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Object

We give an existence and uniqueness result on the SVI with oblique subgradients

t
Xt—i—/H dK—xO—I—/fSX)dS—I—/g(s,XS)dBS, t >0,
0
th E@(,O(Xt< ))(dt), IP)—CL.S.CUGQ,

The approach is via a deterministic generalized Skorohod problem (a variational inequality with oblique
subgradients):

/H ) dk ( )—zo—l—/fsx s))ds+m(t), t>0,
s) € Oy (x (s)) (ds) ,

where m : R, — R?is a continuous function.
Starting papers: Lions & Sznitman (1984), Dupuis & Ishii (1993)
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1 Preliminaries
Let H = (h; )., € C¢ (R R*) be such that for all z € R,

(Z) hm’ (CL’) = hj,z' (.CIS') , andz,j € L—d,

(A1) : (i) 1

C

Denote b < sup {]H:’E ()] + ‘(H_l); (1’)‘ X € ]Rd} :
Consider the multivalued differential equation

{ dv (t) + H (2 (£)) 0o (z (£)) (dt) > dm (t), t>0
z(0) =z,

where

| (z) o € Dom (p)
e { (@) meC(RsRY), m(0)=0,

and

(A3) ¢ R? = ]—00, +00] is proper l.s.c. convex function.

> < (H (z)u,u) < clul®, YueR? (for some ¢ > 1),

(1)
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If £ c R?and € > 0, we denote

E.={x e F dist(z,E°) >ec}={x € F:B(zx,e) C E}

the e—interior of F.
We formulate the following supplementary assumptions

/

(i) D = Dom/(yp) is a closed subset of R,

(A { ) Fro>0, Dy #0 and  hy=supd(z,Dy) < oo,
zel

(¢47) L >0, suchthat |p(z) —¢(y)| <L+ Llz—y|, foralz,yeD

\

By Oy it is denoted the subdifferential of ¢ :
dp (x) ] {2 eR": (Z,y—a)+p(x) <p(y), forally e R"}.

A vector n € H (z) 0y (x) will be called H —oblique subgradient.
If E is a closed convex subset of R? then

0, ifzxekl,

p(@)=Ie(@) = { oo, ifz ¢ E,
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IS a convex |l.s.c. function and
oIp () ={z R (i,y—2)<0, Vye E}=Ng(x), ifx € E.

In this case v (x) € H (z) 0lg () is a outward H—oblique direction to Bd (F) in the point z.
Definition 1 Given two functions =, k : R, — R? we say that dk (t) € dp (z (t)) (dt) if

(a) x:R,.—R? iscontinuous,

(b) /Tgo(af;(T))dr<oo, VT >0,

© ke BV (RoRY), k(O =0

w>!/@wwwWAMM+/¢wwwws/¢@mmn
forall0 <s<¢<T andyeC(0,7T];R.
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We state the

Definition 2 A pair (x, k) is a solution of the Skorohod problem (1) with H—oblique subgradients (and
we write (z, k) € SP (HOp; x9,m)) if x, k : R, — R? are continuous functions and

/H (F) = 20+ m(t), V>0,
(JJ) r) € dp (z ())(dT)

In Annex, five technical lemmas are given to arrive of the following a priori estimate of the solutions
(z, k) € SP (HOp;x9,m) :

(2)

Proposition 1 If (z, k) € SP (HOy; xy, m), then under assumptions (A; — A,) there exists a constant
Cr (||m|ly) = C(T,||m||;,b,c, 0, ho) (increasing function with respect to ||m||,), such that for all 0 <
s<t<T:

(@) llp + Tk]p < Cr([lmll7)
(0)  x () = (s)] + k], — Tk], < Cr(llmlly) x /(t = 5) + my, (t — )

(3)
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2 Variational inequalities with oblique subgradients

2.1 Existenceresult: m € C ([0,7];R?).
Consider the differential equation

{ dr (t) + H (x (t)) O (x (1)) (dt) > f (t,x (8)) dt +dm (t), >0 (4)
z (0) =g,

where

e

(i) (t,x) — f(t,z) R, x R? — R?is a Carathéodory function
(i.e. measurable w.r. to and ¢ continuous w.r. to x;

(i7) /0 (f# (1)) dt < 0o, where f#(t)= sup |f(t,z)|.

z€Dom(yp)

\

Theorem 1 Let the assumptions (4; — A;) be satisfied. Then the differential equation (4) has at least
one solution in the sense of Definition i.e. z, k : R, — R? are continuous functions and

{ /H ) dk ( )—Zl:‘o—|-/f (r,x (r))dr+m(t), Vt>0, (5)
(77) dk(r) € O¢(x(r)) (dr).
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Proof. Step 1. Case m € C' (R;RY).

It is sufficient to prove the existence of a solution on an interval [0, 7| arbitrary fixed.
Let 0 < ¢ < 1 and the extensions f (s,z) = 0and m (s) = s x m’ (0+) for s < 0.
Consider the penalized problem

.

x. (t) = xg, ift <O,

# [ H o) dhe (o) =a0+ [ 1 (5= emp(onls =)+ (s = =) ds,
€ [0,7],

N\

\

or equivalent

—33'0, ift <0,

t—e 6
/M ke (s) = au-+ [ [F (somo @ () + ' (9)]ds, ¢ € [0.7], ©

where

t
= / V. (z-(s))ds and
0
7p (x) = the orthogonal projection of z on D = Dom (¢) = Dom (¢) .
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Since x —— H (z)Vy.(z) : R? — R?is a sublinear and locally Lipschitz continuous function and
1 (s,mp (x))] < f7 (s) forall (s,z) € R x R? then recursively on the intervals [ic, (i + 1) €] the approxi-
mating equation has a unique solution z. € C ([0, 7];R?).
We have
t
[ (1) = wol” + . (= () + /O (H (22 (5)) Vi (22 (5)) 2 [ (8) — uol + Vo, (2 (s))) ds )
7
t
= |wol* + @2 (w0) + / (2[2= () —uo] + Ve (2 (s)) . f (s —&,mp (2= (s — €))) +m/ (s —€) ds) .
0

Let (ug, ug) € Op, 0 < e < 1. We have

2 2
o [¢- (22) = @ (uo)| + @ (o) = 2a0]” = [z —wol” < . (22),

. 1 Vo () < (H (z) V. (), V. (2.)

(H (22) Vo (x2) 2 (€2 — ug)) = =C'sup | (r) — uo|” — 4% V. (22)],

r<s
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(2 (2= (s) — o) + V. (2= (), f (s —&,7p (z: (s —£))) + m' (s — €))

< Vi (@ ()~ o (5) = wol? + 2 [(£# (s = )"+ o (s — o)

Using these estimates in (7) and Gronwall’s inequality we obtain

T
sup [z, (O + sup |p. (@ ()] + / V. (a. (s))2ds < Cr . @©)
t€[0,7] t€[0,7] 0

. 1 .
Since V. (z) = - (z — J.x), then we also infer
€

/0 ' 2. (s) — J- (x (s))|* ds < eCy. (9)
Now from the approximating equation, for all 0 < s <t < T, we have
= (1) — @ (s)] < Twel gy
< [ o) Vel olar+ [ emn ol [ )ar
< OSTm. h -

t—e
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Hence {z. : ¢ € (0,1]} is bounded and uniformly equicontinuous subset of C' ([0,7];R?) . From Acoli-
Arzela’s theorem it follows there exists ¢, — 0, and = € C ([0, 7];R?) such that

lim [ sup |z, (1) —x (t)\] = 0.
=00 1 +€(0,T]
By (9), there exists h € L? (0,T7;R?) such that on a subsequence denoted also ¢, we have
J., (z.,) =« inL*(0,T;R") and a.e.in [0,T], ase, — 0,
and
Ve (z.,) — h weaklyin L* (0, T;R") .

Passing to liminf. o in the subdifferential inequality

/wa%v»ym—%mww+/w@m%vmmg/ﬁ@@»ﬁ

we infer
[ o)y -amydrs [e@myar< [eme)
forall0 <s<t¢t<Tandye C(0,T];R?),thatis h(r) € d¢ (z(r)) a.e. t € [0,T].
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Finally passing to limit for ¢ = ¢, — 0 in the approximating equation (6) we conclude that

/H )) dk ( )—x0+/fsx (s))ds+m(t),

where

Step 2. m € C ([0,7T];RY) .
Extend m (s) = 0 for s < 0 and definefor0 <e <1:

mg(t)z— /mt+r—5
Consider the approximating equation
t t
t Jr/]’{(:zjg(r))dk:6 (r) = x0+/f(r,x€(r))dr+mg(t), t >0,
0 0

dk. (r) € Op (z- (1)) (dr) .
By the first step this equation has a unique solution (z., k.), dk. (s) = h-(s)ds € dp (- (s)) ds
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If we denote

t
M) = [ f e () dr+me (0
0
then by Proposition 1

H%HT + IkeIT < Cr (HM5HT> , and
2. (1) — xc (5)| + Tk], — TR], < Cr (|| Mell ) % \/(t —s)+my (t—s).

Since

T
1My < / () dr o+ mlly

and
my; (t—s) < \/t—s/O (f#(r))QdTerm(t—s)

then by Acoli-Arzela’s theorem there exists ¢, — 0 and z, k € C ([0, 7];R?) such that
v.,—x and k., —k inC([0,7];R).

Using Helly-Bray theorem we infer dk (r) € dy (z (1)) (dr) and (z, k) is a solution of the equation (5).
|
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2.2 Existence and uniqueness (m € BV ([0, T];R%))
We introduce a new assumption
A { Jpueli, (R;R,) st Vz,y € R?
[f(tz) = fEyl<p@)]e—yl, aet=>0
that will yield the uniqueness.

Proposition 2 Let the assumptions (A4, — A) be satisfied. If moreover m € BVj,. (R.;R) then the gen-
eralized convex Skorohod problem with obliqgue subgradients (1) has a unique solution and moreover
if (z, k) and (z, k) are two solutions, corresponding to m and, respectively, m, then

(1) — 2 ()] < CeCV D [|zg — @o| + Im —m],]. (10)
t
where V (t) = Jo], + &1, + Tk],+ 1 k 1 +/ p (r)dr and C is a constant depending only (b, ¢).
0

Proof. The existence was proved in Theorem 1. Let us prove the inequality (10) which yields the
unigueness, too.

Consider the symmetric and strict positive matrix

1/2

wl(r) = ([H @) +[H@EE)) @) -20).
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Then with technical calculus we can show that there exists C' a constant depending only ¢ and b such
that

(u(r), du(r)) < Clu(r)|dm —m], +Cu(r)dV (r)

t
with V (t) = o], + [ e + k], + 1 k T +/ w (r) dr. Now by Proposition 4 (Annex) we infer for all
0
t >0

t
VO |y (1)] < |wp — o] + c/ e CVO) T — ],
0

2.3 Approximation result (m € C* ([0,7];R%))

Proposition 3 Under the assumptions (4, — Ag) and m < C' (R.;R"), the solution (z.),_., of the
approximating equation

/H z-(s)) dk. ( —:C0+/f s,mp(x:(s)))ds+m(t), t>0,

dk- (s) = V. (z(s)) ds,

(11)

has the properties:
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for all T > 0, there exists a constant independent of ¢, €]0, 1] such that

i

T
0 s Ja= OF e o = ()] + / Ve, (@ () ds < Cr |
te|0,

(77) ngl[s’ﬂ <Cryt—s, forall0<s<t<T,
\ (]]]> Hxa_x(SHT < Crve+o.
Moreover there exist z, k € C ([0, 7];R?) and h € L* (0, T; R?) such that dk (t) = h () dt,

lm [[|ze — [, + [k () =k ()] =0, ¥Vt e[0,T],
and (z, k) is the unique solution of the variational inequality with oblique subgradients:

/H ) dk ( )—a:0+/f r,x(r))dr+m(t), Vt>0,
(47) dk(r) € O (x(r)) (dr).

Proof. The proofis similar to those of Theorem 1. The Cauchy property is proved in a similar manner
as the uniqueness. If we denote

ues (5) = ([H (e ()] 4 18 s (D)) (e ) = 5 )
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then, after some technical calculus, we deduce that

(e (), duc s (s)) < 4(+0) [V (25 ()] [V (2 ()| ds + C ucs (s)* dVzs (s)
with

V(s) = Lo, Tasl, + Dl + Thel,+ [ () dr <

Corollary 1 If he assumptions (A4, — Ag) are satisfied and
o (), F,P {F:}+>0) is a stochastic basis,
e M R xQ—Rlisapm.s.p., M (w) € C' (Ry;RY), a.s.w € €,
then the SDE
t t
Xt (w) + / H(X; (w)dK; (w) = xo + / f(s,Xs(w))ds+ M (w), t>0,
0 0

dK; (w) € 0p (X (w)) (dt)

has a unique solution{(X. (w), K. (w)) : w € 2} . Moreover X and K are p.m.s.p.
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3 Stochastic variational inequalities with oblique subgradients

Let (Q, F, P, {F;};>0) be a stochastic basis and {B; : t > 0} a R*—valued Brownian motion. We con-
sider the SDE

t t t
Xt [ HX)dK = a+ [ fs.X)ds+ [ g(s.X) By 120
0 0 0

dK; € 0p (Xy) (dt)

(12)

where 7o € RY, (t,2) — f(t,z) : R, x R* - RYand (t,z2) — g (t,z) : R, x RY — R**

( (7) f and ¢ are Carathéodory functions

(i.e. measurable w.r. to ¢t and continuous w.r. to x

i[Oy [ ) e <,

(A7) + S

\

where

fft)= suwp |f(t.x)] and g¢" ()= sup |g(t o)l
x€Dom(p) x€Dom(p)

Definition 3 (1) Given (0, F, P, 7, By),», @ R*—valued F;—Brownian motion, a pair (X,K) : Q x
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0, 00[ — RY x R? of continuous p.m.s.p. is a strong solution of the SVI (12) if P — a.s. w € Q0 :

]) @(X) S Llloc (R+>
j]) K. € BV ([ano[aRd) ) Ky =0,

t t t
i) X+ [ HO AR =0+ [ Fs. X ds+ [ glsX)dBL ez
0 0 0 (13)

ju) V0 <s <t Vy:R, — R?continuous :

/: (y(r) — X,,dK,) + /:go (X,)dr < /:30 (y (r)) dr

y

7\

\

that is
(X (w), K. (w)) =SSP (HOp;xg, M. (w)), P—a.s. wel,
with
t t
Mt - / f(S7XS)dS+/g<S7XS>dBS .
0 0

(IT) If there exists a stochastic basis (2, F, P, F;),-, , @ R*—valued F;,—Brownian motion {B; : t > 0}
and a pair (X, K.) : Q x R, — R? x R? of continuous p.m.s.p. such that

(X (w), K (w)) =8P (HOp;z0, M. (w)), P—a.s wefl,
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then the collection (2, F, P, F;, By, Xy, Ky), is called a weak solution of the SVI (12).

21

Theorem 2 Let the assumptions (A, A3, Ay, A7) be satisfied. Then the SDE (12) has at least one

weak solution (2, F, P, F, By, Xy, Ki),» -

Proof. The main ideas of the proof comes from Rascanu [6].
We extend f (t,x) =0and g (¢t,z) =0fort < 0.
Step 1. Approximating problem. Let 0 < ¢ < 1 and the approximating equation

thn:CL’(), ift <0,

N\

t
X{‘+/H(Xﬁ)dKﬁ:xo+M[’, t >0,
0

| dKI € 9 (X1) dt.

where
t

e /otf (370 (X)) o+ ”/H/n Uog (o (X4 dB“] “
— /Otf (s,ﬂp ( ?—1/71)) ds + /01 /Ot;ﬂug <T, D ( jf_l/n)) dB,

du.

(14)
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and

7p (x) is the orthogonal projection of x on D = Dom ().

Since M" is a C''—continuous progressively measurable stochastic process, then by Corollary 1 the
approximating equation (14) has a unique solution (X", K") of continuous p.m.s.p.

Step 2. Tightness. Let T' > 0 be arbitrary fixed.

o {M":n>1}istighton C (0,7];R?) since

supE | sup ML - MM <eq(e),
where v (¢) — 0,as ¢ — 0.
o U"=(X",K", [K"]),n € N, is tight on X = C ([0, T]; R***!) since by Proposition 1
[U"| < Cr ([[M"]|7)
g (¢) < Cr (| M"[|7) x /& +mup (¢)

and, then, from Lemma 6 the tightness follows.

e By Prohorov theorem there exists a subsequence (denoted also by n) such that as n — oo

(X", K", 1K"],B) 5 (X,K,V,B) (inlaw) on C ([0, T]; R>"+++)
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e By Skorohod theorem there exist
(X", K", V", B"),(X,K,V,B): ([0,1]; By, dt) — C ([0, T]; R**1H)
random variables such that
(a) (X" K" V" B") £ (X" K" [K"],B),
(b) (X,K,V,B)%
(¢) (X", K", V" B"Y —= (X,K,V,B).

e By Lemma 12, (B”, {Ffzn’[_{n’vn’gn}) ,n>1,and (B, {j’-}_’K’V’B}) are R"—Brownian motion.

Step 3. Passing to the limit.
e Since (X", K", |K"], B) A (X,K,V,B),thenby Lemma9forall0 < s <t P—a.s.

Xy =1, Ky =0,
[K],-IK],<Vi=V, and 0=V, <V, <V,

and from

/:W(Xf)drg/:go(y(r))dr—/:@(r)_Xj}dem 0

23
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it follows

/:so (X,) dr < / oy () dr - / ()~ X, dE)

forall 0 < s < t. Hence dK, € d¢ (X,) (dr)

e By Lebesgue theorem and Lemma 12, as n — oo

M" = 29+ /O’f (S,T{'D <X?_1/n>> ds +n/.1/n [/Osg (7“, D <X?_1/n)> dBT,] ds

—>M._ZCO—l—/'f(S,X5>d8—|—/.g<8,X3)dBS, in S900,7].
0 0

e By Lemma 10
L(X", K", B",M") = L(X",K",B",M") onC (R;R""**)

and therefore, by Lemma 9, from

t
X'+ / H(X"dK"— M!=0, a.s.,
0

24

(15)
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we have
X0 4 / H (XYY AR — M =0, s
0
and letting n — oo,
X+ /O (X)) dE— M, =0, as..
thatis P — a.s.

t t t
Xyb/EH}QdK;:xyh/f(&ngs+/¥N&ngB&Vteﬂlﬂ.
0 0 0

Consequently (Q, F. P ]—“tB’X, X;, K, Bt> is a weak solution of the SDE (12). The proof is complete.

t>0 =
We also add continuity Lipschitz conditions:
Jpeli, (R, 3¢l (R)stVz,yeRY ae t>0,
(As) (4 |f (tx) = fEy)] < plt) e —yl, (16a)

(47) lg(t,z) =gty <L) ]x—yl|.
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Theorem 3 Let the assumptions (A;, Az, Ay, A7, Ag) be satisfied. Then then the SDE (12) has a unique
strong solution (X, K) € S x SY.

Proof. It is sufficient to prove the pathwise uniqueness, since by Theorem 1.1 page 149 in lkeda
&Watanabe [3] the existence of a weak solution + the pathwise uniqueness implies the existence of a
strong solution.

Let (X, K), (X,K) € S9 x S9 two solutions. Let

U, = (H—1 (X,)+ H‘l(f(r)>1/2 (Xr _ X) .
Then
dU, = dK, + G,dB,,

where

K, = (dN,) Q-V2U, + QY? [H (X) dK, — H (X,) dKr}
+ Q}"/Q [f (Ta XT’) _ f (Ta Xr)] dr + iﬁgﬂj) (g (7’, XT) —4g (7”, XT)) €j
j=1

G =T,+QY [g (r, X;) — g (T’ XT)]

ITN Workshop "Stochastic Control and Finance"”, March 18-23, 2010, Roscoff, France Aurel Rascanu, "Alexandru loan Cuza" University, lasi



Stochastic variational inequalities with oblique subgradients 27

2
dr < oo, a.s.and I', is a

8y

T
where for each j € 1, %, 8Y) is a R™*‘—valued P—m.s.p. such that/
0

R?** matrix with the columns 8V(X, — X,), ..., BW(X, — X,).
Hence

1
<UT7 dICT> + 5 |gr|2 dt S ’Uryzd‘/r
with

2

k
dV, =C x | p(rydr+ 0 (rydr+d N, +d]K], +d K], +)_ dr

J=1

By

By Lemma 7 we infer

e 2V

U,|” _ e~ 2% |U|?

U~ 1+e U

1+e2V

Consequently Qi/Z (XS — X5> =U, =0,P —a.s., for all s > 0 and by the continuity of X and X we

conclude that P — a.s.,
X, =X, forall s> 0.
|
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4 Annex

4.1 A priori estimates

Lemma 1l If (z,k) = SP (Hdp; zy,m) and (i, k) = SP (Hdyp; &, ) then forall 0 < s < ¢ :

/:<35(7“)—a§“(7“),d/€(7“)—d/%(r)> > 0;

Lemma 2 Let the assumptions (A; — A,) be satisfied. If (z, k) € SP (HOyp;xy,m), thenforall 0 < s <
t<T

m, (t —s) < [(t—s)+mm(t—s+\/mmt—s (Tk], — Ik]]
xexp {C'[1+ (t — ) + (K], — kT, + 1) (KD, — K1)}
where C'= C (b, ¢, L) > 0 and

m,, (¢) o sup{|m (u) — g (v)| : u,v € [0,T], |[u—v| <e}.
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Lemma 3 Let the assumptions (A; — A,) be satisfied. If (x, k) € SP (HOyp;xg,m),0<s <t <T and

Po - "o
— < 20p=—AN th p, =
rilfs% [z (1) — 2 (s)] < 240 ope NP0 With pg YAt Iy

then

1 3L

VRl =Tk, S —1k@) = k(s)|+— (t—s);

Po Po

and

2 (t) = 2 (s)| + ThT, — Tk, < VE— s +my, (E—s) x Crltimi)
where Cr =C (b, c, o, ho, L, T) > (.

Lemma 4 Let the assumptions (4; — A,) be satisfied. Let (z,k) € SP (HOp;x9,m), 0 < s <t <T
and x (r) € Ds, for all r € [s,t]. Then

1k1t—1k1sgL(1+53) (t— ).

0
and

m, (t —s) < Cr x|[(t—s)+m,(t—:s)
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where C' = C (b, c,ro, ho, L, T) > ().

Lemma 5 Let the assumptions (A; — A,) be satisfied and (x, k) € SP (HJp;xy, m). Then there ex-

ists a positive constant Cr (||m||;) = C (o, b, ¢, 70, ho, L, T, ||m|| ) , increasing function with respect to
|m||, ,suchthatforall 0 < s <t <T:

(@) llp + Tklp < Cr((lmlly),
(0 lw () =z (s)] + kL, = Tk], < Cr(Imlly) x v/t = s+ my, (£ = 3).

4.2 Yosida’s regularization of a convex function
By V. is denoted the gradient of the Yosida’'s regularization ¢_ of the function ¢,

1
p.(r) = inf{£]z — x\z +@(z): z € ]Rd}
1
— %‘I - J€$’2 + QO(J@T)

where J.x = z — eVy.(x). The function p. : R? — R is a convex and differentiable. Then for all
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z,y €RY e>0:

a)  Ve(r)=0p,. (z) € 0p(J.x), and ¢(J.x) < p.(z) < ¢(),
) Vo)~ Vo)l < e -y,

C) <v<,0€(£1;’) o v¢€(y)7 L — y> Z O,

d) (Vo) = Vos(y),r —y) > —(e+ ) (Vo.(z), Vs (y))

(z) for all z € R?, then we moreover have

w
(@  0=p0)<p.la) and J(0) = V. (0) =0,
B SIVe.@) < @) < (Veulo)a), VreR!

In the case 0 = ¢ (0) <

4.3 Inequalities

Lemma 6 Let z € BV, ([0,00[;R?) and V' € BV, ([0, ¢[;R) be continuous functions. Let R, N :
0, 0o[ — [0, oo[ continuous increasing functions. If

(z(t),dz (t)) < dR(t)+ |z ()| dN (t) + |z (¢)]* dV (¢)
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as signed measures on [0, 00[, thenforall 0 <t < T':

T 1/2 T
eV Wy (t)‘ + </ e V4R (s)) +/ e VOdN (3)]
t t

el <2 |
If R=0thenforall0 <t <s:

|z (s)] < eV (5)-V(t) |z (1) +/ V)=V gN (7).
¢

We give from Pardoux&Rascanu [5] an estimate on the local semimartingale X € SY of the form
t
Xt:XO—I—Kt—I—/ GydBg, t >0, P—a.s.
0

where G € Aj, and K € S); K. € BVj,. ([0,00[;R?Y), Ky =0, P— a.s.;

Lemma 7 Let X € S be a local semimartingale of the form (??). Assume there existp > 1 and V' a
P—m.b-v.c.s.p., Vj, = 0, such that as signed measures on |0, co|

(X, dE;) + 222G 2 de < | X2V, P—as.,
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thenforalld >0,0<t<s:
}G_VSXS!p ‘e_WXt}p

Eft
7 2
(1 +5 ye—vsxs\z)p (1 +5\e—vzxty2)p

P—a.s..

4.4 Tightness

Lemma 8 Let{X/:t> 0}, n € N¥ be afamily of R—valued continuous stochastic processes defined
on probability space (2, F,P). Suppose that for every T" > 0, there exist « = ap > 0 and b = by €
C' (R, ) with 5(0) = 0, (both independent of n) such that

G i s PG = M| =0

(77) E[l/\ sup ng;S—XW] <e-ble),Ve>0,n>1,1te€l0,T],

0<s<e

Then {X" : n € N*} is tight in C(R,; R?).

Lemma 9 ¢ :R? —]—o0, +oolisal.s.c. function. Let (X, K, V), (X", K", V"), n € N,be C ([0, T] ;Rd)Qx
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C (10, T];R) —valued random variables, such that

(X", K", V") 4 (X, K, V)

n—oo

andforall 0 <s <t andn € N*,

[K", — 1K', <V =V as.
t t
/so(X:?)drg/ (X" dK"Y, a.s.,

then K], — K], <V,—V; a.s.and

13 t
/@(Xr)dTS/ (X, ,dK,), a.s..

Lemma 10 Let X, X € SY[0,7] and B, B be two R*—Brownian motions and g : R, x R — R** be a
function satisfying

g(-,y) is measurable V y € R?, and
y — g (t,y) is continuous dt — a.e..
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If
L(X,B)=L(X,B), onC (R ,R"")

then

L (X,B,/.g(s,Xs) dBS) =L (X,Bg,/.g (S,XS) dBS) ., onC (R+,Rd+k+d) :
0

0

Lemma 11 Let g : R. — R, be a continuous function satisfying g (0) = 0 and G : C' (R4;R?) — R,
be a mapping which is bounded on compact subsets of C' (R;;R?) . Let X", Y", n € N*, be random
variables with values in C' (Ry; R?) . If {Y" : n € N*} is tight and for all n € N*

G) XY <GV, as,
(i) mxn(50,T]) < G(Y") g (myn (¢;[0,T])), a.s., Ve, T >0,
then {X" : n € N*} is tight.

Lemma 12 Let B, B",B": Q x [0,00] — R¥ and X, X", X" : Q) x [0, co[ — R™*_ be c.s.p. such that
e B"is F’" —Brownian motion V n > 1;
e L(X" B")=L(X",B")onC(Ry,R" xR forall n > 1;
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T
N / | X7 — Xs}zds + sup |Bj' — By| in probability, as n — oo, for all 7' > 0.
0 t€(0,T

Then (B”, {ff"’xn}) ,n>1,and (B, {]—"tB’X}) are Brownian motions and as n — oo

t t
sup /XQdB§—>/ X,dBs| — 0 in probability.
0 0

t€l0,T]
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Thank you for your attention !
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