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I. Utility maximization

The financial market consists of one bond with interest rate zero and d < m
stocks. In case d < m we face an incomplete market. The price process of
stock 7 evolves according to the equation

dsi
S¢

=bldt +oldBy, i=1,...,d, (1)

where b° (resp. o) is a R— valued (resp. R'*™—valued) stochastic process.

The lines of the d x m-matrix o are given by the vector oi, i =1,...,d. The
volatility matrix o = (0%);=1,.. 4 has full rank ( i.e. oo' is invertible P-a.s. )
The predictable R™—valued process ( called the risk premium ) is defined by:

915 = U;T(Utazr)_lbt, te [O, T]

A d—dimensional F;—predictable process m = (m;)o<i< 7 is called trading
strategy if [ w4 is well defined, e.g. foT |mio¢||?dt < oo P-a.s. For 1 < i< d,
the process 7! describes the amount of money invested in stock ¢ at time .

:
The number of shares is .
t
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The wealth process X™ of a trading strategy 7 with initial capital z satisfies
the equation

d t
xr=a+y [
i=170

. t
g““ dSiu =1+ / Tu0a(dBy + 0, du).
7,U 0

Suppose our investor has a liability F' at time T.

Let us recall that for o > 0 the exponential utility function is defined as

U(z) = —exp(—ax), zeR.

We allow constraints on the trading strategies. Formally, they are supposed to
take their values in a closed set, i.e. m;(w) € C, with C C R'*¢ and 0 € C.
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Definition

[Admissible Strategies with constraints | Let C be a closed set in R1*¢

and 0 € C. The set of admissible trading strategies Ap consists of all
d-dimensional predictable processes m = (m;)o<t< 7 which satisfy

fOT |mi0¢|2dt < oo and 7 € C P-a.s., as well as
{exp(—aXT): 7 stopping time with values in [0, T']}

is a uniformly integrable family.

So the investor wants to solve the maximization problem

T
—exp | —a a:—i—/ Wt@—F
0 St

where z is the initial wealth. V is called value function.

V(z):= sup E
T€Ap

)
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This problem has been studied by many authors, but they suppose that the
constraint is convex in order to apply convex duality. Our starting point of the
work is the paper [Hu-Imkeller-Muller, AAP 2005] where both the risk
premium 6 and the liability F' are bounded. The main method can be
described as follows.

In order to find the value function and an optimal strategy one constructs a
family of stochastic processes R(™ with the following properties:

. R(;f) = —exp(—a(XT — F)) for all 7 € Ap;

° R(()W) = Ry is constant for all 7 € Ap;

e R(™ is a supermartingale for all 7 € Ap and there exists a 7* € Ap such
that R(™) is a martingale.

The process R(™ and its initial value Ry depend of course on the initial
capital z.

Ying Hu, Univ. Rennes 1 Quadratic and Superquadratic BSDEs Roscoff, March 2010 5/43



Given processes possessing these properties we can compare the expected
utilities of the strategies m € Ap and 7* € Ap by

E[~exp(~a(XF — F))] < Ro(z) = E[-exp(-a(XF — F))]=V(z), (3)
whence 7* is the desired optimal strategy.
Construction of R(™:
R,(f) = — exp(—oz(Xt(ﬂ) - V), telo,T], = € Ap,

where (Y, Z) is a solution of the BSDE

T T
Yt:F—/ ZSdBS—I—/ f(s, Z5)ds, telo,T)
t t

In these terms one is bound to choose a function f for which R(™ is a
supermartingale for all 7 € Ap and there exists a 7* € Ap such that R(™) is
a martingale. This function f also depends on the constraint set (C) where
(7¢) takes its values. One gets then

V(z) = R = — exp(—a(z — Yp)), for all 7 € Ap.
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In order to satisfy the supermartingale and the martingale properties, one
finds

o 1 1
f(t,2) = 5 min |mo — (z + aﬁt)|2 — 20; — %|9t|2.

The function f is well defined because it only depends on the distance between
a point and a closed set.

Important: the generator f is of quadratic growth with respect to 2!

Ying Hu, Univ. Rennes 1 Quadratic and Superquadratic BSDEs Roscoff, March 2010 7/43



Lemma

Suppose that both the risk premium 6 and the liability F' are bounded. Then,
the value function of the optimization problem (2) is given by

V(z) = —exp(—a(z — Yp)),

where Yy is defined by the unique solution (Y, Z) of the BSDE

T T
Y, =F f/ ZsdB; +/ f(s, Zs)ds, te|o,T], (4)
t t

with | 1
) _ o . _ T2 gt p2
f(o2) = gmin|ro — (z+ —0)" — 26 — —|0]".

There exists an optimal trading strategy m* € Ap with

1
m; € argmin{|ro — (Z; + aﬂt)\,ﬂ' €C}, tel0,T], P— a.s. (5)
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Il. Dynamic g Risk Measures (Barrieu-El Karoui, arXiv 2007)

Definition

Assume that (€7, g) satisfies: (1) gis a P x B(R) x B(R%)-measurable
generator satisfying z — ¢(¢, z) is convex, and

k 1

(2) &7 is an Fr-measurable bounded random variable.

Define R9(£r) as the unique solution of the BSDE (=&, g).

Proposition

(Barrieu-El Karoui) RY is a dynamic risk measure.
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Inf-convolution

In the case of bounded &, B-E established

Proposition

R0 (£7), = RI'ORY (¢1)s.
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Backward Stochastic Differential Equation

T T
Y, :§+/ f(37 Ysazs) dS—/ Zs dBs
t t

e ¢ is the terminal value : Fpr—measurable
e f is the generator

e (Y,Z) is the unknown
e (Y, Z) has to be adapted to F

Pardoux—Peng, '90

If f is Lipschitz w.r.t. (y, z) and

E < 400

T
2 ,0,0)%d
€] +/O 1£(5.0,0)[2ds

(E¢,r) has a unique square integrable solution.

(Ee.f)
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Nonlinear Feynman-Kac Formula

Semilinear PDE (P)

Ou(t,z) + Lu(t,z) + f(t, 7, u(t,z), (Veu)"o(t,2)) =0, u(T,.)=g,

Cu(t,z) = %trace(aa*Viu(t, ) + b(t,7) - Voult, z).

Linear part =— SDE

t t
X0 = g4 +/ b (s, Xloo™) d3+/ o (s, X;0") dB,

to to

Nonlinear part = BSDE (B)

T T
viom =g (™) + [ 1 (s, x0m, yiom, zom) ds— [ 70w a,
t t
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Nonlinear Feynman-Kac Formula

If u is smooth solution to (P)

(u (t, Xttomo)  (Veu)"o (t, Xfo’zo)) solves the BSDE (B)

Feynman-Kac’s Formula
y

u(t,z) == Y} " is a (viscosity) solution to (P).
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Quadratic BSDEs

A real valued BSDE

T T
Y, :§+/ f(57 Ysazs) ds_/ Zs dBg
t t

e B is a Brownian motion in R%;
o ¢ is Fp—measurable;
e the generator f: [0, T] x Q x R x RY — R is measurable and

e (y,z) — f(t,y,2) is continuous
e f is quadratic with respect to z:

7(t,9, 2| < a(®) + Bly] + 3 |=I*

where 8 > 0, v > 0 and « is a nonnegative process.

(Ee,r)
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The bounded case

T
If ¢ and o — or more generally |af; := / a(s) ds — are bounded
0

e Existence
e Uniqueness, Comparison Theorem
e Stability

References:

e M. Kobylanski (AP 2000);
e M.-A. Morlais (non Brownian setting, Ph. D 2007)

These results yield

The Nonlinear Feynman-Kac Formula
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Applications of bounded case

e Utility maximization: El Karoui & Rouge (MF 2000), Hu, Imkeller &
Muller (AAP 2005) (with closed constraint), Mania & Schweizer (AAP
2005), Becherer (AAP 2006), Morlais (Ph D 2007)

e Stochastic linear quadratic control: Bismut (1970-1979), Peng, Kohlman
& Tang, Hu & Zhou (with cone constraint SICON 2005), Schweizer et al.

e Quadratic g risk measure: Barrieu & El Karoui
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The unbounded case

e Boundedness of £ and « is not necessary to construct a solution;

e Exponential moment is enough !

Theorem
7
Ezistence of Solution [Briand & Hu, PTRF 2006] Let ¢ := |¢| +/ a(s) ds and let
0
us assume that E [exp (’yeﬁT C)] < +o0.

Then, (Ee,r) has at least a solution such that

|| < % log E (exp (’veBTC) |-7:t) : (6)
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Construction : f > 0,£ >0

(Y™, Z™) minimal solution

T T
YP=¢An+ / lo<o, f(s, Y, Z7) ds — / Z! dBq
¢ ¢

t
Un:inf{tzoz/ a(s)dsZn}
0

Step 1: a priori estimate

0<Y] g;]E(exp [fyeﬁT <§+/O a(s)ds)] ‘]—"t)

Step 2: taking the limit in n:  Difficult step: Localization procedure
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The localization procedure

Main Idea: Work on the interval [0, 7] where

i
Tk:inf{tZO:%E<expl (f—i—/o a(s)ds)}‘f)Zk}/\T

Set Y'(t) = Z0(t) = 14<p, 27

t/\‘l'k

Tk

V=24 [ Lend 6065 d— [ 20 s,

ATk AT

For fixed k, (Y}')nen is nondecreasing, 0< Y () <k
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The localization procedure

k fixed, lim,,_, | o

Tk Tk

Yet) = e+ [ f(s, Yi(s), Zu(s)) ds—/ Zi(s) dBs, &= sup Y

tATE tATE n>1

e By construction
Yi(t) = Y1 (EATk),  Zi(t) = Licr, Zpta (1)
e Define (Y, Z) by
Y = Yi(2), Zy = Zy(t) ift <y

Tk Tk
o=+ [ feVuz)ds— [ z.ap,
AT AT
e k — +o00 gives a solution
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Remarks

Questions

Uniqueness ? Stability ? Feynman-Kac formula ?

Answer

When f is convex (or concave) w.r.t. z
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Motivation: Stochastic Control Problem (Fuhrman, Hu &
Tessitore SICON 2006)

Controlled diffusion process

t t
Xi=z+ / b(s, Xs) ds —I—/ o (s, Xs)[dWs + r(us) ds]
0 0
where u takes its values in a nonempty closed set C.
Minimize the cost functional

I
J(u) =E lg(XT) +/0 G(t, Xy, ut) dt}

over all the admissible controls w.
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Motivation

Associated BSDE

T 77
Y= g(X7)+ / f(s, Xs, Zs) ds — / Zs dBy
t t

t t
Xi=z+ / b(s, Xs) ds+ / o (s, Xs) dBs
0 0

flt,z,z) =inf {G(t,z,u) + r(u)z: u € C}

Important feature of the generator

z +— f(t,z, z) is concave
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Assumptions (H)

There exist 8 > 0, v > 0 and a nonnegative process « s.t. P-a.s.
e f is Lipschitz w.r.t. y: for any t, z,
f(t,y,2) = f(t 9, 2) < Bly =)
e quadratic growth in z:

£ty 2)| < alt) + Blyl + 312

e for any t,y, z— f(t,y,2) is a convex function;

T
|§|+/0 a(s)ds])

o ¢ is Fp—measurable and

VA >0, E lexp ()\ < 4o00.
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Some estimates

Proposition

(E¢,r) has a solution (Y, Z) s.t.

T p/2
Vp>1, E [supte[o’T] ePlYil 4 (/ | Z,|? ds) <C
0

where C depends only on p, T and the exponential moments of |§| + |al1.

e The estimate for Y comes directly from
1
¥l < - logE (exp (e (Ig] + |al)) | 72)

e For Z, standard computation starting from It&’s formula to

1
s (11 —1-9 )

v
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Comparison theorem

Theorem

Uniqueness of Solution [Briand & Hu, PTRF 2008] Let (Y, Z) and (Y',Z') be
solution to (Ee5) and (Egr ;1) where (€, f) satisfies (H) and Y, Y’ belongs to € (€ :=
exponential moment of all order).

If ¢ < ¢ and f < f' then
Vie[0,T], Y.<V

If moreover, Y; = Y/ then
T T
pe=¢. [ s vizyas= [ 16 viZ)as) >0
¢ ¢
In particular, (Ee y) has a unique solution in the class E.

Main idea:  Estimate of Y; — p Y] for p € (0,1).
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Proof: f independent of y

Set, fOI‘/.LG(O,l), Ut: Yt—‘LLYt,, Vt:Zt—’UZtI
T T
U, = UT—|—/ Fsds—/ Vs dBs, Fs=f(s,Zs) — nf' (s, 7))
t t

Fo=[f(t, Z) — uf (t, Z)) + plf (¢, Z) — f' (¢, Z})]
and 0f(t) := f (t, Z{) — ' (t, Z{) < 0.

Zy — pZy

Zy — uZj
102 = f(tnzi+ - A=)

. / Zt - /J,Z{f
Convexity < puf(t,2;)+(1—p)f (¢, T
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.20 = f (0.2 < (= f (172 ) < (A= a(0) + 57—

Fy <udf(t)+ (1 — pal(t) + | V|2

b
2(1 = p)
Second step

An exponential change of variable to remove the quadratic term

P, = eV, Qi=cPV,,  ¢>0

T T
Pt:PT—i—c/ P, (Fs—g|Vs|2> ds—/ Q. dB,
t t

c= ﬁ yields

| Vil

(7)
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P, <E (eXp [v/t (als) + (1 = p) " udf(s)) ds

Py | ﬂ)

Pr = exp <lju(§ - uﬁ’)) = exp (v (6 + ll_iﬂéf»

7<§+/0Ta(s) ds> +7$ <§§+/tT6f(s) dsﬂ ‘]—'t>
7<£+/0Ta(s) dsﬂ ‘]-‘t>

Y;— Y, <0.

P, <E <exp

In particular,

1
Yi—pY, < H log E (exp
v

and sending p to 1, we get
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Strict Comparison

If Y; = Y/, then P; = ¢7¥t and

exp (7 <§+/0 a(s) ds) —l—'yﬁ <5£+/t 3f(s) ds)])

0<E[P]<E

Sending u to 1,

0<E lexp <'y

T
3 +/0 o(s) dS}) Lser 7 o1(s) ds—0‘|

» Press if late
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The general case

Fy = f(t, Y, Zy) — puf' (8, Y{, Z}) = f(t, Yo, Zy) — pf(t, Y], Z]) + pdf(2)

f(tv Yt7 Zt) - /J'f (tv Yt/a Zt/)
= f(ta Yt) Zt) - Mf(ta Yta Z;) +/L(f (t7 Yt? Z;) 7f(t7 Yt/3 Zt/)) .

Convexity

F(&, Yo, Ze) — pf (8, Yo, Z) < (1= p)(a(t) + BIY3]) + |Vl

_7
2(1 = p)
Linearization: a(t) = (Y, — Y]) ™' (f (¢, Y1, Z)) — f (¢, Y], Z))) 1y, vizo

plf (&, Yy, Z)) — f (8, Y], Z;)) = pa(t) (Ye = YY) < a(t) Uy + (1 — p)B| V3

Fy < pbf(2) + (1 - p)(a(t) + 28] Yal) + Val? + a(t) U

_r
2(1—p)
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The general case

t
Set E; = exp (/ a(s) ds), U, = E; Uy and V; = E; V;. Then,
0

Ut:UT+/ Fsds—/ VsdBS

t t

with, since |a(t)] < S,

~eBT |12

Fy < pE £(t) + (1 — p) Eu(a(t) + 28| Vi) + 21— p) )Vt

This is the same inequality as before.
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Stability

Assume that (£, f,) satisfies (H) with «,,, 3, v and
VA >0, sup,,>1 E [exp {\ (|§n] + |anl1)}] < +oc.

Theorem

If &, — £ P—p.s. and dt @ dP-a.e., V(y, 2), fu(t,y,2) — f(t,y, 2), then

r p/2
Vp Z 1, E supte[O’T] |Yt — Ytn|p aF (/ ‘Zs — Z;T|2 ds) ] — 0.
0

Proof.
Same method as in the proof of comparison theorem to
Yy —pYy, Vi —pY:

O
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Application to PDEs

Probabilistic representation for
Ovu(t, z) + Lu(t, 2) + f(t, 2, u(t, 2), (Vou)"o(t,2) =0, u(T,.) =g,
1
Lu(t,z) = itrace(aa*Viu(t, z)) + b(t, z) - Vyul(t, z).

The SDE: X*:% golution to

t t
X, =1 —|—/ b(s, Xs) ds +/ o (s, Xs) dBs

to tD

The BSDE: (Y% Zt:%) solution to

T T
Yi=g (XtTO’IO) +/ f (s, X% Y, 7)) ds 7/ Z, dB,
t t

Nonlinear Feynman-Kac formula: u(t, z) := Ytt’z is a viscosity solution
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Assumptions

b, o, f and g are continuous;

b, o Lipschitz w.r.t. =
|b(ta ..']3) - b(ta .T]Z/)l + |U(t7 :L’) - U(ta $I)| < ,8|(L‘ - ZL’/|;

e restriction: o is bounded;

f is Lipschitz w.r.t. y

|f(taxa Y, Z) —f(t,l', y/az)| S 6|y_ yl|a

z+— f(t,z,y, 2) is convex;
dp < 2 s.t.

l9(@)] + |f(t, 2, y,2)] < C (1+ |2]” + |y| + [2*) .
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First properties

Proposition
u(t,z) == Y)* is continuous and

lu(t, z)] < C(1+|2[”).

Proof.

e Since o is bounded,

YA >0, E [exp ()\ SUP;e0, 7] |Xtto,aco|p>} < CU+al)

a priori estimate |u(t,z)| < C' (1 + |z|P)

e Stability = Continuity

O
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u is a viscosity solution

Definition

A continuous function u s.t. u(T,-) = g is a viscosity subsolution
(supersolution) if, whenever u — ¢ has a local maximum (minimum) at
(to, 7) where ¢ is C12

Avp(to, m0) + Lp(to, m0) + f(to, 20, u(to, 7o), (Vou) o (to, m)) >0, (< 0)

Solution = Subsolution + Supersolution

Proposition

u(t,z) == Y}* is a viscosity solution to the PDE.

Proof.

Markov property : u(t, Xtto’xo) = Ytto’mo, and Comparison theorem

O
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Extension and Open Questions

e Weaken the integrability assumptions Delbaen, Hu and Richou (Arxiv
2009): Uniqueness holds among solutions which admit some given
exponential moments. These exponential moments are natural as they are
given by the existence theorem.

e Open Question 1: Prove uniqueness and stability without convexity

f(ty,2) = f (8,9, 2)] < Clz = 2| (1 + |2 + 1)

e Open Question 2: Multi-dimensional quadratic BSDEs and system of
quadratic PDEs.
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Superquadratic BSDEs (joint work with Delbaen and Bao)

(Arxiv 2009, to appear in PTRF).
Let us consider the following BSDE:

T
Y, =¢— / ds+/ Z.dB,,
t

where ¢ is convex with ¢g(0) = 0, and is superquadratic, i.e.

lim sup g(z2) = 00;
i—oo |2

and ¢ is a bounded Fp-measurable random variable.

The goal here is to look for a solution (Y, Z) such that Y is a bounded
process.
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Non-existence of solution

Different from BSDEs with quadratic growth, the bounded solution to the
BSDE with superquadratic growth does not always exist.

Theorem

(Non-existence) There exists n € L°(Fr) such that BSDE (8) with
sup-quadratic growth has no bounded solution.

Ying Hu, Univ. Rennes 1 Quadratic and Superquadratic BSDEs Roscoff, March 2010 40/43



Non-uniqueness of solution

Even if the BSDE has a bounded solution, the solutions are not unique. The
main reason is that the generator g is superquadratic which makes fot 9(Z.)dr

grow much faster that fot Z,-dB, with respect to Z. Following this observation,
we can construct other solutions.

Theorem

(Non-uniqueness) If the BSDE (g, &) with superquadratic growth has a
bounded solution Y for some & € L>°(Fr), then for each y < Yy, there are
infinitely many bounded solutions X with Xo = y.

Ying Hu, Univ. Rennes 1 Quadratic and Superquadratic BSDEs Roscoff, March 2010 41/43



Existence of solution to BSDE in Markovian case

The BSDE with superquadratic growth is ill-posed. However, in the particular
Markovian case, solutions to BSDE exist.

Define the diffusion process X*% be the solution to the SDE:

XS:ac—i—/ b(r,Xr)dr—i—/ 0dB,,t<s< T, (9)
t t

where b is Lipschitz with respect to z, and o is a constant (matrix).

Let us consider the BSDE (8) with & = ®(X5"):

T T
Y5:<I>(X;x)—/ g(Zr)dr—&—/ Z,dB,.
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Existence of Solution

Theorem

Let us suppose that ® is bounded and continuous. Then there exists a solution
(Y, Z) to Markovian BSDE.

Main tool: if ® is smooth, we can get an estimate in the spirit of Gilding et al.
by use of some martingale method:

12| < C||®|oo(T — t)"=.

Finally, we can prove that u(t,z) = Ytt’w is a viscosity solution of the
corresponding PDE.

Remark: Cheridito and Stadje (Arxiv 2010): No discrete convergence for
quadratic BSDEs.

Richou (Ph D 2010): numerical simulation applying the above estimate.
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