ of R?, which is the space of all d x d
matrices, such that for each A € S, G(A) = Gx(A) can be represented as

1
G(A) = 3 sullz trlyy’ A).
e

Consequencely, we can denote the G-normal distribution by N(0,X),
where ¥ := {yy!,yeT}.
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In order to establish the stochastic calculus in the framework of
G-expectation, we firstly give a more explicit definition of the triple
(Q,#,E):

Sample space:

Q:={w:[0,00) = RY|(ay)s>0 is continuous and @y =0}.

Distance on Q:

oo

p(o', o) = ; 2*!'[(2[%?5] o — w?[) A1),

Ramdom variable space:
LO(Fr) :={@(Bi,....B;,) :n > Lt1,... 1y € [0,T],0 € G 1;p(R")},
and

0 . - 0
Ll‘p(y) o= U Lip(cé/\n%
n=1

where B;(®) = ay,t € [0,+e0) is the canonical process.
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Definition (G-Expectation)

Sublinear expectation E : ng(ﬁ )— R on (Q,ng(ﬁ ) is a G-expectation
if and only if (B;);>0 is @ G-Brownian motion under E, that is,

o Bo(a)) =0;
® B, s — B, is N(0,sX)-distributed and independent of (By,,...,B,,), for
eachneN,0<n<...<t,<t, and t,s > 0.

Remark

| A\

We denote by Ly,(Fr) (resp. L (.F)) the topological completion of
Lg,(g%) (resp. Lg,(gf)) under the Banach norm EJ| - |1’]1l’, 1 <p<eo.
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Definition

The related conditional expectation of X € ng(ﬁzT) under Lg)(ﬁ,j):

E[X‘y[j] = E[(P(BII,BIZ _Bt17""Btn _Btn l)|¢g}j]

== ]E[IV(B[[’BIZ _Btl" 50 ,Bt] _Btj—l)]7

where y(xy,...,x ):E[ (x5 Xy /L1 — t]€]+1a \/tn_tn—lgn)]» and

0<y<...<t,<T, (&,. ,é,,) are a sequence ofG normal distributed
random vectors.

| \

Remark

Since, for X, Y € Lg,(c%j),
E[E[X|7,] - E[Y|7]]] <E[X - Y]],

the mapping E[-| 7] :ng(ﬂT) — Lg,(ﬁtj) can be continuously extended
to Li(Fr) — LG (Fy).

A
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From the above definition, we know each G-expectation is determined by
the parameter G, which coincides with I, so we have the following
representation theorem according to Denis-Hu-Peng [2008].

Let <7 .. be the collection of all T—valued natural filtration {.%;, > 0}
adapted processes on the interval [0,c0). For each fixed 6 € %ﬂo, set Py

be the law of the process ([ 6sdBy);>0 under the Wiener measure P, and
P :={Py:0¢ %1;0}.

Definition (Quasi-Surely)

For each A € B(Q), we define

C(A) := sup P(A),
Pe

then a set A is called polar if C(A) = 0. Moreover, a property is said to
hold “quasi-surely” (q.s.) if it holds outside a polar set.
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Theorem (Denis-Hu-Peng [2008])
For each X € L°(Q), we define

I_E[X] ‘= Ssup EP(X)a
PeZ?

then we have

L5(F) = {X €€ L°(Q) : X is q.s.continuous and HETME[|X|I{|X\>n}] =0}.

Furthermore for all X € L5 (%), E[X] = E[X].

From Denis-Hu-Peng [2008] and Gao [2009], we also have the following
monotone convergence theorem:

X, €LE(F), Xa L X, q.5. = E[X,] | B[X].
X, € B(Q), Xu1X, q.5., Ep(X1) > —oo for all P€ Z = E[X,] 1 E[X]. (5)
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In Gao [2009], a generalized 1t6 integral and a generalized It6 formula
with respect to G-Brownian motion are established:

A partion of [0,77:

7[7]\! {l‘(),ll7 Z‘N},O=l‘0<ll<...<l‘N=T.

A collection of simple processes M’(’;’O(O,T;R), p>1:
MEL(0,T;R) := {n, = Z Elly ) (036 € LG(F),i=0,1,,...N— 1},

Norm on M%°(0,T;R):

1

([ eimema)’ - (X meren-n)

We denote by M7,(0,T;R) the topological completion of M’(’;’O(O,T;R)
1
under the Banach norm ([ E[|n|]dr)? .
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Let a = (aj,...,aq)” be a given vector in RY, we set (B?),>0 = (a,B/)1>0,
where (a,B;) denotes the scalar product of a and B;.

Definition

For each n € M?;’O([O, T]) with the form

N—1
n(®) = Z &) (1),
Jj=0

we define

T N—1
o) = [ nast= Y (8, - B,
=0

the mapping can be continuously extended to .% : M%([0,T]) — L%(Fr).
Then, for each n € M2([0,T]), the stochastic integral is defined by

T
/0 nsdBS := 7 (n).
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Denote by ((B););>0 the quadratic variation process of process (B%):>0,
we know from Peng [2007] that ((B?););>0 is an increasing process with
(B*)o =0, and for each fixed s > 0,

(B") 145 — (BY)s = ((B")")r,
where B} = By, — B;,t > 0,(B*)? = (a,BY).
The mutual variation process of B* and B? is defined by

(B*,B%); := 4 ((B*+B%),— (B — B%),).

Definition

Define the mapping M3"([0,T]) — LL(Fr) as follows:

i N—1
- /0 NE)dBEs = Y E((B ., — (B),).
k=0

Then 2 can be uniquely extended to M. ([0,T]). We still use 2(n) to
denote the mapping [y n(s)d(B®)s, N e ML([0,T)).
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We introduce two important inequalities for G-stochastic integrals which
we will need in the sequel.

Theorem (Gao [2009], BDG Inequality)

Let p>2 and n = {n,,s € [0,T]} € ML([0,T]). Fora € R?, set

X, = fé NsdB2. Then there exists a continuous modification X of X, ie.,
on some Q C Q, with C(§) =0, X.(w) € Cy[0,7] and

C(|X; —X;| #£0) =0 for all t € [0,T], such that

p/ 2
B[ sup %, — %" < G0/ (/ M |2du> :

s<u<t

where 0 < C, < o is a positive constant independent of a, 1 and T".
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Theorem (Gao [2009])

Letp>1anda,acR? Let n € MY,([0,T]). Then there exists a

continuous modification X** of X := [ n,d(B® B2, such that for any
0<s<t<T,

E[ sup [X3® —X32P]
u€|s,1]

1 1 p _ t
S(Zo-(a+5)(a+ﬁ)7+Zo(a—é)(a—5)7> (t—s)P 1E[/S TP dlu].

By the above two Theorems, we can assume that the stochastic integrals
JonsdB2, [§nsd(B*,B*) and [;nyds are continuous in t for all @ € Q.
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Theorem (G-t6's formula)

Let @', n¥¥ and B € M%([0,T]), v=1,...,n, i,j=1,...,d be bounded
processes and consider

t d . o d ot ..
X,V:Xg+/0 ofds+ Y /O n!”d(B’,H)ﬁZ/()ﬁQ’-’dBé,
j=1

ij=1

where X§ €R, v=1,...,n. Let ® € C}(R") be a real function with
bounded derivatives such that {92, P} y_ are uniformly Lipschitz.
Then for each s,t € [0,T], in LE,(%)

t 1 . . .
D(X;) — P(X;) = / 3xV<I>(Xu)a;’du+/ o ®(X, )N,V d(B',B'),
t . . . .
+%/ axz“xv(b(xu) #lﬁxjd<3lvB/>u
rt . X
+ [ dw®(x,)BlaB,

where the repeated indices v, W, i and j imply the summation.
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3. Solvability of G-SDE with Integral-Lipschitz Coefficients

Consider the following stochastic differential equation (1) driven by a
d-dimensional G-Brownian motion, and we rewrite it in an equivalent
form:

X,—x—i-/bngds—i—Z/h,JsXs d(B', ‘+Z/c,sxs L (6)

ij=1

o b(-,x), hjj(-,x), oj(-,x) EMG([O T];R™);

o [b(t )2+ Xy Iy (10 P+ XL 10i(1,2) > < BE(0) + B3 () xI?; (H1)
e [b(t,x1) —b(t, Xz)\2+):w 1 g (,20) = by (8,2) P+ X |05 (8,31) — 08, 32)|* <
B*()p (b1 —x2f?), (H2)

where B; € M%([0,T]), B:[0,T] = R", B,:[0,T] — RT are square
integrable, and p : (0 ,+oo) (0,+e0) is continuous, increasing, concave
function satisfying

1 r
p(0+) =0, /0 % — foo. (7)
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Theorem 1

We suppose (H1) and (H2), then there exists a unique continuous
process X(-;x) € L%([0,T);R") (for all t > 0, X(t;x) € LZ(.F;R")) which
satisfies (6).

A

Lemma 1 (Hu-Lerner [2002])

Let p : (0,4o0) — (0,+0) be a continuous, increasing function satisfying
(7) and let u be a measurable, non-negative function defined on (0, o)
satisfying

<a+/B ))ds, t € (0,+o0),
where a € [0,+c0), and B : [0,T7] — R™ is Lebesgue integrable. We have:

o Ifa=0, then u(t) =0, fort € [0,+);
ohlfa >0, we define v(1) = [; (ds/p(s)), t € [0,40), where 1 € (0,+0),
then

@)+ [ Bs)as). ®)

4
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Lemma 2 (Jensen's Inequality)

Let p : R — R be a continuous increasing, concave function defined on
R, then for each X € Lé(ﬁ’f‘ ), by a classical argument, the following
inequality holds,

p(EX]) > E[p(X)].

Proof to Theorem 1: Uniqueness

X (£;x1) — X(£:x0) > < 4]x; — x>+ 4] /Otb(s,X(s;xl)) —b(s,X(s3x7))ds|?
d t ..
4 3 [y, X(six1)) = hy s, Xs:32) ) (BB

ij=1

d t .
+41 - [ o5 X(5131)) = s, X(s1x2)) Bl .
j=t-
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From the theorems in Gao [2009], we notice that

Bl sup | 0r<b<s7x<s;xl>> — b(s, X(s1x2)))ds[?]

< Kyt / B2()Elp (X (s,x1) — X(s,x2) ?)lds:

E[ sup | r(hzj(svx(s§xl)) — hij(s,X(5:32)))d(B', B )]

0<r<t J0

< Kot / B2()E[p (X (5,x1) — X(5,%2) )] dls;

Bfsup | 0r<c-<s7x<s;x1>>—c,-<s7x<s;xz>>>d3£|21

< K3/ B2()E[p(|X(s;x1) — X(s3x2)[?)]ds.
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Let _
u(t) =E[ sup [X(r;x;) —X(r;x2)|2],

0<r<t

due to the sub-additivity property of E[-] and Lemma 2, we have
1) < Crl =P +Ca [ BORIP(X(sim) — X(six2) Plds
< Ciln—xal+C2 [ B6)p (EIX(sa1) — X(six2) Pl)ds

< Ciln—xP +C; [ Bo)p(u(s)ds

In particular, if x; = x5, we obtain the uniqueness of the solution to (6).00
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Proof to Theorem 1: Existence

Picard lteration:

t d t
m+1 _ m (5. X™M(s i pj
X+ (t)—x—i-/ob(s,X (s))ds + Z/Oh,j( X" (s))d(B, Bl),

ij=1
d  pt - .
+/; /0 oi(s, X" (s))dB}, 1 € [0,T]. (9)

Priori estimate for {E[|X"(¢)[*],m > 0} :

EIX"H (0] < il + G [ EIB6)+ B3(6) K" (5)Plds.

Dominated by the solution p of:

p(0) = CubP+ s [ EIBRO)ds+ € [ B 5)p(s)as,

which is bounded from the explicit form.
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Set
sup EHXkJrler(r) —Xk+1(r)|2].

U1, (1) =
0<r<t

From the definition of the sequence {X™(-),m > 0}, we have

i) <C [ " B2(5) () s

Set
vi(t) = supug (1), 0<t < T,
m

then, )
0< () <C [ BA5)p(r(s))ds.

Finally, we have:

limsupvi(r) =0, 0<t<T.
k— o0

Hence, {X"(-),m >0} is a Cauchy sequence in L%([0,T];R"), set

o

X(n)= Y X"(0)-x""'(1)),

m=

after checking the right side of the iteration, the proof of the existence is
complete. O
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Theorem 2

We assume the following one-sided integral-Lipschitz conditions for b, h
and o, i.e., for all x,x;,x; €ER" and i,j=1,...d,

(HI') b(-,x), hj(-,x), 0j(-,x) € M5([0,T];R") are uniformly bounded;
(H2') 2{x1 —x2,b(1,x1) = b(1,x2)) < P*(1)p (|1 —02);

20 —x, hy(t,x1) — hyj(1,22)) < B2(0)p (b1 —x2]?):

|0j(t,x1) — 0j(t,32) > < B2(0)p (lx1 —x2])

where B : [0,T] — R" is square integrable. Then there exists at most one
solution X(-) in L% ([0,T],R") to (6).

4
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Proof to Theorem 2: Applying G-1to's formula to |X'(r) — X2(¢)|?

obtain:

(X' (1) - x> (1))

—2(x" (1) = X2(1),b(t, X" (1)) - b(z X2<z ))dr
+2(X" (1) = X2 (1), 1y (1, X" (1)) — g (1, X7 (1)) )d (B, B )1
+(oi(1,X' (1)) — 0:(1,X(1)) k(o-j(t X' 1) - 6( X(1)xd(B',B);
+2(X1 (1) = X(), 05, X (1)) — 0 (1, X* (1)) )dB]

where the repeated indices k, i and j imply the summation and

0= (o)1, (G)n)".

From the theorems in Gao [2009], we can deduce that

)
)

EIX' ()~ X2(0P) < C [ B()p(E]X'(5) - X2(5) l)ds.

Finally, Lemma 1 gives the uniqueness result.

, we
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Theorem 3

We suppose (H1') and the following condition: for any x;, x, € R"

|b(1,x1) = b(t,x2)| < B()p1 (b1 —xa);
(H2") [hij(t,31) = hyj(t,x2)| < B(D)p1 (b1 —xa);
|05(t,x1) = 65(1,32) |2 < B(1)pa(x1 —x2 ),
where 3 : [0,T] — R™ is square integrable, py, p; : (0,+o0) — (0,+0) are
continuous, concave and increasing, and both of them satisfy (7).
Furthermore, we assume that

, 7€ (0,400)

is also continuous, concave and increasing, and

1 dr
PO =0, [ ot =

Then there exists a unique solution to the equation (6).
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1
pi(r) = rln;,

1
pa(r) = rln;.

As for existence, we need some stronger conditions, nevertheless, the
example above satisfies the conditions of Theorem 3 but not Theorem 1.

4
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Proof of Theorem 3:

Picard lteration:

t
X" (1) =x+ / b(s, X" (s))ds
+Z/h,,sx ' +Z/ (5, X" (s))dB.
ij=1

Because of the assumptions of this theorem and thanks to Theorem 1,
the sequence {X™(-),m > 0} is well defined.

Note that as |x| is not C2, we approximate |x| by Fe € C2, where
Fe(x) = (x> +€)2, xeR™.

We notice that .

(WP +e)2”
and F.(x), FY(x) are bounded and uniformly Lipschitz.

Fe) < 1, [F{ ()| <
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Applying G-1to formula to Fe(X* 14 (f) — X*+1(1)), and taking the
G-expectation, we get from Theorem 16 that, for some positive constant
K,

E[Fe (X7 (1) - X" (1) / [b(s, X" (s)) — b(s, X (s))|ds]

+K Z IE[/ (5, X (5)) — (5, XK (s)) ]
ij=1
|05 (s, XXM (5)) — 0 (5, XK1 (5)) |2
+KZ /0 - (|XxkHmt1 (g )—Xk+i(s)|2+s)% )

Letting € — 0, we deduce from Lemma 1 and (5) that, for some positive
constant C,

w1 m(t) = sup E[XHH(r) - X ()]
0<r<t

<c[ ' B(5)(P1 (o (5)) + 03 1. () ).
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Set
vi(t) = supug (1), 0<t <T,
m

then, .
0< () <C /0 B(s)(p1 (ve(s)) + 3 (11 (5)) ).

By Lemma 1, we deduce that

limsupv () =0, t € [0,T].

koo
Hence, {X"(-),m >0} is a Cauchy sequence in L5([0,T],R"). Then there
exists X(-) C LL([0,T],R") and a subsequence {X"(-),/> 1} C {X"(:),m
> 1} such that

X" — X, as | — +o0, q.s..
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Since b, h;; and o; are bounded, it is easy to check that, for some positive
constant M > 0,

sup sup E[|X"(1)|P] <M, where p > 2,
m>00<t<T

and for each Pc 22,
Ep(IX(0]7) =Ep(liminf (X" (1)}") < liminfEp(1X" (1))
— o0 — o0

<liminf sup Ep (X" (1)[") = LiminfE[|X" (1)1
oo

[=+e pcyp
<M.
Hence,
sup E[IX(1)P] = sup (sup Ep(|X(1)[")) <M
0<i<T 0<I<T PP
and

sup E[X" (1) —X(1)[P] <2” sup E[X"(r)]P]+2” sup E[X(1)P"] <27*'M.
0<I<T 0<I<T 0<i<T
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Consequencely, for a fixed € > 0,

limsup E[|X™ (¢) — X (¢)|*]

m— oo
Sl,inm S+11P(82I_E[Q\xm(z%x(z)\gs}] +E[X™ (1) = X(0)PL{jxm(5)—x () e3])
= 20 p_. p=2
<e? +{Lﬂi§¢1£(E[|Xm(f) =XOPD? Elgxm e -x () 2e}] 721 7
2 2, — p=2
<&” +8M> limsup(B{I{ () -x (0 2e}]) 7
=2

The last step above can be easily deduced from
lim,, o (SUpg<,<7 E|X™ (1) — X(t)[) = 0. Since & can be arbitrary small,
we have lim,,_ . E[|X™(¢) — X(¢)[*] = 0.
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On the other hand, since p; : (0,+o0) — (0,4c0) are continuous, concave
and increasing, then for arbitrary fixed € > 0, there exists a constant K,
such that |p;(x)| < K¢ i
we have

1

1immI_E[ sup | t(b(s,Xm(s))—b(s,X(s)))ds|2]
m—ee o< /0

<C lim ﬁ (9)E[f (1X™ () = X(s)])]ds,

m—oo

< jim ( BRI 6) ~ X(6) D31 015

m—oo

T
+P12(82)/0 ﬁz(S)]E[l{pm(s)7x<s>\ga}]ds)
<cjim ( /Tﬁz(s)E[KﬁlX”’(s)—X()H Jas) + coie) [ B2

m—soo

—Cpl / ﬁ
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Notice that p; is continuous, p;(0+) =0 and € can arbitrary small, then
we have

lim E[ sup |/ (s,X™(s)) — b(s,X(s)))ds[*] = 0.

Mm=—ee 0<<T

Similarly we get

lim E[ sup | t(h,-j(s,Xm(S)) — hij(5,X(s)))d(B',B/)s]] =0

m—eeo<i<T J0

and
t 9
lim B[ sup | [ (0(s,X"(s)) — 0j(s,X(s)))dlB} ]
m=tee 0<<T /0
Smlggmc [ B0 @)~ x(6)Plyas
Then the proof of the existence of the solution to (6) is complete. O
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4. Solvability of G-BSDE with Integral-Lipschitz Coefficients

Consider the following type of G-backward stochastic differential
equation (G-BSDE):

d T .
Y. [ sils, Y)d(B B)|F), € 0.T). (10)

T

Y, =E[E + / F(s,Y,)ds+
t ij=1 t

.f('ax)7gij('vx) € MIG([OvTLRn)’
o [g(s,y)|+[f(s,y)| < B(#) +clyl;
O ‘g(svyl) —8(5>)72)| -+ lf(s7yl) —f(s7)’2)| < p(|y1 _y2|)'
where ¢ >0, B € ML([0,T];R;) and p : (0,+00) — (0,+) is a
continuous, concave, increasing function satisfying (7).

Theorem 4

Under the assumptions above, (10) admits a unique solution
Y € LL([0,T],R").
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Proof to Theorem 4: Due to the sub-additivity property of E[-|.%;], we
obtain:

7 =< [ G105, i ¥l

31 s YD) =gy, V2B B 7

ij=1

Taking the G-expectation on both sides, we have from theorem in Gao
[2009] and Lemma 2 that

T
(¥, —72) < Ell | ((5,¥3) £, ¥))es|
+ ZIE [ e, 1) = (5,728, Bl
ijj=

T
<KE [ p(¥} - 2)ds
t

<& [ p(ElY! - ¥2I)as.
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Set
u(t) =E[|Y} - Y7|],

then ,
u() <K [ plu(s))ds,
t
and we deduce from Lemma 1 that u(z) = 0.

Then the uniqueness of the solution can be now easily proved.

As for the existence of solution, we proceed as Theorem 1: define a
sequence of (Y™ ,m > 0), as follows:

T d T o
Y™ = E[E + / Fls,¥Mds+ Y / gi(s, Y")d(B' BI),|F], Y°=0.
Jt ij=17t
Then the rest of the proof goes in a similar way as that in Theorem 1. [
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