ADJOINT VECTOR FIELDS ON THE TANGENT SPACE OF
SEMISIMPLE SYMMETRIC SPACES

T. LEVASSEUR AND R. USHIROBIRA

ABSTRACT. Let g be a semisimple complex Lie algebra and ¥4 € Autg be
an involution. If g = ¢ @ p is the decomposition associated to ¢, define a
Lie subalgebra of Endp by ¢ = {X : Vf € S(p*)!, X.f = 0}. We prove that
adp (£) = E if, and only if, each irreducible factor of rank one of the symmetric
pair (g, €) is isomorphic to (so(g + 1),s0(q)).

0. INTRODUCTION

Let g be a semisimple complex Lie algebra with adjoint group G. Let ¢ € Aut(g)
be an involution and set ¢ = Ker(¥ —I), p = Ker(J + I), hence g = ¢ @ p. The pair
(g,9), or (g,t), will be called a (semisimple) symmetric pair.

Let O(p) be the Lie algebra of (algebraic) vector fields on p. Thus O(p) identifies
with Derc O(p), where O(p) = S(p*). There exists a Lie algebra homomorphism
7 : gl(p) = O(p) defined by (7(X).f)(v) = %lt:of(e*“.v) for v ep, f € O(p) and
X € gl(p). This applies in particular to ad(X), X € ¢, and we still set 7(X) = 7(ad(X)).

Let K be the connected algebraic subgroup of G such that Lie(K) = ¢. Recall,
cf. [7], that

o)X ={feOp):7(t).f =0} = Cluy,...,up)
is a polynomial ring. Here, p is the rank of (g,v), i.e. the dimension of a Cartan
subspace a C p for (g,9). One defines a Lie subalgebra of gl(p), containing ad(t),
by setting

t={Xegl(p): 7(X).f =0forall feOp)~}

The Lie algebra € has been considered by various authors (see, e.g., [8, 10]), in
relation with the description of spherical hyperfunctions, or eigendistributions, on p.
Observe that if s C € is an ideal of g, we have ad(s) = 0 and ad(t) = ad(¢/s). We
will therefore assume that € does not contain a nonzero ideal of g. Then (g,¥)
decomposes as a direct product szl(gi, £%) where each factor (g?, ') is irreducible,
see [4, VIIL5].

When p = 1, the invariant w; is (up to a non-zero scalar) the nondegenerate
quadratic form on p induced by the Killing form B of g. Then, & = so0(p,uy) and
£ D ad(), unless (g, ) = (s0(g+ 1,C),s50(¢,C)). The main result of this note is the
following theorem, which does not seem to have been noticed before.

Theorem. (Main Theorem) Let (g,9) be as above. Then ad(t) =t if, and only if,
each irreducible factor of rank one of (g,%) is isomorphic to (so(q+1,C),so0(q,C)).
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2 T. LEVASSEUR AND R. USHIROBIRA

The proof of the theorem goes as follows. Let K be the connected algebraic
subgroup of GL(p) such that Lie(K) = £, we first prove that the representation
(K :p) is polar (see [1, 2]). Now, using the results of [1] one can suppose that there
exists a semisimple symmetric pair (g, 3) with associated decomposition g = e P
and Cartan subspace a. Then, a case by case examination of the restricted root
systems X (g, a) and (g, a) enables us to conclude the proof.

Our interest in this theorem originates in the more general problem of describing
the O(p)-module of vector fields on p which annihilate O(p)¥. Set

E={deO(p):d.f=0foral feOp~}.

Then, E = O(p)r(k) € E = O(p)7(8) C € and we conjecture that & = O(p)7 (k).
The equality € = O(p)7(¢) was established by J. Dixmier [3] in the diagonal case,
that is to say when g = g1 X g1, g1 semisimple, ¥(z,y) = (y,z). It is not difficult
to prove that the same conclusion holds when (g, £) has maximal rank, i.e. p =rkg
(this is also a very particular case of the results in [13]). Furthermore, the modules
E, E and & are graded O(p)-submodules of ©(p) whose degree zero parts are given
by Eo = 7(8), Eg = & = 7(£). Therefore, the Main Theorem indicates in which

case one has E C E = O(p)&o.

1. GENERALITIES

We retain the notation of the introduction. Furthermore, we set n = dimp,
ad(z).y = [z,y] and g.x = Ad(g).x for z,y € g, g € G. If V C g, we denote by V*
the subset of elements of V' which commute with z.

By [7], dimp — dim ¢ = dimp? — dim €¥ for all v € p. Define the set of regular
elements in p by

pt={vep:dmKv=n—p}={vep:dimp’=p}.
Then, cf. [7], one has p = min, ¢, dimp” = dima and max, ¢, dim K.v = dimp — p.
One can write a = p* for a generic element x, i.e. x € p*°8 and x semisimple in g.

Recall (see [4, Proposition X.1.4] and [5, Lemma II1.4.1]) that the symmetric pair
(g,9) is the complexification of a real symmetric pair (gg,Jg) where go = & @ po is
a Cartan decomposition of the real form gy of g. Thus ¥; is a compactly embedded
subalgebra of gy and the restriction of B to pg is a gy-invariant scalar product. We
then have £t = ¢y Qr C, p = po ®r C, ¥ = ¥y ®g 1 and

Spy)® @r C = S(p*)t = O(p)K = Cluy, ..., up).

It follows that S(p3)t is a polynomial ring in p variables and that we may choose
the generators uq,...,u, in S(pg), the first invariant u; being the nondegenerate
quadratic form on pg induced by the restriction of B. We have gl(p) = gl(po) ®rC =
gl(po) @ igl(po) and, if X € gl(pg), the vector field 7(X) is a derivation of the
polynomial ring S(pg). Notice that so = {X € gl(po) : 7(X).u; = 0} is the orthogonal
Lie algebra so(pg,u1) = so(n,R).

Define [8, §4] a closed subgroup of GL(pg) by

Ky ={g€GL(po): guj =u; forall j =1,...,p}.

Since K} C SO(pg,u1), K|, is a compact Lie group. Denote by K, its identity
component and set ¢y = Lie(K()) = Lie(Kj). We have

B0 = {X € gl(po) : 7(X).f = 0 for all f € S(py)*}
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and ad(€) C & C so. Let K = (f(o)c C GL(p) be the complexification of K
(see [11, Chap. 5, Theorem 12]). Then, K is a reductive algebraic group and is the
unique connected reductive subgroup of GL(p) such that Lie(K) = £ ®r C. One
verifies easily that £ = £y @ C. It will be convenient to denote the Ky-module pg
by po.

Recall that the pair (g,) is said to be irreducible if (go, o) is irreducible in
the following sense [5, VIIL5]: £, does not contain a nonzero ideal of gy and the
Kp-module pg is simple. Decompose (go,t0) as a finite direct sum 0f~irreducible
symmetric pairs (gb,€8), 1 < i < t. We can then define, in a similar way, € C gl(pf),
K’ c GL(p?) etc., for each i= 1 ,t.

Lemma 1.1. We have &y = £} x - -- x%g and Ko = K§ x --- x K¢.

Proof. We write the proof for ¢ = 2, the general case being similar. Let {e;,x; =

er}; and {fi, y; = f;}i be orthonormal coordinate systems (w.r.t. the Killing forms)

on pt and p2. Thus, S(pz)® = S((pd)*)® ®r S((p2)*)t. Let X € End py and write

X = (&3) with & = [a;;] € Endpg, B = [bi;] € L(p3, pg), C = [ci5] € L(pg, p3),

D = [d;;] € End p3. Then,

T(X) = 3, (A (%) + Bs(y)) 2= + 24 (Cq() +Dg(y) 55

where Ag(z) = — >, GsuZu, Bi(y) = — > . bsulu, Cq(x) = — > CquTus Dg(y)

— > dguYu- Suppose that X € £ and let f(z) € S((pg)*)%. Then, from 7(X ) f=
(

we deduce that > A (z )af 2 — 3 Bu(y )651(?, which forces Y As(x )

> < Bs(y) 6502) = 0. Slmllarly, > Cs(z )OQ(U) > < Ds(y )aq W) — 0 for all g( ) €

S((p%)*)"’g. Now, taking f(z) = >, 22 we obtain > Bs(y )xs = 0 and therefore
Bs(y) = 0. Hence B = 0 and, similarly, C = 0 (use g(y) = >_, y;). This proves that
X = A x D with A € £}, D € £2. The second assertion follows easily. g

oH

Remark 1.2. The previous lemma shows that ad(€y) = & if and only if ad(£}) = €}
for all 4. Therefore, to prove the theorem of the introduction, we may assume that
the symmetric pair (g, £) is irreducible.

Lemma 1.3. Suppose that (g,¥€) is irreducible and p = 1. Then, ad(¥y) = ¥ if and
only if (g,%) is isomorphic to (so(n 4+ 1,C),so(n,C)).

Proof. Note that £y =+ ad(ty) C b0 = 50 with sy ®@g C = s0(n,C). Assume that
(g,8) = (so(n + 1,C),s0(n,C)); then, dim¢y = dimc€t = dimsy and therefore
ad(ty) = so. Conversely, if ad(€g) = so, we obtain that £ = so(n, C) acting naturally
on p = C". It follows that (g, &) = (so(n + 1,C), s0(n,C)). O

Recall (for completeness) the following lemma, cf. [8, Corollary 4.4] for a proof
in the analytic case.
Lemma 1.4. Let V C p be an affine open subset and f € O(V), then
{(VXect 7(X).f =0} < {VXet 7(X).f =0}
In particular, O(p)¥ = O(p)f( and S(pg) Ko = S(pé)ko.
Proof. Let X € € and let f € O(V) be such that 7(¢).f = 0. By [9, Lemma 4.9] (or
the proof of [8, Lemma 4.3]), there exists 0 # ¢ € O(p) such that ¢7(X) € O(p)7(¢).

Hence (¢7(X)).f = 0, forcing 7(X).f = 0. The converse is obvious and the last
assertions follow easily by taking V = p. (]
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Corollary 1.5. Let v € pg. Then Kg.v = Ko.w.

Proof. By Lemma 1.4, the invariant functions u; separate both the Ky-orbits and
the Ko-orbits, see e.g. [12, (0.4)]. We clearly have Ko.v C Ko.v. Suppose that
y € Ko.v\ Ko.v. Since Ko.y # Ko.v, we get that u;j(y) # u;j(v) for some j. But
this yields Ko.v # Ko.y and a contradiction. O

Let (L : E) be a finite dimensional representation of a compact group L. Fix
an L-invariant scalar product B on E and set [ = Lie(L). Recall [1] that v € E
is said to be L-regular if dim L.v is maximal. The representation (L : E) is called
polar if, whenever v,v’ € E are regular, there exists k € L such that a, = k.a,-,
where a, is the orthogonal of [.v with respect to B. A subspace of the form a,, v
regular, is called a Cartan subspace for (L : F) and we define the rank of (L : E)
to be rk(L : E) = dima,. We then have max,cg dim L.v = dim E — rk(L : E).

The representation (K : po) is known to be polar and is called a symmetric space
representation, see [1]. In this case a Cartan subspace is provided by a maximal
abelian Lie subalgebra ay contained in pg; then, a = ag ®r C is a Cartan subspace
for (g, 9).

Proposition 1.6. The representation (K'o : po) is polar.

Proof. By Corollary 1.5, vy € p is Ko-regular if and only if it is Ko-regular and we
have £y.vo = £9.v0. Set ap = dy, = (80.v0)t. Let v € pg be regular, we then have
ap = k.a, = k.(bg.v)t = k;.(%o.v)l for some k € K. This implies that (KO : Po) is
polar with ag as Cartan subspace. ([l

We need to recall a few facts from the theory of symmetric spaces [4, VI.3]. Let
ap be a Cartan subspace for (Kj : pg) and let A € afj. One sets:

gy = {z € g0 : [a,2] = Ma)z for all @ € ap}
Y={a€a):a#0and g5 # 0}
mo = g N €& = cente, (ao)

Then ¥ is a root system, possibly non reduced; we fix a choice ¥ of positive roots.
Define the reduced associated root system by

Zred:{)\EZZ)\¢22}.
(If X is reduced we have ¥,.q = X; otherwise, in the irreducible case, X is of type
(BC)p and X,6q = B).)

If V is a real vector space we denote by V¢ its complexification and if [y is
a subspace of go, we set [ = (lp)c. With this notation the decomposition gg =

Dresuioy8) vields
g=tdp= EB,\ezu{o}gA
m = cente(a)

Recall that the multiplicity of A € ¥ is my = dim¢ g* = dimg). Let A € ¥+ and
set

E(’} ={X €t :ad(a)®X = A a)*X for all a € ag}
py = {v € po : ad(a)®v = A(a)?v for all a € ap}.
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Then, ¢ = mg @ (6{9)\62+E8‘), Po = ap D (@AGE+P8‘)~ Furthermore, see [5, 111.4],
g Dg = Pp*. Let v € a be generic, i.e. A(v) # 0 for all A € ¥q, then ad(v)
induces an isomorphism p* == ¢*. It follows in particular that my = dimg* =
dim ¢ = dim p*.

Denote the set of generic elements in a by

a ={vea:al)#0foral a X}

and let a*"® = a\ a’ be the set of singular elements. We recall, for completeness,
the following lemma.

Lemma 1.7. Let x € a. Then

(i) & =m® (Bpes+a@=o0rt?)
(ii) = generic <= ¢ =m <= dim¥t* is minimal < dim¥* = dimp — p.

Proof. (i) follows from &€ = m & (@yex+t*) and Kerad(a)? = Kerad(a) for a € a
(since a is semisimple).
(ii) is consequence of (i) and the definitions. O

For a € X | we set a, = Kera = {a € a: a(a) = 0}. Therefore,

sing __
(1.1) a’"e = Uaezj;daa

and the a, are pairwise distinct hyperplanes. Set

sing

ap=da' Nag, ay"®=agNa’e

ag,o = g N dg.
Since dim Ky.x = dim¢ K.z for all z € ay, it follows from Lemma 1.7 that af is the
set of regular elements in ag.

2. PROOF OF ad(t) = ¢

We continue with the notation of the previous sections. Recall that the proof of
the Main Theorem reduces to the case when (go, £9) is irreducible, see Remark 1.2.
From now on, we assume that this hypothesis holds. Since ad : ¢, — gl(po) is
injective, we will identify €, with the Lie subalgebra ad(ty) of £, therefore ¢ is
identified with ad(¢). Note that the representations (K : po) and (K : po) are
irreducible and faithful.

From the classification of irreducible polar representations one can deduce the
following result, see [1, Theorem 9, Theorem 10 and Proposition 6].

Proposition 2.1. Let (Lo : Vp) be an irreducible faithful polar representation of
a compact Lie group Lg. Then, there exists a semisimple symmetric pair (ﬁO,Eo)
such that (with obvious notation):
(i) 8y = & ® Vp is the associated Cartan decomposition;
(ii) Lo C Ko and (Lo : Vo) is the restriction of (K¢ : Vo);
(iii) S(Vg)Fe = S(V5)te.

Corollary 2.2. The representation (Kg : po) is an irreducible symmetric space
representation.

Proof. By Proposition 1.6 and Proposition 2.1, there exists a semisimple symmetric
pair (EO,EO) such that pg = po = P, (as vector spaces), &y C £y C £ and S(pg) o =
S(pg)¥o. Tt follows then from the definition of to that &, = €. O
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Remark. B. Kostant has informed us that Corollary 2.2 can also be deduced from
the results contained in [6].

From the previous corollary we may suppose now that (K’O : Po) is coming from
a semisimple symmetric pair (@O,EO). Without lost of generality we can assume
that gy has Cartan decomposition gg = o D po and that, if [, ]~ is the bracket
on go, [X,v] = [X,v]™, [X,Y] = [X,Y]™ for all X,Y € €, v € pgp = po. Notice that if
[y C & C End py is an ideal of o, then ly.po = [lo, Po]™ C o N Po = 0 and therefore
[p, = 0. Thus the symmetric pair (ﬁlo,Eo) is also irreducible. Recall that we have
fixed the Cartan subspace ay and that we can take ay = ag as Cartan subspace
for (go, %O), see Proposition 1.6. The associated Weyl groups will be denoted by W
and W.

The notation given in §1 for €y, pg, ag, go, etc. can be introduced for to. Po, Ao, Jo,
etc. If an object x is defined relatively to (go, o) we denote by Z the corresponding
one, relatively to (o, ). Since there is only one degree two invariant in S(p%)° =
S(pg)%o, the scalar product B on pg is a positive scalar multiple of the scalar
product B on po and we will suppose in the sequel that they are actually equal.

Proposition 2.3. (1) There ezists a bijection t : S — i;d, a — &, such that

ag,q = 0g,a-
(2) W =W.
(3) Let « € &, and w € W be such that w.a € S ;. Then t(w.c)) = Fw.t(a).
(4) There exist c1,ca € R* such that

. +ca  if a short,
o =
+eoa  if a long.

Proof. (1) By Corollary 1.5 we have ai"® = a3"%, hence we get from (1.1):

Uaezj;d 40,0 = Uﬁeij'ed %0,8

Since the hyperplanes occuring in each side of the previous equality are pairwise
distinct, we obtain that

VaeXl,, At(a) € B, 0,0 = fot(a):

It is then clear that o — t(a) = & gives the required bijection. Notice that
Kera = Ker & (in ag) implies that & = ¢,a for some ¢, € R*.

(2) Recall that W is generated by the reflections r,, o € Z:;d, and that the
reflecting hyperplane of r, is ag . Thus r, = rs and it follows that W = w.

(3) We have Kerw.aco = w(Ker«), thus w(ag,) = w(dpa) is equivalent to
Kerw.ao = Kerw.&. Let € = &1 such that ew.a € f];"ed. Then Kerw.& = g ew.a =
a0,1.« and, by definition of t(w.«a), we obtain that t(w.a) = ew.a.

(4) Let o, 8 € Ejed having the same length and w € W be such that § = w.a.
By (3), B = +w.a and, therefore, 3 = cgf = Eeqw.oo = £ . Hence cg = *£cq.
The assertion then follows easily (with the convention that all the roots are short
when there is only one root length in ¥). O

Corollary 2.4. (1) If Xieq ¢ {Bp, Cp}, then Eyeq and Yreq are of the same type.
(2) If Lrea € {Bp, Cp}, then Xieq € {B,, Cp}.
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Proof. Recall that the Weyl group distinguishes irreducible root systems which are
not of type B, or C, and that the Weyl groups of B, and C, are the same. The
claims are therefore consequences of Proposition 2.3(2). g

Observe that it could happen that »..q = B, and ired = C,, the bijection t
being given by t(a) = 2a, « short, t(a) = a, a long. (Similarly, ¥,eq = C, and
Yreq & B, could occur.) In case ¥ = ¥,eq = Fy (resp. G2) we must have Y~ Fy
(resp. Ga) but it possible that t interchanges the short and long roots. In summary,

we have the following possibilities for the pair (X;ed, Yred):

® (Ap,Ap), (Dp,Dyp), (Ep, Ep);
o (F4,F4), (G2, Go);
* (By,Byp), (Cp, Cp), (Bp, Cp), (Cp, By).

For all A € ©F | we set my = cente(ay) = {x € £: [z,a,] = 0}. If, similarly,
mj = centz(dy) we obtain from ay = a5 that

(2.1) my = ﬁ'l;\ ne.
The Lie algebra m) is described by the following well known lemma.

Lemma 2.5. Let A\ € Ej;d, Then, my = m @ P e (with the convention that
A =04f2 ¢ X).

Proof. Let X € € and set X = X0+ >+ Xa, Xo € m, X, € €. Thus X € m,, if and
only if )7 cv+[a,Xs] = 0 for all a € ay. But, since [a,X,] € p®, this is equivalent
to [a,X] = 0 for all @« € 1 and a € a,. Hence,

Xemy <= Ya €X', Vacay, X, € Kerad(a) = Kerad(a)?
< VaeXt Vaca,, ala)=0or X, =0.

Therefore, if X, # 0, ay = Ker A C Ker«; thus Ker A\ = Kera and a = A or 2.
Conversely, if X € € or £2* we have X € Kerad(a)? = Kerad(a) for all a € a,.
Hence X € cente(ay). O

Let X € Ejed; set
_ A p2) — _
5)\—% @{3 y S)\—dlmS)\—m)\—‘rmg)\
(with may = 0 if 2\ ¢ ). Notice that sy = dim(p* @ p?*).
Lemma 2.6. One has sy = 55 for all A € Zjed.

Proof. 1t follows from Lemma 2.5 and (2.1) that m@ sy C m@s5. Let ¢ : m5 — 55
be the projection afforded by the decomposition m; = m @ s5. By composing ¢
with the inclusions ) < my < my, we obtain a linear map ¢ : 6\ — 55. Suppose
that p(z) =0, then x e mNsy =mNENsy =mNsy, = 0. Thus ¢ is injective and,
consequently, sy < §5. Now, recall that

P=p=0a® (Byepr P OP?) =a® (Byesr P ©PP).

_ o S . S _ . +
Therefore Z)\Ggld Sy = ZAGEL 35 and, since sy < 55, 5\ = 55 forallA e X7 ,. O

Remark. One has p* @ p?* = p @ p2> for all \ € ¥t 4. This can be shown as
follows. Let v € o', then ad(v) induces an isomorphism £* = p® for all @ € X7.
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Recall that if X € &, [v,X]™ = [v,X]. Thus adz(v) restricted to my coincides with
ad(v). It follows that

P @ P = adg(v).8) C adg(v).(R B 55) = 5 @ P
Since sy = §5, we get that p* @ p?* = )3;\ P p? 2y
We now set:
s1=sy) if A€ E;red is short,
(2.2) so = sy if A € oF, is long,
so =0 ifall A\ € &7 are short.

Hence, we can associate to the Lie algebra go two ordered pairs (s1, s2) and (s, $1).
It is shown in Appendix A that these pairs almost determine gg. A similar definition
holds for the pair gy and gives the pairs (81, 32), (82,51). We now compare the s;
and 5;.

Lemma 2.7. (1) Assume that X is simply laced. Then, (s1,s2) = (81, 32).
(2) Assume that 3 has two root lengths. Then,

(51,32) or (32,31)  if (Zreds Lrea) = (Fa,Fa), (G2, Ga), (Ba, Ba),
(s1,52) = 3 (51, 82) if (Breds red) (Bp.By), (Cp,Cp), p =3,
(52351) Zf( red> red) (Bpacp)7 (CIHBP); = 3.

Proof. Observe first that s, = sg if a, 8 have the same length; then Lemma 2.6
yields §5 = §5 =81 or g, depending on the length of &.

(1) is clear.

(2) Recall that if ¥,.q has two root lengths, then the number of short roots is
equal to the number of long roots if, and only if, 3..q is of type By = Cy, F4 or Gs.
The assertion then follows from Lemma 2.6 and Proposition 2.3(4). O

Theorem 2.8. Assume that p > 2. Then, go = go and, therefore, tg = t.

Proof. By Corollary 2.4 and Lemma 2.7, the hypothesis (h.j), j = 1,...,4, of Ap-
pendix A hold. Thus, by Theorem A.1, if gg 2 go we are in one of the following
cases. B

Case 1: Diagonal case with X,¥ € {B,,C,}. Then, dim¥, = dimgy = dimgy =
dim ¥, and & C & force & = & and, consequently, go = go-

Case 2: go and §o are of type Bl(p,p + 1) or Cl(p). This implies that £, and &
are isomorphic to so(p) X so(p + 1) or u(p), which are both of dimension p?. Since
£y C o, this implies £y = £. But so(p) x s0(p+1) = u(p) only happens when p = 2
(see [4, p. 519]), in which case go = gy = s0(2, 3). O

Proof of the Main Theorem. As noticed in Remark 1.2, we may assume that (g, €)
is irreducible. Now, the assertion follows from Lemma 1.3 if (g, ) has rank one and
from Theorem 2.8 if this rank is > 2. O

APPENDIX A

Let go be a real semisimple Lie algebra. We adopt the notation of §§1 and 2.
In particular, we fix a Cartan decomposition gy = €y @ po and a Cartan subspace
ap C po of dimension p. Let gy be another semisimple Lie algebra with Cartan
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decomposition §o = £ @ po. Any object z defined relatively to go has an analogue
for gg and it will be denoted by Z.

We will assume that the pairs (go, o) and (go, %0) are both irreducible and that
the following hypothesis hold.

(h.1) p > 2.

(h.2) Syed € {B,, C,} if, and only if, e € {B,, C,}-
(h.3) Xieqd = Xreq when Y,eq is not of type B, or C,.
(h.4) The pairs (s1, s2), (81, 82) being defined as in (2.2), one has

if 3 is simply laced,

or (527 §1) if (Ered7 §red) - (F47 F4)7 (G27 G2)7 (BQa BQ)a
if (Ereda gred) = (pr Bp)7 (Cpa Cp)v p

=
if (Ereda Ered) = (B;m Cp)7 (Cp7 Bp)> p 2 3.

[y
D

[y
N

n
~— — ~— ~—

(s1,82) =

—
Dy W W

—~ o~~~
Wy Wy by

[ V)
—

Observe that the hypothesis are symmetric in gg and go.

The notation for the classification of irreducible symmetric pairs, i.e. of semisim-
ple real Lie algebras, will be (almost) as in [4, X.6]; in particular, we adopt the
notation of [4, pp. 532-534]. For instance, if go = s0(p, ), tn = so(p) x s0(q), p < g,
p + ¢ even, we say that go is of type DI(p, q).

Suppose that gy = g} for some complex simple Lie algebra g;. Define an invo-
lution ¥ on g = go ®r C = g1 x g1 by ¥(z,y) = (y,x). Then the symmetric pair
(g, ) is isomorphic to (g1 X g1,81). This case will be called the diagonal case and
(g,9) is said to be of diagonal type.

Theorem A.1. Up to symmetry between go and §o, the following (exclusive) pos-
sibilities hold.
(i) g0 = go- ) N
(i) (g,9) and (g,9) are of diagonal type, ¥ = B,,, £ = C,.
(ili) go is of type Bl(p, p+1), §o is of type Cl(p), p = 3 (thus € = s0(p) xs0(p+1),
& = u(p)).

Proof. The proof is a case by case analysis using [4, X, Table VI]: One computes
the pairs (s1, s2) for each type of irreducible symmetric pair (go, t9) and, then, one
notes that the hypothesis (h.i),i=1,...,4, yield the desired result. We will simply
make a few remarks in order to explain the method and the appearance of cases
(i), (i), (iii).

If (g,9) is of diagonal type with g = g1 X g1, g1 complex simple of type T,
(T = A,B,C,D,E,F,G), then ¥ = T, and (s1,s2) = (2,0) or (2,2). Then, the
(h.i)’s show that only cases (i) or (ii) may occur.

If go of type Alll(p,p), then (s1,s2) = (2,1), ¥ = C,. The only possibility for
go and (81, 82) = (s1,52) or (s2,s1) occurs when gg is of type DI(p,p + 2). In this
case X 2 B,. When p = 2 we find the isomorphism DI(2,2 + 2) = Alll(2,2), see [4,
p. 519]. When p > 3, the hypothesis (h.4) forces (s1, $2) = (2,1) = (32,51) = (1, 2),
hence a contradiction.

If g is of type Bl(p,2¢ + 1 — p), then (s1,s2) = (20 —2p+1,1), ¥ = B,,. From
so = 1 and s; odd, it follows that the only possibility for gg may occur in type
Cl(p), where (32,51) = (1,1), ¥ =2 C,,. But this forces 20 —2p+1=1,ie {=p.
Recalling that BI(2,3) = Cl(2), see [4, p. 519], this yields case (iii). O
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