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Let X be a real separable Banach space, A: D(A) C X — X
the infinitesimal generator of a Cy-semigroup of contractions,
{S(t) : X — X| t > 0}, D anonempty subset in X and

F : D ~ X a given multi-function.

Definition 1. By a mild solution to the autonomous multi-valued
semilinear Cauchy problem

{ U (t) € Au(t) + F(u(t))
u(0) =&,

on [0, T], we mean a continuous function v : [0, T] — D, such
that 3 g € L'(0, T; X), g(s) € F(u(s)) a.e. s € [0, T] and

u(t) = S(t)§+/0t8(ts)g(s)ds, vte[o,T].




Definition 2. Let D an open set in X. The subset K C D is
strong invariant with respect to A + F if for each £ € K and
each mild solution u : [0, T] — D, there exists T° € (0, T] such
that u(t) € K for each t € [0, T?].

Definition The subset K C D is weak invariant, or viable with
respect to A+ F if for each ¢ € K, there exists a mild solution
u:[0,T]— K.




Previous results

Case A = 0. F is Lipschitz, has convex compact values,
X-Hilbert space, K closed.

The following are equivalent
(i) F(x) C Tk(x), Vx € K;
(if) K is strong invariant.
Clarke, Ledyaev, Radulescu (1997)[2].




About tangency

v € Tk(x) < liminfy o £dist(x + hv, K) = 0. Equivalently,
Elhn l 0,pn - 0, X+hnv+hnpn € K

Since F has compact convex values, (i) F(x) C Tk(x) is
equivalent to:

vfe Ll (R, X),f(s) € F(x) a.e. we have 3h, | 0, p, — 0,

loc

hn
X + f(s)ds + hppn € K. (1)
0

Denote € = {f € L} .; f(s) € E.a.e.} and
Tk(x) = {f(:) € L}; (1) holds}.
So, the following are equivalent

(i) F(x)C Tk(x),Vx € K.

(i) F(x) € Tk(x),¥x € K.



The semilinear case

Define TZ(x) as follows:

v € TR(x) iff liminfy o +dist(S(h)x + hv; K) = 0. Equivalently,
liminfpo Ldist(S(h)x + Ji S(h— s)vds; K) = 0.

Again, when F(x) has compact convex values, the following are
equivalent:

(@) F(x) C TA(x),¥x € K.

(b) F(x) C TA(x),¥x € K

where T2(x) is defined as follows:

f(-) € T2(x) iff 3h, | 0, pr — O such that

S(hn)x + [ S(hn — s)f(s)ds + hnpn € K.

Recall that F(x) = {f € L} .. f(s) € F(x).a.e.}

loc’



Uniqueness function

Definition 4. A function w : R, — R which is continuous,
nondecreasing and the only C'-solution to the Cauchy problem

{ X'(t) = w(x(t))
x(0) =0,

is x = 0 is called a uniqueness function.

Lemma 2. [1] Letw : Ry — R, be a uniqueness function and
let (vx )k be strictly decreasing to 0. Let (xx)x be a bounded
sequence of measurable functions, from [0, T| to R, such that

t
xi(t) < i + /0 w(xk(s))ds

fork =1,2,... and for each t € [0, T]. Then there exists
T € (0, T] such that limy xx(t) = 0 uniformly fort € [0, T].



Theorem

Let X be a separable Banach space, D an open subset in X, K
a nonempty and closed subset of D and F : D ~ X a
nonempty, closed and bounded valued multi-function. Assume
that

(a) there exist an open neighborhood V C D of K and one
uniqueness functionw : Ry — Ry, w(0) =0, such that

F(x) € F(y) +w(lix = yIDB(0,1), vxec VAK, VyeK;
(b) for every x € K we have F(x) C TA(x).

Then K is strong invariant with respect to A+ F.




Theorem

Let X be a separable Banach space, D an open subset in X, K
a nonempty and locally closed subset of D and F : D ~ X a
nonempty, closed and bounded valued multi-function. Assume
that:

(a) 3L > 0 such that F(x) C F(y) + L||x — y||B(0,1), Vx,y € D;

(b) K is strong invariant with respect to A+ F.

Then for every x € K we have F(x) C T2(x).
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