RINGS OF DIFFERENTIAL OPERATORS ON CLASSICAL RINGS OF INVARIANTS

by

T. Levasseur and J.T. Stafford



to

Shimshon A. Amitsur



ABSTRACT

We consider rings of differential operators over the classical rings of invariants, in
the sense of Weyl [We]. Thus, let X}, be one of the following varieties: (CASE A) all
complex p x ¢ matrices of rank < k; (CASE B) all symmetric n x n matrices of rank
< k ; (CASE C) all antisymmetric n X n matrices of rank < 2k. We prove that the
ring of differential operators D(X}) = D(O(X},)) defined on the ring of regular functions
O(X}) is a simple, finitely generated, Noetherian domain.

Assume further that X is singular (which is the only interesting case). Then the
result is proved by showing that D(X}) is a factor ring of an enveloping algebra U(g).
Here g = gl(p+ ¢q), sp(2n) and so(2n) in the Cases A, B and C, respectively.

Finally, let SO(k) act in the natural way on the ring C[X] of complex polynomials
in kn variables. Then we prove that D(C[X]*?(*)) has a similarly pleasant structure

and, at least for k < n, is a finitely generated U(sp(2n))-module.
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INTRODUCTION

0.1. Given a commutative C-algebra R, the ring D(R) of C-linear differential
operators on R is defined, inductively, as follows. Let Dy(R) = Hompr(R,R) = R. For

m > 0 define the set of differential operators of order < m to be
Dimm(R) = {0 € Endc(R) : [0,a] € Dy—1(R) for all a € R}.

Then D(R) = |J Dn(R), with multiplication defined by composition of functions. In
m=0

order to avoid confusion with multiplication inside D(R), the action of # € D(R) as a
differential operator on r € R will always be written 6 % r. Basic facts about D(R) can
be found, for example, in [Sw] or [MR, Chapter XV].

Given a quasi-affine algebraic variety ), with regular functions O(Y), write D(Y)
for D(O(Y)). One aspect of D()) is of particular relevance here. If ) is affine, non-
singular and irreducible, it is well known that D()) has a particularly pleasant structure
being, in particular, a simple Noetherian domain that is finitely generated as a C-algebra
(see, for example [MR, Chapter XV, §§1.20, 3.7 and 5.6] or [SmSt, §1.4]). In contrast,
when ) has singularities, D()) need not be pleasant. For example, if ) is the cubic
cone x3 + x3 + 23 = 0 in complex 3-space, then D()) is neither simple nor Noetherian

nor finitely generated, and even has an infinite ascending chain of two-sided ideals (see
[BGG]).

0.2. The aim of this paper is to study the rings of differential operators on classical
rings of invariants. Indeed, even though the varieties will often be singular, we will prove
that the corresponding rings of differential operators will always be simple Noetherian

domains, generated by the “obvious” differential operators of order < 2.

Following Weyl [We] (but see also [DP]) we will consider 3 main classes of rings of
invariants. To describe them, let M, ,(C) denote the space of p x ¢ complex matrices,
and fix k> 1.

(CASE A) Given p > q > 1, let G’ = GL(k) = GL(k,C) act on X =
My, k(C) x My4(C) by g-(&n) = (§g~ " gn) for g € GL(k) and (§,n) € X'. Then
GL(k) acts on O(X) and the ring of invariants O(X)“E*) is described by the two
Fundamental Theorems of Invariant Theory (see [DP] or (II, Theorem 2.3)). For the
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purposes of this introduction we merely note that O(X)%EF) =~ O(X}), where X is

the variety of p x ¢ matrices of rank < k.

(CASE B) Given n > 1,let G' = O(k) = O(k,C) act on X = My, ,(C) by g-& = ¢g¢
for g € O(k) and ¢ € X. In this case O(X)°*) = O(X}), where X, is the variety of
symmetric n x n matrices of rank <k (see [DP] or (II, Theorem 3.3)).

(CASE C) Given n > 1, let G' = Sp(2k) = Sp(2k,C) act on X = My, (C) by
g-&=g¢ for g € Sp(2k) and £ € X. Then O(X)%Pk) = O(X}) where, now, X}, is
defined to be the variety of all antisymmetric n x n matrices of rank < 2k (see [DP]
or (IT, Theorem 4.3)).

One may, of course, also consider the rings of invariants under the action of SO(k)

and SL(k), but we defer comment on these cases until later in the introduction.

0.3. Tt follows immediately from (0.2) that O(X}) is a polynomial ring if (and only
if) k> q in Case A, k > n in Case B and 2k > n — 1 in Case C. Thus in these cases
D(X}) is nothing more than the Weyl algebra,

A (C) =Clxy, ... Ty, 0/021,...,0/0Tp]

of an appropriate index m. The aim of this paper is to study D(X}) for the remaining
values of k. We therefore define k to be sufficiently small if 1 <k < q—1 in Case A,
1<k<n-—1in Case B and 2 < 2k < n — 2 in Case C. We remark that, with a little

work, one can prove that k is sufficiently small if and only if X}, is singular.

The method we use to study D(X%) is Howe’s notion of a classical reductive dual
pair in a symplectic group [Hol, Ho2] (see Chapter I for the basic definitions and
results). This provides, by means of the metaplectic representation, a natural map
Y : U(g) — D(X%). Here g is the Lie algebra g = gl(p + ¢q) in Case A, g = sp(2n) in
Case B and g = s0(2n) in Case C, while U(g) denotes the enveloping algebra of g.

We can now state the main result of this paper.

THEOREM. Suppose that k is sufficiently small, and that X is defined as in (0.2).
Then J(k) = ker(y) is a completely prime, maximal ideal of U(g). Moreover, 1 induces

an isomorphism

U(g)/J(k) — D(Xk).

This result is obtained by combining the main results of Chapters III and IV (see
(ITI, Theorem 1.10) and (IV, Theorem 1.3), respectively).
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0.4. Combining Theorem 0.3 with a non-commutative version of the First Funda-

mental Theorem of Invariant Theory ([Hol, Theorems 2 and 7]) gives:

COROLLARY. D(X}) is a simple Noetherian domain, generated by differential opera-
tors of degree < 2. Moreover, these generators are the “obuvious” elements of D(X}) -

see (IV, 1.9) for the precise statement.

We remark that ¢ : U(g) — D(X}%) is still defined when & is not sufficiently small.
However, in this case D(X})is a Weyl algebra, and hence by (IV, Remark 1.5) 1 cannot
be surjective. Indeed, in this case D(X}) will not even be finitely generated as a U(g)-
module. This provides the following, rather curious dichotomy: The map 1 is nice (that

is, surjective) if and only if X}, is bad (that is, singular).

0.5. In the course of the proof of Theorem 0.3 we prove a number of results about
the Lie algebra g, of which the most significant are the following. For simplicity, we
state these results here under the assumption that k is sufficiently small, although we

do in fact prove analogous results for all values of k.

0.5.1. J(k) = Ann(L(Ar + p)), where L(\; + p) is a simple highest weight module,
whose highest weight A\x can be explicitly described. Under the isomorphism of Theorem
0.3, L(Ax+p) becomes the standard D(X})-module O(X}). (See (II, 2.7, 3.7 and 4.7)).

0.5.2. Write k = k in Cases A and B, but k = 2k in Case C. Let Oy be the nilpotent
orbit {¢£ € g : £ = 0 and ranké = k }, with Zariski closure Oy . Then the associated
variety V(J(k)) of the ideal J(k) is equal to Oy, (see (II, 6.4)).

0.5.3. Letg =n~ ®hant be the usual triangular decomposition of g. Then X}, is
an irreducible component of O, Nnt (see (II, Proposition 6.3)).

0.6. Let G' = O(k) act on X = My, ,(C) as in Case B of (0.2). This induces an
action of SO(k) on X and hence on O(X). We will also study the ring of differential
operators D(A), for A = O(X)5°%) | The natural way to approach this ring is to note
that Z/27 = O(k)/SO(k) acts on both A and D(A) and so one should try and relate
D(A) both to D(A)%/?Z and to D(A%/?2) = D(O(X)P®) . In this way we obtain:

THEOREM. (V, Theorems 2.6 and 3.11). Let A = O(X)%°®) . If k < n then
D(A) is a simple Noetherian ring, and is finitely generated as a module over the subring

R ="U(sp(2n))/J(k). Moreover D(A)%/?2 = R.
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Some remarks on this theorem are in order. First, note that it covers all the in-
teresting values of k. For, the ring A is non-regular if and only if £ < n. Moreover,
for kK > n the group Z/2Z acts trivially on A and so this case is already covered by
the earlier results concerning O(k) invariants. If & < n, then Theorem 0.3 shows that
R = D(X},) = D(A%/?%) and so the above theorem implies that D(A)%/?% = D(AZ/?2)
The case k = n is rather curious. For, (0.4) now implies that R # D(X}) and one
can even show that D(X}) cannot be finitely generated as an R-module (see (IV, Re-
mark 1.5)). Equivalently, D(A%/?%) is infinitely generated as a module over the subring
D( A)Z/QZ )

It is natural to ask whether one can extend these results to cover the rings of invari-
ants under the action of SL(k). Unfortunately the methods of this paper will not apply

to this case since there is no obvious enveloping algebra that can be used to generate all,
or most of, D(O(X)SLHk)) .

0.7. There is an alternative way of viewing Theorems 0.3 and 0.6. Given a group
K acting on a variety ) then this induces a natural action of K on D()). Moreover,

one always has a map

p: D) — DOD)F)

obtained by restriction of differential operators. Now, Howe in [Hol] actually provides
amap w from U(g) onto D(X)E . The map ¢ of (0.3) is then simply 1 = pw. Thus
an equivalent formulation of Theorem 0.3 is that ¢ is surjective if (and only if) k is

sufficiently small. Similarly, in the set-up described in (0.6) one can show that
¢ D)W s DO(X)SO)

is surjective if and only if £ < n. Consequently, at least when £ is small enough,
these results may be regarded as a non-commutative analogue of one of the basic results
of classical invariant theory — that O(X)¢ = O(X};). However, in contrast to the

commutative case, ¢ will not be injective (see (IV, Lemma 1.7)).

0.8. We next give a brief outline of the proofs of the main results and of the
organisation of the paper. As was remarked earlier, one of the basic ideas behind the
proof of Theorem 0.3 is to use Howe’s work on reductive dual pairs from [Hol]. Since
Howe’s paper has not been published, we give a brief survey of the relevant material in
Chapter I. In Chapter II, we then give the more detailed computations that we will need
concerning this material. In particular, in Chapter II we prove the results mentioned in

(0.5). We remark that many of these results, at least for Cases A and B, can be found
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in the literature, notably in [KV]. We have included them here, both for the reader’s

convenience and because most of the details will be needed elsewhere in the paper.

0.9. The main step in the proof of Theorem 0.3 is given in Chapter III. This proves
that (i) the rings R =¥ (U(g)) and D = D(X}) have the same full quotient ring Q(R)
and (ii) D is a finitely generated R-module. This is, essentially, equivalent to showing
that D is the ring of £-finite vectors L(L(A; + p), L(Ax + p)). To prove this, we adopt
the approach used in [LSS]. Thus, the key point is to prove that GKdimgD/R <
GKdim R — 2 ,where GKdim stands for Gelfand-Kirillov dimension. This is done by
computing the dimensions of certain associated varieties. One may then apply Gabber’s
Lemma [Le2] to conclude that D is a finitely generated R-module. (In the present
situation, Gabber’s Lemma implies that there exists a unique, mazximal, finitely generated
submodule M of Q(R) satisfying GKdim M/R < GKdim R—2.) Since [Le2] will not
be published, we include a proof of this result, in its full generality, in an appendix to
this paper. We remark that, after this research was completed, Joseph found another
completely different method of proving that D = L(L(Ax + p), L(Ax + p)) (see [Jo3]).

The equality D = L(L(Ax + p), L(Ax + p)) is remarkably stable under translation.
Indeed, let E be a finite dimensional U(g)-module, and N any direct summand of the
U(g)-module E ®c L(\, + p). Then L(N, N) = DUYE)(N), the ring of “twisted
differential operators” on N, regarded as a U(t™)-module. Here t~ is a certain abelian
sub-Lie algebra of n~, related to X . See (III, §3) for the full details.

0.10. In order to complete the proof of Theorem 0.3 it suffices to show that J(k)
is a maximal ideal of U(g). This is proved in Chapter IV and follows from the fact
that, since Ay is known and J(k) = ann L(Ax + p) (see (0.5)), one can use the results of

Barbasch-Vogan, Joseph, et al to determine whether J(k) is maximal.

Finally, the results on SO(k) invariants are proved in Chapter V. For any k& it is
not difficult to show, in the notation of (0.6), that

R = ¢(U(sp(2n))) € D(A)*? C D = D(Xy).

Thus, when k < n, Theorem 0.3 forces R = D(A)?/?2 = D, which is a major part

of Theorem 0.6. However, if & = n then D is not even finitely generated as an R-

module. Instead, some explicit calculations are needed to prove that R = D(A)%/?Z (

(V, Theorem 3.11)).

see

0.11. The results obtained in this paper have some connection with unipotent repre-
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sentations of the classical groups in question. For example, the algebra D(A) introduced
in (0.6) is naturally a Harish-Chandra bimodule for the pair (sp(2n), Sp(2n)) and, as
such, decomposes as a direct sum D(A) = Re®D_, where R =U(g)/J(k) and D_ are
irreducible Harish-Chandra bimodules. At least when £ is odd, with k < n, these two
modules can be viewed as concrete realisations (in terms of differential operators) of the
two unipotent representations attached to the orbit Oy in [BV2, Theorem III]. For more
details see (V, §5).

Again in relation to unipotent representations, we remark that the orbits Oy con-
sidered here are complex analogues of the orbits G’ - uy of [Ad2, pp.144-5]. Similarly,
the representations 7(u) and 7(u)* introduced in [Ad2, ibid] and [Ad1, Definition 4.6]

correspond in the orthogonal case to the Harish-Chandra bimodules R and D_ .

0.12. The results of this paper may also be viewed as part of a programme that
aims to attach a completely prime, primitive ideal J to some of the nilpotent orbits O
in g and to give the structure of a commutative ring to certain highest weight modules
L(\). In this paper, J = J(k), O = Oy and L(\) = L(\x + p) = O(X). The
results we have obtained also continue the idea, begun in [LS] and [LSS] ,of realizing
the corresponding primitive factor domain U(g)/J as an algebra (or subalgebra) of the
ring of differential operators on some irreducible component of O Nn+. By (0.5.3), X
is such a component. The results of [LSS] for Lie algebras of type A4, , C, and D,
are just the case k = 1 of Theorem 0.3. However, [LSS] also proves a corresponding
result for Lie algebras of type B, , Eg and FE7, and it would be interesting to know
if Theorem 0.3 could be extended to cover these cases. Recently, Goncharov has also

asserted (without proof) that 1 is surjective in the case k =1 (see [Go]).

0.13. Finally, consider D(Z), where Z is an irreducible affine algebraic variety.
As noted in (0.1) for the cubic cone, it can happen that D(Z) has almost no pleasant
properties. Nevertheless we have now found a number of examples where this algebra

has a nice structure; for example, when:

0(2) = 0 is as in (0.2); see Corollary 0.4,
O(2) = 0O(x)50k) see Theorem 0.6,

O(Z) = OCMH© for G finite; see [Lel],

Z  is a quadratic cone in C"; see [LSS].

It would be interesting to know for what other varieties Z the ring of differential
operators is pleasant. In each of the cases mentioned above, Z has rational singularities,

but unfortunately this condition is insufficient by itself to ensure that D(Z) is pleasant.
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This is illustrated by the following example. Let
R = (C[$1, o, xg]/(x? + $g + .’Eg) = O(X)

be the coordinate ring of the cubic cone. Then < o >= Z/37Z acts on R by the
rule o : (21,22,73) — (W?T1,wre,wr3), where w is the cube root of unity. By [Wa,
§4.6], RZI3L s q 2 -dimensional, normal ring with an isolated rational singularity at the
origin. Moreover, (x1,z2,x3) is the unique prime ideal of R that is fixed by Z/3Z.
Using the techniques of, for example [Lel], it follows easily that D(R)%/3% = D(R%/32)
Thus, combining [BGG] with standard results on fixed rings (see, in particular [Mo,
Corollaries 1.12 and 2.6]), one obtains that D(R%/3%) is neither Noetherian nor simple.
Further details may be found in [Le3].

This raises the following question:

0.13.1. Suppose that Z has rational singularities. Then what other hypotheses are
required to ensure that the algebra D(Z) is finitely generated or simple or
Noetherian?

Some related questions are given in [CS]. As a particular special case of (0.13.1) and as

a generalisation of the commutative theory:

0.13.2. Let G be a reductive, algebraic group acting linearly on C" and set O(C")% =
O(Z). Then does D(Z) satisfy the properties listed in (0.13.1)?

Finally:

0.13.3. When is O(Z) a simple D(Z)-module? For example, this is the case if Z
satisfies the hypotheses of (0.13.2) (see I, Proposition 3.5).
It is easy to see that the simplicity of D(Z) forces p(z)O(Z) to be simple. However,

the converse is false. An example is given by the subring
O(2) = C+aClz, y| +y°Clz, y]

of the polynomial ring Clz, y|. This example was found jointly with M. Chamarie. The

details are left to the reader.

0.14. Much of this research was conducted while the second author was visiting the
University of Paris VI in November 1986, and he would like to thank the department there
for its hospitality and financial support. This work was first reported at the conference
in honour of I.LN. Herstein in Chicago in March 1987.
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INDEX OF NOTATION
Throughout this paper we will use the Lie algebra notation from [B1] while [Di]

and [Ja] will form the basic references for enveloping algebras. The following notation
will be assumed without comment. Unless otherwise stated, g will denote a semi-simple,
complex Lie algebra, with a Cartan subalgebra h and corresponding triangular decompo-
sition g =n~@hen™ . The Weyl group of g will be denoted by W and the weight vector
in g corresponding to a root a € h* will be written X, . Write p for the half sum of the
positive roots and let M (A + p) denote the Verma module with highest weight A and
unique irreducible factor L(A+p). Write J(A+p) for the annihilator anng ) (L(A+p)).
Unless otherwise specified, all tensor products and vector spaces will be over C while all
algebras will be C-algebras. Given a vector space V', denote Homc(V, C) by V*.

For more specialised notation the reader may refer to the following index. Many
pieces of notation are given in Sections (II, §2), (II, §3) and (II, §4) for Cases A, B and
C respectively. In order to combine these cases, we will use the notation (II, m.3), for
example, to denote (II, 2.3), (II, 3.3) and (II, 4.3) in Cases A, B and C respectively.

0.1) D(R), Do(R), D(X)

0.2) Mp,(C)

0.3) J(k), sufficiently small

1) U™, I'=SpU~), < , >, classical reductive dual pair (G,G")
) U~ =UsU*, gr"D(U*) = Qy,/Qn—1, Sn(U), S™(U), metaplectic representation w
) e
) Ak, J(k) (see also (II, m.6))
) V7 E’ F7 k? p7 q7 n
) X, Xi, I(m), g-X

(11,4.3) I, Ji

) M, m, v", v, Z(Y)
) Symu(C)
) Alt,(C)
) Tt
) k, 1(j), Killing form &
) V(Ji) = Ok
) R=v(Ul(g)), C(p), D(X)
) DerA
) Vi
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¢, module of ¢-finite vectors L(M, N)

Wy, m_
R~ P=MR~
Jr, K

(most Lie algebra notation may be found in (IV, 2.2 and 2.3))
left tableau A(w)

T, {+} ={1,0}
Det

Y, Ve, Z, Z¢y, 7
Z,

R, R, o/

S, D



CHAPTER I. REDUCTIVE DUAL PAIRS AND THE HOWE CORRESPONDENCE
One of the basic strategies behind the proof of Theorem 0.3 of the introduction

is to use the machinery of Howe’s papers [Hol] and [Ho2]. Since these papers are
unpublished, we collect in this chapter the notation and general results from these papers
that we will need. In Chapter II we will give the more detailed analysis that will be
required in the proofs of our main results. Thus, for example and in the notation of
the introduction, it is shown in [Hol] that O(X}) = L(M\x + p) is a simple highest
weight module, and hence that J(k) is a primitive ideal. But it needs the more explicit

computations of Chapter II to find A, and the associated variety of J(k).

1. Reductive Dual Pairs.

1.1. Let U™ be a complex vector space, equipped with a symplectic form < , >"~.
Write T' for the group Sp(U~,< , >") and suppose that G and G’ are two reductive
subgroups of T'. Then (G,G’) is called a reductive dual pair if G and G’ are mutual
commutators in I'. The pair is called a classical reductive dual pair if G and G’ are
also classical Lie groups. Set sp(U"~) = Lie(I'). In general, closed subgroups of I' will
be denoted by capital roman letters while the corresponding Lie subalgebras of sp(U™)
will be denoted by the same letter in lower case German script. Thus, write g = Lie G

and g’ = LieG’. Note that g is the centraliser of g’ in sp(U”), and vice-versa.

The classical reductive dual pairs (G, G') in I' have been classified in [Hol] and
all arise from the following construction. One may write U~ = E®V , where E and V
are equipped with bilinear forms such that < , >" may be deduced from these forms.
Then G and G’ are appropriate subgroups of GL(E) and GL(V), respectively. The
precise subgroups of GL(E) and GL(V) that occur will be described in Chapter II, but
that level of detail is unnecessary for the development of this chapter. The action of a

group H on a space V' will always be written as h-v for h€ H and v e V.

1.2. In the cases that interest us, U~ admits a polarisation U~ = U @ U* such
that G’ C GL(U). Thus, as a subgroup of I'; G’ will act on U* via the contragradient
representation; (g - u*)(u) = u*(¢g~'-u), for w € U, u* € U* and g € G'. We will
always identify the ring of regular functions O(U*) with the symmetric algebra S(U)
via < , >7. Thus u € U corresponds to < u, > € O(U*). This in turn identifies
DU*) =D(O(U*)) with D(S(U)) and hence with S(U)®S(U*) as left S(U)-modules.

10
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Here an element u* € U* is viewed as a derivation on S(U) by the rule v — u*(v) for
v € S(U). As will be seen shortly, this naturally gives rise to an action of I" (and hence
of G') on D(U*) and O(U*).

First, however, we need some more notation. Filter D(U*) by total degree; thus set
Q=C, Q1 =UeU*)®Qy and for m > 2 let Q,, = Q,,,—1Q;. Write gr™"(D(U*)) =
Q,/Qn—1 (where Q_; =0). Note that

grD(U™) = @ngD(U*) =~ S(U™).
n>0
Similarly for a vector space W, write S, (W) ={f € S(W) :degf < m} and S™(W) =
S (W) /Spm—1(W). In particular,

gr?D(U*) = S*U™).

Moreover, the bracket [P, Q] = PQ — QP on D(U*) induces the structure of a Lie
algebra, denoted by sp, on ¢gr?D(U*) and there is an isomorphism w : sp(U~) — sp.
In fact we may even identify sp(U~) with a Lie subalgebra of D(U*). For, the set of
anticommutators ab + ba of elements a,b € SY(U~) = U e U* forms a Lie subalgebra
a inside D(U*). The projection from D(U*) onto D(U*)/§2; induces an isomorphism
between a and sp. Thus we will henceforth identify sp = S%(U~) with a and regard
w as a map from sp(U™) into D(U*). This is called the metaplectic representation of
sp(U™). (All of this is described in [Hol, Theorems 4 and 5|, but it is straightforward

to write down w(sp(U™)), as we will do in the next section.)

1.3. Now consider the actions of the Lie groups. First, the adjoint action of
w(sp(U™)) on D(U*) integrates to give an action of T' on D(U*) as algebra auto-

morphisms. Equivalently,
P = [w(§),P] for {esp(U™), PeDU)

and the map w is I'-equivariant, where I' is given the adjoint action on U(sp(U~)). By
[Hol, Theorem 5|, this action of I' on D(U*) is just the natural extension of the given
action of T' on U~ = SY(U"™).

We will need to view the action of G’ on O(U*) and D(U*) in a number of different
ways and we should emphasise that they are all the same. First, G’ acts on D(U*) by
restricting the I'-action. Of course, this is the natural extension of the action of G’ on
U~ = U e U* obtained from the inclusion G’ C GL(U). Secondly, the contragradient
representation of G’ on U* gives an action of G’ on O(U*) by (g-0)(u*) =0(g~'-u*),
for g€ G',60 € O(U*) and uw € U*. When O(U*) and S(U) are identified by means of
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< , > this becomes the natural action of G’ on S(U) extending that on U . Finally,
one also has the abstract action of G’ on D(U*) given by

(g-P)x0 = g-(Px(g~t-0) forgeG, PeDU*) and § € O(U*). (1.3.1)

Let us check, for example, that this is the same action as the one we began with. Thus,
let P e U* (identified with derivations on S(U)) and 6 € U. Then

(9-P)x0 = g-(Px(g'-0) = g-(P(g""-0) = P(g'-0),

where the final equality comes from the fact that P(¢g~!-6) € C. Thus the actions do

indeed coincide.

1.4. Set D(U*)Y = {P € D(U*):g-P =P forall g€ G'}, and define O(U*)%
similarly. By universality, the Lie algebra homomorphism w defined in (1.2) extends to
a ring homomorphism w : U(sp(U™~)) — D(U*). The starting point of our investigation

is:
THEOREM. [Hol,Theorem 7] D(U*) = w(U(g)).

REMARKS. With respect to the notation in [Hol], we have interchanged the roles of G

and G’, as it will be g rather than g’ that will be our main interest.

We will not give a proof of this theorem here, since that would involve a fair amount
of extra notation and invariant theory. However, the idea behind the proof is fairly easy.
The isomorphism S(U™) = grD(U*) is G'-equivariant and so, by classical invariant
theory, (grD(U *))G/ is generated by the degree 2 invariants. Moreover, under the
identification gr?D(U*) =2 sp(U~) given in (1.2), the degree 2 invariants are simply g¢.

The theorem follows from these observations by means of a straightforward induction.

1.5. The inclusion O(U*) ¢ O(U*) induces a homomorphism

p: DUMY - DOUMY),

and hence, by Theorem 1.4, a homomorphism ¢ = ¢w from U(g) to D(O(U*)C"). This
raises the natural question as to the image and kernel of v, and much of this paper
is devoted to answering it. For, it will be the case that U* is the variety X of (0.2)
of the introduction, while G’ is the group GL(k), O(k) or Sp(2k) that acts upon it.
Similarly, g is the Lie algebra defined in (0.3).
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2. Formulae for the metaplectic representation.

2.1. As was remarked in (1.2), the Lie algebra sp(U™~,< , >7) can be identified
under the metaplectic representation w with a subalgebra sp of D(U*).It will be useful
to have an explicit description of sp in terms of the standard basis for D(U*), and we

give such a description in this section.

2.2. Fix a symplectic basis {u1,...,Um,u_1,...,u_m} of U~ ;thus U* =P Cu_,.
Since U* = C™, D(U*) is the m'" Weyl algebra, which we write here as

D(U*> = C[(]l, ydm, D1, - - - 7pm]7

where p; = 9/0q; . Under the identification D(U*) = S(U)® S(U*), ¢; corresponds to
u; and p; to —u_;. Now consider sp. In terms of the given symplectic basis, sp may

be written as the algebra of 2m x 2m matrices

sp(2m) — {(é‘, _’?A): Acgl(m), B= ‘B, C— tc}. (2.2.1)

This then identifies the Cartan subalgebra h™ of sp(2m) with the diagonal matrices. It
is convenient to write the matrix units in gl(2m) as {Ej;}. It is immediate that the set

of elements
{HzN = - EzNz + E;L—I—i,m—f—i}

then forms a basis for h~. Moreover, h~ acts on U~ by sending u; to —u; but u_;
to u_;.

Note that our basis {H[”} of h™ is the negative of the usual one. The reason for this
non-standard choice is that elsewhere it will allow us to be consistent with other, equally
standard notation. In particular, let sp = nT @ h~ @n~ be a triangular decomposition

of sp. Then in terms of the matrix decomposition (2.2.1), n™ contains the lower block
triangular matrices (g 8) . We want this to happen because it implies that S?(U*) C

n™ . This in turn means that, for example, in (3.1) we will be able to work with highest

weight modules rather than lowest weight modules.

2.3. As remarked in (1.2), sp is spanned by the set of anticommutators of elements
of S1(U™) inside D(U*). It follows easily from this that our choice of Cartan subal-
gebra provides the following basis for sp. Here we take a dual basis {e1,...,e,} of
{H{,...,H} and use the root space decomposition of sp given in [B1, Planche III,
p.254].



14 T. LEVASSEUR and J. T. STAFFORD

Then the basis elements are as follows:

~ 1

Hi = —gipi 5
X—(€i+€j) =  —4q;qj and X(€i+€j) -
X—(Ei—Ej) = _szj a‘nd X(Ei—Ej) =
X o, = —%qf and Xy, =

for 1 <i < m;

DiD;j for
—q;pi for

1,2
5D; for
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3. Preliminary results on the structure of S(U)¢" and ker(v)).

3.1. For the moment, consider sp as S?(U™) = Q2/Q (notation (1.2)). Then sp
decomposes;
5p et 5p(072) (&3} ﬁp(lal) (&3] 513(230)7

where sp(®2) = S2(U*), spV) = U e U* and sp>9 = S%(U). In particular,
spL D@ sp(0:2) g a parabolic subalgebra of sp with abelian radical sp(®?) and Levi factor

sp(bD =~ gl(U). (Equivalently, this is just the parabolic decomposition arising from

(2.2.1). Thus, for example, sp(®:?) is the set of block lower triangular matrices (g 8)

in (2.2.1).) If we now identify sp with a subalgebra of D(U*), as in (2.3), then we get
the same decomposition except that sp(*!) must be identified with the set of anticom-
mutators {ab+ba:ac U, beU*}.

By construction, G’ C GL(U) and so g’ = w(g’) C sp(™Y (notation (1.2)). On
the other hand, w(g) decomposes;

(This decomposition of w(g) is implicit in [Ho2], but can be proved directly as follows.
By definition, w(g) = {M €sp: G- M = M}. Since sp = sp®Pe spt-De sp(20) isan
G'-module decomposition, it follows that M € w(g) if and only if each M ;) € g(B9)
where M(; ;) denotes the projection of M into sp(®/). Therefore, w(g) = g(®? &
gh) @ g(20) + a5 required. An explicit description of this decomposition will be given in
(II, §§2,3 and 4).) Once again, pt = gtV & g(02) is a parabolic subalgebra of w(g),

with Levi factor g"'!) and abelian radical g(®2) .

3.2. Since (G,G’) is a dual pair, it is clear that the action of sp as differential
operators on O(U*) = S(U) restricts to give an action of g on S(U)¢ . (This is another
way of viewing the map ¢ of (1.5).) Similarly, S?(U)%" = g(>% . Thus the Fundamental
Theorem of Invariant Theory implies that C[g(??)], the subalgebra of S(U) generated
by g(>9  is precisely S(U )G/ . Moreover, one has:

PROPOSITION. The g-module S(U)S" is a simple highest weight module. Further-

more, the constant function 1 € S(U)G/ 18 a highest weight vector.

PrOOF: This is contained within [Hol, Theorems 8, 9] and [Ho2, Theorem 3.9].
However, as it is fairly easy to give a direct proof, we will do so here. The fact that
1 is a highest weight vector follows directly from the next remark. The simplicity of
S(U )G/ will be proved in (3.5) after we have explored some of the consequences of the

proposition.
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REMARK. In fact S(U)% is even a quotient of a generalised Verma module. For, the
description of sp C D(U*) in (2.3) shows that

ptx1 C (spPVesp®?)s1 C Cx1.

Thus S(U)° = U(g) @y (p+) V for some 1-dimensional U(p™)-module V. We will be
describing pt and S(U)%" in more detail in the next chapter.

3.3. COROLLARY. (Notation 1.4) The ideal J(k) = ker(v) is a completely prime,
primitive ideal of Ul(g) .

PROOF: Since (U(g)) € D(S(U)Y") is a domain (see [MR, Chapter XV, Theorem
5.5]), certainly J(k) is completely prime. On the other hand, J(k) is, by definition, the
annihilator in U(g) of S(U)% . Thus the proposition implies that J(k) is primitive.

3.4. REMARKS. (i) In the cases that interest us, J(k) is a maximal ideal. This will be
proved in Chapter IV.

(ii) Note that the centre of g acts by scalar multiplication on S(U)¢", and so one
may equally well identify I'm(v) with U([g, g])/Ker', where 1 is the restriction of
Y to [g, g]. When g = gl(n) (which is the only case where this is relevant) the centre
of g will act trivially on S(U)% . This is proved in (III, Remark 2.7).

3.5. We actually prove the following more general version of Proposition 3.2. Ob-

serve that, combined with Theorem 1.4, this next result does imply Proposition 3.2.

PROPOSITION. Let K be a reductive, algebraic group and K — GL(V) be a finite
dimensional representation. Thus this induces an action of K on O(V) and on D(V),
as in (1.3). Then O(V)E is a simple D(V)X -module.

Proor: While this result is more general than Proposition 3.2, the proof is essentially
that given [Hol]. Let K" denote the isomorphism classes of finite dimensional repre-
sentations of K . Since the action of K on D(V) is locally finite, we may decompose
D(V) as D(V) = D(V)* @ D(V)k, where D(V)x = G{D(V)y : x € K"\ {1}} and
D(V), is the isotypic component of type x.

Let f € O(V)X, with f # 0. Certainly, there exists D € D(V) such that D x
f =1, and in order to prove the proposition we need to find D’ € D(V)X such that
D'« f =1. Write D = D* + Dy for D* € D(V)X and D; € D(V)x . We aim to prove
that D x f = 1. Let F be the K -submodule of D(V)x generated by Dy and set
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F.=C-Dy*f CO(V). Suppose that F. # 0. Then we make F, into a 1-dimensional
K -module by giving it the trivial K -action.

Observe that, if £ € K, then
(kD) f = k(D*k—lf) = k(Dxf) = k-1 =1=Dxf = Dﬁ*f—l—Dﬁ % f.

Similarly,
(kD) x f = (kDy +D*) x f = (kDy)* f + D* x f.

Subtracting gives (kDy) * f = Dy * f. But this implies that we can define a non-zero
K -module map F — F, by P — P x f, contradicting the fact that F C D(V)g . This
contradiction implies that Dy x f =0 and hence that D! x f =1, as required.



CHAPTER II. CLASSICAL REDUCTIVE DUAL PAIRS: EXPLICIT CALCULATIONS

1. Introduction.

1.1. In this chapter we look in detail at the classical reductive dual pairs (G, G') C
Sp(U™)). These have been classified in [Hol] and there are 3 possibilities:

(Case A) GL(p+q) x GL(k) < Sp2(kp+ kq)),
(Case B) Sp(2n) x O(k) C  Sp(2nk),
(Case C) O(2n) x Sp(2k) C  Sp(4nk).

The apparent symmetry between Cases B and C will be lost as soon as one writes
U~=UeaU*, asin (I, 1.2).

The aim of this chapter is to study these cases in sufficient detail to prove the
results stated in (0.5) of the introduction. The idea behind (say) the calculation of the
highest weight Aj of S(U)G/ as a module over g = Lie(G) is easy enough. From the
explicit descriptions of the dual pair (G, G') one easily computes the image of g under
the metaplectic representation. Since the highest weight vector v of S(U)¢ is v = 1
(see (I, Proposition 3.2)), the weight of this vector can then be read off. This particular
computation, together with most of the other basic material for Cases A, B and C is given
in Sections 2, 3 and 4, respectively. Section 5, among other things, provides notation
that unifies the 3 cases, while Section 6 determines the associated variety V(J(k)) of
J(k) = ker(¢) (notation (I, 1.5)).

1.2. Throughout the chapter, we will build on the general results of Chapter I, and
so the notation of that chapter will be used throughout. In particular, the polarisation
U~ =UaU*, the groups I' = Sp(U~), G and G’ with their Lie algebras sp(U™), g
and g will be as described in (I, 1.1). However, to simplify the notation we identify
g and sp(U™~) with their images in D(U*) under the metaplectic representation w
(notation (I, 1.2)). Here g = gl(p+¢q), g = sp(2n) and g = s0(2n) in Cases A, B and C,
respectively. Notice that the algebra g is independent of k, although w and the highest
weight module S(U)¢ = O(U*)¢" do depend upon k. Thus for each k we will write
S(U)S" = L(\x + p) and J(k) = J(A\p + p) = ann L(A\, + p). By (I, 3.3),

J(k) = ker{y:U(g) = D(S(U))}.
We remark that, in Case A, J(k) depends on both p and ¢ rather than just on p+gq.

18
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2. Description of Case A : GL(p + q) x GL(k) .

2.1. In this section we describe the basic material concerning Case A. In particular
we compute the highest weight A\x of S(U)Y = L\, + p).

Fix integers k, p and ¢, all greater than zero, and let V', FF and F' be complex

vector spaces of dimensions k, p and g, respectively. Set
U = (VeE)e (Ve F¥)

and identify U* with (V*®@E*)e(VeF). Write U~ =U®U*. Then U™ has a natural
symplectic form < , >7 given by

<u4u,v+0v" > = v'(u)—u*(v) for u,v €U and u*,v* € U™.

It is convenient to fix dual bases {v1,...,vx} and {vf,... vk} of V and V*, and

similarly for £ and F'. Thus an equivalent definition of < , >" is that
<v; ®ej, ’UZ ®€:q, > = 5i£6jm and < ’U;k ®f;~k, V® fr, > = 5i€5jma (211)

with all other products being zero.

Note that the above construction is symmetric in £ and F* and so, without loss

of generality, we will always assume that p > q.

It is proved in [Hol, §3] that the pair (G, G'), for G = GL(E® F) = GL(p + q)
and G' = GL(V) = GL(k) , forms a reductive dual pair in Sp(U"). Note, in particular,
that G’ embeds in GL(U) under its natural linear action on V', as is required by
(I, 1.2).

2.2. It is useful to reinterpret (2.1) in terms of matrices. The specific choice of bases
for V,..., F'* gives identifications
V*eE* =2 Hom(V,E*) =2 M,;(C)

and Vo F = Hom(F*,V) = My 4(C). Thus U* = M), (C) x My, 4(C). By tracing the
action of G’ through these isomorphisms one finds that G’ acts on U* by the rule

g-(a,b) = (ag~',gb) for g€ G';a € M,;(C) and b € My ,(C).

(The inverse arises because G’ acts contragradiently on Hom(V, _).)

Let X = (z;;) and Y = (y;;) be generic matrices of size pxk and kxgq, respectively.

Here x;; and y;; will be identified with the coordinate functions on e} @ v3 € M, 1(C)
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and v; ® f; € My, ,(C), respectively. Thus

OU") = Clwij,yem ;1<i<p, 1<5 <k, 1<m <]

= C[X,Y].

Identify O(U*) with S(U), as in (I, 1.2). Then it is useful to note that (2.1.1) implies
that, for all ¢ and j, @;; =e; ®@v; and y;; = v ® f7 as elements of U C S(U).

2.3. By the remarks of (I, 1.3), the action of G’ on U* given in (2.2) uniquely defines
an action of G on O(U*) = S(U). If g € G', then this is given by g - z;; = (Xg)ij,
the (i,;)!" coefficient of the product matrix Xg. Similarly, g-vi; = (¢7'Y)s. It
is natural to abbreviate these actions as g- X = Xg and g-Y = ¢~ 'Y . Given this
notation, we can state the following results from classical invariant theory (see [We] or
[DP, Theorems 3.1 and 3.4]).

THEOREM. (i) O(U*)¢ = C[X,Y]¢ = C[XY], where C[XY] denotes the ring
generated by all coefficients of the product matrix XY .

(ii) If Z = (zi;) is a generic ¢ X p matriz and 0 < m is an integer, let I1(m) be
the ideal of C[Z] generated by all (m +1) x (m + 1) minors of Z. Then O(U*)C" =
Cl2]/1(k).-

(iii) For 0 < m, let X,, denote the subvariety {& € M,,(C) : rk& < m} of
M, ,(C). Then O(U*)% =C[z]/I(k) = O(X}).

The reason for the bar in X}, is that, at least for m < ¢, X} is the Zariski closure
of X, ={£€ Myp(C):rk E=m}.

Eventually we will wish to identify S(U)%" with O(X})but since this identification
needs a little care (see (5.2) below), at this stage it is more convenient to regard them as

distinct objects.

2.4. If k > g then it is immediate from (2.3) that X} = X, = M, ,(C)and so
O(X}) is a polynomial ring. As was explained in (0.3) and (0.4) this case is of limited
interest to us. Thus we will mainly be concerned with the case when k is sufficiently
small; that is 1 < k < ¢. When £k is sufficiently small, X}, is singular, with singular
subvariety, Sing X = Xj_1. This is a well-known fact for which we do not know a
good reference, although it can be obtained from [Br, §3]. However it is very easy to
prove directly, as follows. Let Sing X}, have defining ideal I C C[Z]. Then the Jacobian
criterion [Ku, Theorem 1.15, p.171] implies that, as a radical ideal, I is generated by
the {0/0z;;(f)} where f runs through the generators of I(k); that is, f runs through
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the (k+ 1) x (k+ 1) minors of Z. Thus I is generated by the k x k minors of
Z and Sing Xy = Xj_1. Therefore, if I(k — 1) denotes the image of I(k — 1) in
O(Xy) = C[Z]/1(k), then Sing X} has defining ideal Z(Sing X}) = I(k —1).

Consider M = GL(FE) x GL(F), identified in the natural way with a subgroup of
G=GL(E®F). Then M acts on M, ,(C) by

(91,92) - €& = 92591_1 for (g1,92) € M and £ € M, ,(C).

Note that the orbits in M, ,(C) under this action are the X, for 0 <r < g¢. This is, of

course, just the statement that any matrix is equivalent to a diagonal matrix.

2.5. It is easy to identify the parabolic subalgebra p™ C g = gl(E' ® F) considered
in (I, 3.1). For, by the comments of that section,

m = gnsptY = gngl(U) = gl(E) x gl(F).

Note that m = Lie M, so the notation is consistent with (2.4). Next, consider t* =
Hom(E,F) C g. Since Hom(E,F) = Hom(F*, E*), the algebra t* acts on U™~ by
sending VO FE to V®F and V*® F* to V*® E*. Thus, by (2.1), t* maps U to
U* . Therefore, under the metaplectic representation, t* identifies with a subalgebra of
sp(02) = §2(U*) . Similarly, v~ = Hom(F, E) C 5p3% . Thus g does indeed decompose
as g=ttemer where tt = g2 m=ghY and v~ = g(>9  in the notation of (I,
3.1).

In terms of matrices we may therefore write
_ A B
g = c pl Aegllp), Be M,,C), Ce M;,(C) and D € gl(q) ¢ -

Under this representation, m, t* and vt~ may be identified with the subalgebras of

matrices of the form

S () B G R ()¢

This accords with the matrix decomposition of sp given in (I, 2.2).

Eventually, we will want to identify X}, with a subvariety of t™, but as this can be

done simultaneously for all 3 cases, it will be deferred until (5.2).

2.6. We next want to compute the image under the metaplectic representation w
of a Cartan subalgebra b of g as this will allow us to calculate the highest weight Ag
of S(U)Y as a g-module. This has two stages. First, identify b inside the Cartan
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subalgebra h™ of sp(2m) = sp(U"~). Then use the explicit description of w in (I, 2.3)

to write down w(h).

Compare the notation of this section with that of (I, §2). In particular, the basis of
U is
{ul, ,um} = {CL'Z'j = €;®V; 1<i<p, 1< < k}

Uyi; =vfef) « 1<i<k, 1<j<q}.

Now consider the action of m = gl(E) x gl(F') on these elements. Since gl(F) acts on
E®V viaits natural left action on E, the matrix unit E;; € gl(E) acts on these elements
by

Eij Tay = joryy, and  Ei-yap = 0.

However, GL(F') acts on V*®F™* via the contragradient representation. Thus the matrix

unit F;; € gl(F') acts by the rules
Fl'j *Lab — 0 and Fij *Yab = — 6ibyaj-

In the notation of (I, 2.2), therefore, F;; is the sum of k of the elements
(EJ‘Nj - E}‘V+m,j+m) = —H},
der the metaplectic representation,

and similarly for the Fj;. Now, (I, 2.3) says that, un-

{H7} = {~ape—3: 1<L<m=nk}

- {_xsta/axst_%a _yuva/ayuv_%: 1§3§p; 1§taU§k7 ISUSQ}

Thus E;; € gl(E) maps to the element

k
(> wi;0/0x) + 5k € DU,
j=1
while Fj; € gl(F) maps to the element —(Z?Zl y;:0/0y;i) — 3k .
The matrix representation of g in (2.5) ensures that the Cartan subalgebra b of

g is spanned by {Ei1,...,Epp, Fi1,...,F,}. Thus we take as a basis for the Cartan
subalgebra by of sl(p+q) = [g, g] the following elements:

ti = Egjiim—FEi; 1<i<p-—1,
tp = Fl,l - Ep,p
oy = Fipj—Fj;5 1<j<q—-1

We emphasise that this choice of basis is dictated by the triangular decomposition of g

given in (2.5). By the comments of the last paragraph, the action of the ¢; on the vector
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1e S(U)G/ is given by

tix1 = Ofori#p but t,x1 = —k.

2.7. Let wy,...,wprq be the fundamental weights in b7, as defined for example in
[B1, Planche I, p.250]. Then @), = t; and so the final equation of (2.6) shows that the
vector 1 € S(U)S" has weight \y = —k@,. Combined with (I, Proposition 3.2) this

proves:

PROPOSITION. Consider S(U)S = L(\, + p) as a module over sl(p +q) = [g, g] .
Then S(U)G/ has highest weight \i, = —kw, .

REMARK. The centre of g is spanned by the element n = > E;; + > Fj;. By (2.6) n
acts trivially on 1 € S(U)%" . Thus the centre of g acts trivially on all of S(U)" and it

makes little difference whether one regards S(U)¢" as a module over g or [g, g].
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3. Description of Case B : Sp(2n) x O(Kk) .

3.1. Here we repeat the calculations of Section 2 for the case of Sp(2n) x O(k).
Inevitably, a number of the results will be exactly analogous to the corresponding result

of Section 2, and in such cases some of the details will be left to the reader.

In this section V' will denote a k-dimensional vector space equipped with a non-
degenerate symmetric bilinear form ( , ) while E will be a 2n-dimensional space with
a symplectic form denoted by < , >. (In this case the auxilary vector space F' is
unnecessary because one uses ( , ) to identify V and V*, by equating v € V with
(v, ) € V*. This allows one to combine E and F'.) Take a polarisation £ = L®L* and
set U =V ® L. Then the identification of V' with V* means that U* can be identified
with V ® L* | and so we may take U~ =V ® K = U ®U*. On this occasion < , >~
is just the form ( , o< |, >.

Let G' = O(V) and G = Sp(F). Then it follows from [Hol, §3] that (G, G') is
a reductive dual pair inside Sp(U~). Moreover, G’ acts linearly on U via the natural
embedding G’ C GL(V) C GL(U).

3.2. Pick an orthonormal basis {vi,...,vx} for V and a symplectic basis
{e1,...,en,e_-1,...,e_n} for E such that L = @ Ce; and L* = @ Ce_;. This provides
the matrix representation U* = V®L* = Hom(L,V) = Mjy,(C). The induced
action of g € G’ on ¢ € My ,,(C) is simply ¢-& = g€, where g is identified with a
matrix in O(k) C GL(k) by means of the basis {v;} of V. Write O(U*) = C[X] where
X = (x;j) is a generic k x n matrix and z;; is the coordinate function on v; ®e_;.
When (I, 1.2) is used to identify O(U*) with S(U), this implies that x;; identifies with
vioe; e U C SU).

3.3. In the notation of (2.3), the induced action of ¢ € G on C[X] =
O(U*) is given by g - x;; = (97'X);;, which we again write as ¢g- X = ¢ 'X.
The following theorem therefore follows from classical invariant theory (see [We] or
[DP, Theorems 5.6 and 5.7]).

THEOREM. (i) O(U*)¢ = C[X]¢ = C[*XX] , the ring generated by all coefficients
of the product matriz ' XX .

(ii) Let Z = (z;5) be a generic, symmetric n x n matriz and, for any m >0 , let
I(m) denote the ideal of C[Z] generated by all (m+ 1) x (m + 1) minors of Z . Then
OU*)Y = C[z]/I(k) .

(iii) For m > 0 , let X,, denote the subvariety of M, (C) consisting of all sym-
metric n X n matrices of rank <m . Then C[Z]/I(k) = O(X}) .
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The reason for the bar in X, is that, if m < n, then X,, is the Zariski closure of

the set X, = {all symmetric n X n matrices of rank = m}.

3.4. Note that O(X}) is a polynomial ring when k > n. Thus we will usually be
interested in the case when k is sufficiently small; that is 1 < k < n. In this case X}, is
singular with Sing X}, = X,_1. Once again this is part of the folklore. It can either be
proved by using [Br, §3] or by using the Jacobian criterion, as in (2.4). (In the latter case
the following observation is useful. Given a generic, symmetric ¢ x t matrix W = (w;;),
then 9/0w;;(det W) = W but 0/0w;;(det W) = j:QWij for i # j. Here Wij is the
(1,7)"" minor of W . See for example [Mi, Ex.22, p.193].) Thus Z(Sing X) = I(k—1),
where I(k — 1) is the image of I(k —1) in O(X}) = C[Z]/I(k).

If G = Sp(2n) is written matricially in terms of the basis {e1,...,e_,} of E, then
M = GL(L) is identified with the matrix subgroup

Mo {(g taol):aeGL(n)} c G

Therefore M acts on the variety Sym,,(C) of all symmetric n xn matrices by the action
g-&=g&(tg) for g€ M and & € Sym,,(C). Since any symmetric matrix is congruent
to a diagonal matrix, the M -orbits in Sym,, (C) are precisely the X, for 0 <r <mn.

3.5. In terms of the basis {e1,...,e_,} of E, the Lie algebra g = sp(E) identifies

with the set of 2n x 2n matrices of the form

g = {(é _§A> : A€gl(n), B="'B and (J:t(]}. (3.5.1)

This makes it easy to identify the parabolic subalgebra pt C g (notation (I, 3.1)). For,
asin (2.5), m = gnsp™Y = gngl(U) = gI(L). Thus, in terms of (3.5.1),

m = {(61 _?A> :AEg[(n)}.

Once again, m = Lie M, and so this notation does accord with (3.4). In a similar
manner, we write v+ for the subalgebra of g obtained by putting A = B =0 and t~
for the subalgebra given by taking A = C' = 0. Then certainly g =t~ @ematT. As
in (2.5) it is clear that t= C sp>? and v+ C sp(®?) | and hence that ¢~ = g and
vt = g(%2) | in the notation of (I, 3.1). This substantiates the claim made in (I, 3.1) that
g = g0 egtl) gg20)
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3.6. The matrix representation of g in (3.5) suggests that we choose

h — {(g —Oh> . h a diagonal matrix in 9[(L)}

for the Cartan subalgebra of g. Given the parabolic decomposition of g in (3.5), we
choose {ti = —Eii+FEptinti: 1 <0< n} as the basis for . We now mimic (2.6)
in order to compute the image of the ¢, under the metaplectic representation. Since
G = Sp(FE) actson U = L®V via its natural action on E, t, acts on v; ®e; = x;; by
the rule t;-x;; = —djv;®ep = —d0jx50. But by (3.2),

DWU*) = Clzyj, 0/0x;; + 1<i<k, 1<j<n].

Thus, in terms of the explicit basis for sp C D(U*) given in (I, 2.3), this implies that

k
ty = — (Z x‘iga/a.’lfig) — %k € DWU*), forl1<{l<n.
i=1

3.7. Let wy,...,w, be the fundamental weights for g as defined, for example, in
[B1, Planche III, p.254]. Then by (3.6), t;x1 = —3k for 1 </ <n andso 1€ S(U)%

is a vector of weight —%kwn. Combined with (I, Proposition 3.2) this proves

PROPOSITION. The highest weight of S(U)S" = L(Ax+p) as a module over g = sp(2n)

18 A\ — —%kwn.

REMARK. The value of A can also be obtained by setting A = (0,...,0) in
[KV, Chapter II, Theorem 7.2] and our proof is very similar to this special case of the
proof in [KV]. Similarly, the value of A; in Case A follows from [KV, Chapter III,
Theorem 7.2]. However, as most of the results leading up to our calculation of A\, will
be needed later in the paper, the direct computation of A\, has necessitated very little

extra work.
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4. Description of Case C : O(2n) x Sp(2k) .

4.1. The construction here is very similar to that of Case B, except that the roles
of Sp and O are interchanged. Thus V now denotes a 2k-dimensional vector space
equipped with a symplectic form < , >, while E is a 2n-dimensional vector space
with a non-degenerate, symmetric form ( , ). As in (3.1) we identify v € V with
<wv, >e€V*. Thus, put E=LeL* and U =V ® L, identify U* with V ® L* and
write U~ =UeU* =V ®FE. Then < , >~ = < , >@&(, ) isa symplectic
formon U~. If G=0(FE) and G' = Sp(V) then (G, G’) is again a classical reductive
dual pair in Sp(U™) (see [Hol, §3]).

4.2. Fix a symplectic basis {v1,...,v5,v_1,...,v_} for V and dual bases

{e1,...,e,} and {e_1,...,e_,} for L and L*, respectively. Thus
(ei,e5) = 65 , <wv,v;> = 0_;; but <v_j,v;> = —4§;
for the appropriate indices ¢ and j, with ¢ positive. This provides identifications
U* = VeL* =2 Hom(L,V) = Moy, (C)

and U = Hom(L*, V). Identify O(U*) with S(U), as in (I, 1.2). Next, let X = (z;;)
be a generic 2k x n matrix and write O(U*) = C[X] by identifying x;; with v; ®e; €
S(U) = O(U*). On this occasion, this means that x;; is the coordinate function on
v_;j®e_; if ¢ >0 but is the coordinate function on —v_;®e_; if 7 <O0.

Identify g € G' = Sp(V) with a matrix via its action on the {v;}. Then g acts on
£ € Mok n(C) by the rule g- ¢ = g¢ and so it acts on C[X] by the rule g- X = g~ 'X
(notation (2.2)).

4.3. If I is the k x k identity matrix, then J; will denote the matrix:
B 0 I
Jp = <_Ik 0 ) S Mgk(C)

THEOREM. (i) O(U*)¢ =C[X]% = C['XJ,X].

(ii) Let Z = (zj;) be a generic, antisymmetric n X n matriz. For m > 0, let
I(m) denote the ideal of C|[Z] generated by Pfaffians of the principal minors of Z of
size (2m +2) x (2m +2). Then O(U*)S =C[Z]/1(k).

(iii) Let X,, denote the variety of alternating n x n matrices of rank < 2m. Then

OU*)% = C[Z]/I(k) = O(X}).
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For a proof of this theorem, see [We] or [DP, Theorems 6.6 and 6.7]. If 2m < n,

then X, is the Zariski closure of X,, = {alternating n X n matrices of rank = 2m} .

4.4. Tt is easy to see that O(X}) is a polynomial ring when 2k > n—1, and so we will
usually be concerned with the case when k is sufficiently small; that is, 2 <2k <n—1.
In this case X is singular, with Sing Xy = Xp_1 and Z(Sing X}) = I(k — 1) (see
[K1, Proposition 3.2]).

If G = O(2n) is written as a matrix group in terms of the basis {ey,...,e_,} of
E, then M = GL(L) again identifies with matrices of the form

wx {(3,0) ¢ acam).

Thus M acts on the variety Alt,(C) of alternating m X m matrices by the rule g -
& = g&(tg) for g € M and ¢ € Alt,(C). Any alternating, n x n matrix of rank 2r

{)r 8)7 and so the M -orbits in Alt,(C) are exactly the X, for

is congruent to

OSTS%n.

4.5. In terms of the given basis {e1,...,e_,} of E, the Lie algebra g = so(E)

identifies with the set of 2n x 2n matrices of the form

A B
8= {((J _tA) :A€gl(n), B=-'B andC:_tC}.

Inside g take m, v and v~ to be the subalgebras consisting of matrices of the form

W )y (e o)) = {6 9)}

respectively. Thus m = gl(L) and g =t~ @m@ett. Just as in (2.5) one readily checks
that
m = gngl(U) = gnsp™) = gty

while v+ = gNsp(®2) = g(02) and ¢~ = gNsp® = g2 | Thus g = gD egtDeg0:2)

as claimed in (I, 3.1).

4.6. Finally, we want to calculate the highest weight of S(U)% = L(\;+p), and this
is almost identical to that in Case B. As in (3.6), the matrix representation of g means
that we take the Cartan subalgebra h to have basis {t; = —E; ;+Eptinti 1 <i<n}.
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Thus b acts on S(U) by t;* z;; = —0;ex; . Under the metaplectic representation (see
(I, 2.3)) this implies that

2k
ty = (Zl‘w@/@l‘w) —k € D(U*)
=1

(Note that the sum now has 2k terms since V' is 2k-dimensional.)

4.7. Let wy, ...,w, be the fundamental weights for g (see, for example, [B1, Planche
IV, p.256]). Then t; 1 = —k for 1 < ¢ <n and so the vector 1 € S(U)S" has weight
—2kw,, . Combined with (I, Proposition 3.2) this proves:

PROPOSITION. The highest weight of S(U)S" as a module over g = s0(2n) is Ay =
—2ktw,, .
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5. Comments and Notation.

5.1. For the rest of the paper we will keep the common notation of the last 3
sections and simply refer to Cases A, B and C if we need to distinguish between them. In
particular, the numbers k, p > ¢ and n will retain their meanings from those sections,
as will the Lie algebras g and g’ and variety X, etc. In fact, in many of the subsequent
results we will be able to consider all 3 cases simultaneously but in order to achieve this
we need to introduce some unifying notation. To save repetition, we will use the number

(m.a) to refer to sections (2.a), (3.a) and (4.a), simultaneously.

The most important notation concerns the parabolic decomposition of g given in
(m.5). This will be denoted by

g = {z - (é g) . Acgl(p), B€M,,(C),CeM,,(C) and D e g[(q)},

and any z € g will be written in this form. In Cases B and C one therefore has the

following additional (and usually implicit) assumptions:
(Case B) p=qg=n, D:_tAa B = th C= tca
(Case C) p=gq=n, D=-'A, B= -'B, C=-'C.
The subalgebra t™ of g is then identified with the set of all matrices of the form

C 0
g onto tT along p~ = mer~ is simply the map

!

5.2. As was remarked in (m.5), it will be convenient to regard X} as a subvariety

( 0 0) . The subalgebras m and t~ are given in a similar manner. The projection of

of t*, and we will show next how to do this. This will also permit us to identify O(X})
with S(U)" in an M -equivariant manner, a fact that will be important in Chapter III.

Let R be the variety M, ,(C), Sym,(C) or Alt,(C) in Cases A, B or C, respec-
tively. The group M acts on R by the rule described in (m.4) and on t* via the adjoint
action. This implies that the map

0 O
n.(co)r—>0

is an M -equivariant isomorphism between t™ and R . Henceforth, this will be used to
identify O(x*) with O(R) = C[Z].
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Now consider the variety Xj. Given an integer d, set
d = d in Cases Aand B but d = 2d in Case C. (5.2.1)

Then 7n~! restricts to give an isomorphism of M -varieties:

- ~ 0 0 ~
Xe = {CeR :rkC<k} = {(C O)eg :rk(]gk} C T,

A similar description is available for AXj — just replace “< k” by “= k7. In future we
will always regard X', and A} as subvarieties of t* in this manner. Observe that, with
I(j) defined by (m.3), this identification implies that the co-morphism of the embedding
X}, C ¢t is simply the map

Ot) =C[Z] — ClZ)/1(k) = O(F}).

For any j < k, write I(j) for the image of I(j) in O(X}). Thus X; is the variety of
zeros of I(j) in X .

We next wish to consider t~ and the map ' = ¢ | y(—). Since v~ is abelian,
U(x™) = S(x7). By (I, 3.1), the metaplectic representation w maps t~ onto g(*>9 =
S2(U)Y" . Recall from (I, 1.5) that ¢ restricts to the identity map on S(U)¢" and so by
(I, 3.1) w induces the map 1’ from U(t~) onto S(U) . On the other hand, the Killing
form on g induces an M -equivariant isomorphism « : U(x™) — O(t7) = C[Z] and
we will use s to identify U(r™) with O(x"). In particular, for any j, the image of I(j)
under x~! will again be denoted by I(j).

We claim that Ker(y') = I(k). Recall from (I, 1.3) that w : U(sp(U"™)) — D(U*)
is [-equivariant. Since M C G ¢ T, M acts on S(U)¢ < O(U*) and the map
W URr™) — S(U)Y is therefore M -equivariant. Thus Ker(v') is an M -equivariant

prime ideal in U(t™). Moreover, its variety of zeros V(Ker(¢')) satisfies
dim V(ker(¢')) = Kdim S(U)® = dim Xy,

by Theorem (m.3). But (m.4) shows that the only M -stable, closed (and irreducible)
sub-varieties of t* are the X;. Thus V(Ker(¢')) = Xy and Ker(y') = I(k). In

summary:

LEMMA. There is an M -equivariant identification U(x~) = O(t%) = C[Z] . By

applying ' one obtains an M -equivariant isomorphism
x: Oy = UE)/I(k) — SU)7.

In particular, I(k) = Ker(y') = Ker(p)NU(™) = J(k)NU(x™).
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REMARK. It would be natural at this point to simply identify O(X})and S (U)G/ by
means of y. However, we will not do so until Paragraph 1.4 of Chapter III since the more
detailed nature of x will be needed there. Thus for the moment let the isomorphism
D(X,) — DU )Gl) induced by x again be denoted by x and write v; for the map

v Ug) -5 D)) X5 D).

5.3. The following facts about X' will prove useful. Given a point y in a variety

Y, write O(Y), for the local ring of functions regular at y.

LEMMA. (i) The variety Xy is normal, Cohen-Macaulay, and even has rational sin-

gularities.

(ii) The dimension of X}, is given by the formulae

(Case A)  dimXy = k(p+q—k) for 1<k<gqg<p,
(Case B) dimX, = nk—3k(k—1) for 1<k<n,
(Case C) dimX, = 2nk—k(2k+1) for 2<2k<n.

(iii) Lower the upper bound for k by 1; that is assume that 1 < k < q in Case A,
1<k<mn in Case B and 2 < 2k < n in Case C. Then dim Xy > dim X_1 + 2 and
O(X}) = O(X&y).

(iv) For any positive value of k and any p € Xy, one has O(X}), = O(Xy), -

REMARK. If k is large; that is, if k> g (where ¢ = n in Case B and C), then O(X},) =
O(X,) = C[Z]. Thus the lemma may be regarded as computing dim X}, for all values
of k. Similarly, if k> q then X}, is empty and so part (iii) is vacuously true.

PRrOOF: (i) Since O(X},) is the fixed ring under a linear action of G’ this follows from
[Bo].

(ii) This is well-known; see for example [Ea, Theorem 2], [Jz, Theorem 2.3] and
[K1, Proposition 3.1], for Cases A, B and C respectively. Alternatively, it is fairly easy
to prove the formulae directly using the fact that, by (m.4), Xj is an M -orbit. To do

this, one makes a judicious choice of =z € X} and uses the formula
dim X, = dim X, = dim m—dim s,

where m = LieM and s = {s € m : s-x = 0} (see [Hu, Theorem 13.2, p.88]). The

details are left to the reader.
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(iii) The dimension inequality is immediate from part (i). Also, X = Xp \ Xp_1
and X_; is a closed subset of X' . Thus [Gr, Lemma 1, p.239] or [KP2, Lemma 9.1]
may be applied to give the identity O(X}) = O(Xy).

(iv) We use the notation of the remark. Thus, if k > ¢ then the remark shows that
the result is vacuously true. Conversely, if k< q then X}, is open in X'}, and the result

is immediate.

5.4. In Case C the construction of U requires that the vector space F has even
dimension (see (4.1)). This, in turn, means that it is only for m even that we have
obtained a non-trivial representation for so(m) as differential operators. It would be
interesting to find an analogous construction for g; = so(2n + 1) .Of course, one could
try to use the construction given in Case B, but with g; = g’. Unfortunately, the lack
of symmetry in that construction (and in particular the fact that G’ C GL(U)) means

that this is unlikely to produce a map from U(g;) onto a ring of differential operators.

There is, however, one factor ring of U(g;), for g; = so(2n+1), that can be written
as D()) for a singular variety ). This uses Goncharov’s construction of the Joseph ideal
and is given in [LSS]. The variety ) in question is the set of isotropic vectors in C?*~!

and really corresponds to the case kK =1 of the present paper.
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6. The Associated Variety of J(k) = Ker(v)).

6.1. Recall that
J(k) = annU(g)(’)(?k) = ker{wl :U(g) %D(?k)}

(see Remark 5.2). The aim of this section is to prove the results quoted in (0.5.2) and
(0.5.3) of the introduction. However in this section, unlike (0.5), we will not be assuming
that k is sufficiently small. Let J be a primitive ideal of U(g), with associated graded
ideal gr(J) C S(g) = gr(U(g)). Then, by [Jo2, Theorem 3.10], the associated variety
of zeros V(J) C g (where we have identified g* with g under the Killing form) is the
closure of a nilpotent orbit in g. If J = J(k), we denote this orbit by Oj. Thus the
aim of this section is to identify Oy and to prove that X, is an irreducible component
of Oy Nnt.

6.2. We first need to show that X, C O, NnT. There are two possible proofs of
this; first, by explicitly describing X}, and Oy, , and secondly by using the identifications
of Section 5. We will give the former proof in (6.4), since the description of Oy will be
needed elsewhere. However, since it is easy and natural, we will give the latter proof

here.

Recall from (5.2) that O(X}) = U(x7)/I(k) as a U(t~)-module. Alternatively, as a
U(g)-module O(X}) is a simple highest weight module, L(\; -+ p), with highest weight
vector 1 (see (I, Propopsition 3.2)). Thus, write L(Ax+p) = U(g)/A, where A = ann(1).
Provide U(g) and U(r~) with their natural filtrations. Now, (I, Remark 3.2) shows that
L(A\x + p) is a factor of a generalised Verma module, induced from a 1-dimensional
module over pt = m®tT. Therefore the isomorphism U(g)/A = U(x™)/I(k) is a
filtered morphism. Moreover, by its definition, I(k) is a determinental ideal and so is

homogeneous. Thus, by passing to the associated graded objects, one obtains maps

S(9)/gr(J(k)) —» S(g)/gr(A) = St7)/gr(I(k)) = S(7)/I(k).

But by (5.2), the variety of zeros of I(k) in t% is just X';. Thus the displayed equation
must be the co-morphism of the map &X;, = V(grA) < V(J(k)). Of course, since
L(A\x + p) is induced from a 1-dimensional pT-module, gr A contains p*S(g). Thus
the isomorphism X = V(gr A) is just the map induced from the inclusion t* C g.
Therefore, as subvarieties of g, we have shown that X, C V(J(k))Ntt. In particular:

LEMMA. The variety O Nnt contains X, .

6.3. The observations of (6.2) can be extended to prove
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PROPOSITION. The variety V(J(k)) is the closure of a nilpotent orbit Oy such that

O, Nnt contains X} as an irreducible component. Moreover,

dzm?k = dimOpNnt = dim Oy,

1
2
PROOF: By Lemma 6.2, X;, C O,Nnt. By the Spaltenstein-Steinberg equality,
[Jol, §3.1], the variety Op NnT is equidimensional of dimension precisely %dimﬁk.

Thus, in order to prove the proposition, it suffices to show that dim X}, = %dim Oy, . Let
GKdim stand for Gelfand-Kirillov dimension. Then, by [Ja, Satz 10.9],

dimOy, = GKdimU(g)/J(k) = 2GKdim L(\ + p).

Now, by (6.2) the isomorphism L(A; + p) = U(g)/A = S(v7)/I(k) is a filtered

morphism. Therefore,
desz(g)L()\k + p) = GKdimS(t—)S(t_)/I“Z) = GKdim O(?k)

Thus dim Oy, = 2dim X}, ; as required.

6.4. Since the nilpotent orbits in g have been classified, Proposition 6.3 makes it

easy to find Of. The following result provides the method.

COROLLARY. Suppose that Q is a nilpotent orbit in g such that X C Q . Then
Q=0.

PROOF: Suppose that Q # O, . Then, as orbits are disjoint, X N O, = 0. Now,
O, is open in Oy (see, for example, the proof of [Hu, Proposition 8.3, p.60]) and
hence Oy N nt is open in Op Nnt. But, by Proposition 6.3, X, C OrNnt and
so both X and X} are contained in the closed set A = W\ (Or Nnt). But by
[Hu, Proposition 8.3, p.60]), A is a union of M -orbits of dimension strictly less than
dim Oy, Nnt . Thus

dimX, < dimA < dimOgNnt;

contradicting Proposition 6.3.

6.5. We may now apply Corollary 6.4 to find Oy . In each case, the orbit is uniquely
determined by two criteria; by (5.2) the matrices in X), have square zero and rank equal
to k. In the statement of these results, we will restrict the values of k, just as we did
in Lemma 5.4. However, using Remark 5.4, these results do describe Oy for all positive

values of k.
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6.5.1. (Case A, 1 <k <q<p. ) By [KP1, §1.1], the nilpotent orbits in gl(p + q)
are classified by partitions of r = p+ ¢ in the following manner. Given an orbit A, pick
D € A and let D have Jordan normal form D’, with Jordan blocks of size d; > dy >

. > d;. Then A corresponds to the partition (dq,...,d;). Let (2%,1Y) denote the
partition (2,...,2,1,...,1), where 2 appears x times and 1 appears y times. Then

the orbit Q that we wish to consider corresponds to (2F,1772%). Equivalently,
Q = {zegllp+q): rkz = k and 22 = 0},

with Q@ = {z € gl(p+¢q) : 7kz < k and 2?2 = 0}. The identification of X} in (5.2)
ensures that X C Q. Thus Q = Oy, by Corollary 6.4.

6.5.2. (Case B, 1 < k < n. ) By [KP2, §2.2], the nilpotent orbits in sp(2n) are
classified by partitions (dy > dy > ... > d;) of 2n such that an even number
of the (d;)’s are odd (use the same algorithm as in (6.5.1)). Take © to be the orbit
corresponding to (2%,127=4%) . Thus

Q = {z€sp(2n):rkz = kand z2* = 0}.

Once again X C 2 and so 2 = Oy by Corollary 6.4.

6.5.3. (Case C, 2 < 2k < n. ) Here, the nilpotent orbits in s0(2n) under the action
of the group O(2n) are classified by partitions (d; > ds ... > d;) of 2n where, now,
an even number of the d; are even (see [KP2, §2.2], again). Thus, let  correspond to

22k‘7 12n—4k)

the partition ( or, equivalently,

Q = {z€s0(2n):7kz = 2k and 2> = 0}.

Of course, we need to consider SO(2n)-orbits. However, by [KP2, Proposition 2.3],
will be an SO(2n)-orbit, provided that 2k < n. If 2k = n then the same result shows
that Q = Q' UQ" for two SO(2n)-orbits ' and Q”. Thus, by (5.2) and Corollary 6.4,
Q=0 if 2k <n. If 2k = n then X} is an M -orbit (see (4.4)) and so is contained
in SO(2n)-orbit. Thus by (5.2) and (6.4) again, Q" = Oy, (after possibly re-ordering)

when 2k =n.

6.6. REMARK. It is not only in (6.5) that the case 2k = n of Case C is exceptional.
For, at least among the values of k considered in (6.5), it is only in this case that
J(k) = ker(¢) will not be a maximal ideal (see (IV, 5.4)). Of course, since this value of
k is not sufficiently small, this is not relevant to the main purpose of this paper (which is

the surjectivity of 1), but it does suggest that the case 2k = n deserves further study.
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6.7. Using the notation of (5.1) and (5.2.1), the orbit Oy may in each of the three

cases be written as
O, = {zeg:rkz = kand 22 = 0}.

The closure Oy, of O may be obtained by replacing “rk z = k” by “rkz < k7. Natu-
rally, we assume here that k lies in the appropriate range; that is 1 < k < ¢ < p in Case
A, 1<k <n in Case B and 2 < 2k <n in Case C. Note that, under the identifications

of (5.2), Ox NtT = X} . Further useful facts about Oy, are contained in the next lemma.

LEMMA. Assume that k lies in the range given above. Then

(i) The dimension of Oy is given by the formulae

2k(p+q— k) in Case A
dim O = 2nk — k(k—1) in Case B
dnk — 2k(2k + 1) in Case C.

(ii) The variety Oy is normal, and even has rational singularities. Moreover,

dim 6k —dim 6k—1 Z 2 and O(ﬁk) = O(Ok) .

PRrOOF: (i) For Case A, the formula for dim O, follows from [KP1, Proposition 1.3],
while in Cases B and C it follows from [KP2, Proposition 2.4] (for which the notation is
given in [KP2, §§1.1, 2.1 and 2.2]). Alternatively, since dim Oy = 2dim X}, , this also
follows from Lemma 5.3 (or vice-versa).

(ii) By [He, Theorem, p.108 and Criterion 2, p.109], Oy is a normal variety with
rational singularities. The dimension inequality follows from the classical fact that nilpo-
tent orbits in g have even dimension. Finally, the equality O(Oy) = O(Oy) follows, for
example, from [BK, Lemma 3.7].
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1. Reduction of the main theorem.

1.1. The aim of this chapter is to prove the main step in the proof of Theorem 0.3 of
the introduction. Thus, for k sufficiently small and in the notation of (II, Remark 5.2),
we will show that (i) the rings R = 1 (U(g)) and D(X}) have the same full quotient
ring and (ii) D(X}) is a finitely generated R-module. The main result of Chapter IV
will be that R is a simple ring. It follows very easily from these results that R = D(X}),
as is required by Theorem 0.3.

Most of the results of this chapter will actually hold for one more value of k£ than is
allowed by k being sufficiently small. Thus unless otherwise stated, in this chapter we

will assume that:

(Case A) 1<k<q<np,
(Case B) 1<k<n, (1.1.1)

(Case C) 2<2k<n-1

We will continue to use the notation developed in the last two chapters; thus g is the Lie
algebra gl(p+q) in Case A, sp(2n) in Case B and so0(2n) in Case C, with the parabolic
decomposition g =1t~ @metT described in (II, 2.5, 3.5 and 4.5). Further, ¢ is defined
in (I, 1.5), with J(k) = ker(v), while X} C Oy are described in (II, 5.2 and 6.4). Most
of the other notation that we will use, and in particular the maps x, %1, and v’, are

defined in (II, 5.1 and 5.2).

1.2. We next give an outline of the proof of the main theorem, but to do so
some comments on localisation are required. Since t~ is abelian and the non-zero el-
ements of U(r™) act ad-nilpotently on U(g), it follows from [KL, Lemma 4.7] that
any multiplicatively closed subset of 1 (U(t7)) is an Ore set in R = 1¢1(U(g)) .-Recall
that ¢ (U(x™)) = O(Xy). Thus, given p € X}, with corresponding maximal ideal
Z(p) C O(Xy), set C(p) = O(X) \ Z(p) and write R, = R¢(,) for the local ring at p.

Similarly, one may form

D(Xy), = DO®Ep),) = DAey = OXi)yOpz,) D(En)
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(see for example [Lel, §1.2, p.160] or [SmSt, §1.3d]). Of course, R, C D(X}), for each
p € X}, and so Theorem 0.3 would follow easily if one could prove that D(X}), = R,
for all p € X},. If p € X}, then this is easy to prove; basically because D(Tk)p is then a
regular ring and hence is generated by O(X}), and its derivations (see (1.3) and (1.4),
below). If p € X} \ X), then O(X}), is (usually) no longer regular and its derivations
are harder to identify. Thus it is not clear how to show directly that R, = D(X}),.
Instead, a more roundabout approach is taken (see (1.6) and (1.7)). This reduces the
proof of the main theorem of this chapter to that of computing the dimension of a certain
subvariety of O . This computation really forms the heart of the proof and is delayed

until Section 2.

1.3. In this paragraph, and in (1.4), k& will be arbitrary. Let M be the subgroup
of G defined in (II, 2.4, 3.4 and 4.4), for Cases A, B and C respectively. Then, by those
sections, M acts linearly on v+ with orbits being precisely the X;. The differential of

this action gives a homomorphism of Lie algebras
o: m — Der Ok"),

where Der A denotes the module of C-linear derivations on a ring A. Thus, by restric-

tion, o induces a map a:m — Der O(X}).

LEMMA. For each p € Xy, a(m) generates Der O(X}), as an O(Xy), -module. Thus
D(Xy), is generated as an algebra by O(Xy), and a(m).

PROOF: This is, essentially, [LSS, Lemma 2.6], but since it is short we include a proof
here. By (II, Lemma 5.3(iv)), O(Xk), = O(Xk)p, for any p € Xj. Since A} is an
M -orbit, X = M/Staby(p), where Staby(p) = {m € M : m-p = p}. Thus the
tangent space T,X; of AX) at p satisfies

TpX, = T,{M/Stabp(p)} = wm/Lie(Staby(p)).

But, by definition, T),X, = O(&X%)p/Z(p)p®Der(O(Xy),) . Thus, by Nakayama’s Lemma,
a(m) generates Der O(Xy), = Der O(X}y),. Since O(X}), is a regular ring, the final
assertion of the lemma follows from the fact that, for any regular C-algebra A, D(A)
is generated by A and its derivations (see [MR, Chapter XV, Corollary 5.6]).

1.4. Unfortunately, a(m) and t;(m) are not quite equal, and so a little more
work has to be done in order to prove that R, and D(X}), are equal for p € Xy. To

prove this, we will need to examine the difference between a(m) and ;(m). Thus in
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this paragraph (but no others) we will have to be a little careful about the distinction
between O(X}) and S(U)C", and we will therefore make extensive use of the comments
made in (II, 5.2).

By (I, 3.1) the metaplectic representation w maps m to w(m) = gt c spbY)
By (I, 2.3 and 3.1) sp"1) € C @ Der S(U) and hence, in the notation of (I, 1.5),

Y(m) = pw(m) C CaoDer S(U)Y .

Thus, given £ € m, write ¢(§) = d¢ + c¢ for some d¢ € Der S(U)G/ and cc € C. (If ¢
is in the Cartan subalgebra of sp, then the formulae in (I, 2.3) show that c¢¢ # 0. Thus
(&) cannot be equal to the derivation «(€).)

Recall that, by (I, 3.2), ¥(U(x7)) = w(U(x")) = S(U)E . Therefore, given ¢ € m

and y € vt~ , one has

(& ) = (&), v = [de +ce, ¥(y)] = de(¥(y))- (1.4.1)

There is another way of viewing this equation. Since M ¢ G ¢ I', M acts on S(U)%’
and the differential of this action is just the restriction of the adjoint representation of
w(sp(U™)) (see (I, 1.3)). Denote this action of m by [, and let £ € m and y € v~ .
Since (I, 1.5) implies that ¥ (y) = w(y), one has

Thus de = B(§).

Finally, consider the map a : m — Der O(X}). Recall that the isomorphism
X :OX,) = S(U)Y is M -equivariant (see (II, 5.2)). Moreover, by construction, the
differential of the M -action on the two sides of this equation are the actions of m given

by a and f3, respectively. Thus a(¢) = xy~'(d¢). Combined with Lemma 1.3, this gives

PROPOSITION. (k arbitrary) Write R = 11(U(g)) C D(Xy). Then R, = D(Xy),
for all p e &}, .

REMARK. From now on O(X}) and S(U)¢" will be identified through y. Thus we
will write ¢ rather than 1 = Y"1 for the homomorphism from U(g) to D(X}) (see
[We, footnote, p.289]).

1.5. COROLLARY. Assume that k satisfies (1.1.1). Let d € D(X},) and set K = {a €
O(Xy) :ad € R} . Then, for some i >0, K D I(k—1)".
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PrOOF: Recall from (I, 5.2) that I(k — 1) is the ideal of O(X}) defining X'_; . Since
X1 = X \AXy, Proposition 1.4 may be rephrased as saying that, for all p € X}, there
exists a € C(p) such that a € K. This is equivalent to the statement of the corollary.

1.6. The significance of Corollary 1.5 is that, in proving the main result of this
chapter, we need only worry about the left ideal R.I(k —1) of R = ¢ (U(g)). This is
most easily dealt with in terms of the associated variety Oy = V(J(k)) of J(k), for
which we adopt the notation of (II, 5.2 and 6.6). Thus

o o A B L2 _"’
O, = {2—(0 D)Eg.z —Oandrk:Z—k’}

D Ay = {z:(g 8)69:7"/{;02]?}.

Define Vi, = {2 € Oy, : 7, (2) € Xp_1}, where 7, is defined in (I, 5.1). Equivalently,

Vie = {Z:(é’ g)eOk: C = 74 (z) has rank <lg}

Observe that V), = {2€ Oy :my(2) € Xp_1}.

KEY LEMMA. Assume that k satisfies (1.1.1). Then

g—k+1 (Case A)
dim Oy —dim Vi, > n—k+1 (Case B) .
n — 2k (Case C)
In particular, if k is sufficiently small (notation (0.3)), then dim Oy — dim Vi, > 2.

The proof of this lemma will be delayed until the next section, but as we will show

here, the main theorem is a fairly easy consequence of it.

1.7. Recall from (II, 5.2) that O(X}) =¥ (U(x~)) C R. Thus the set K defined in
(1.5) is contained in R.

LEMMA. If k is sufficiently small, then GKdim R/RK < GKdim R —2.
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ProOF: By Corollary 1.5, K D I(k —1)* for some i. Thus, by [KL, Theorem 7.7], it
suffices to prove that GKdim R/R.I(k —1) < GKdim R — 2. In order to prove this,
we reinterpret the problem in terms of associated varieties, as this will allow us to apply
the Key Lemma. Recall from (II, 5.2) that I(k — 1) is the image under ¢/ =9 | ()
of the ideal I(k —1) of U(t™). Since J(k) = ker(¢) this implies that

R/RI(k—1) = U(g)/{J(k)+U(g)(k—1)}.

Moreover, if U(g) and U(t™) are given their natural filtrations, then I(k — 1) is a
determinental ideal (see (II, 2.3, 3.3, and 4.3)) and hence is homogeneous. Thus, by

passing to associated graded objects one obtains

gr(R/RI(k—1)) = S(g)/{gr(J(k))+ S(a)I(k — 1)}

and gr R = S(g)/gr(J(k)). By definition, the associated variety of J(k) is Oy while
the variety of zeros of I(k—1) in t% is exactly Xp_; (see (IL, 5.2)). Thus the associated
variety of {gr(J(k))+ S(g)I(k—1)} is

{Zeﬁklﬂ+(z)€?k_1} = Vk

Therefore GKdim(R/R.I(k—1)) = dim V}, while, by definition, GKdim R = dim Oy .

Thus, in order to prove the lemma, we need only prove that dim Oy > 2+ dim V.
Let W be an irreducible component of V. Then one of two things can happen. First,
W could be contained in Oy_; = Oy \ Oy . In this case (II, Lemma 6.6) implies that

dim W < dim Ox_1 < dim O — 2.

Alternatively, W N Oy # (. In this case, since W N Oy is an open subspace of the
irreducible variety W, one has dim W = dim(W N Oy). But W N O, C Vi, and so

Lemma 1.6 implies that
dim W < dim O, —2 = dim Oy —2;

as required.

1.8. We will need the following result from [Le2]. Since this will not appear in
print, a proof will be given in an appendix to this paper. Recall that a finitely generated
left U(g)-module M is called d-homogeneous if GKdim M = GKdim N = d for all

non-zero submodules N of M .
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GABBER’S LEMMA. Let g be any finite dimensional, complex Lie algebra. Let M be
a finitely generated, d-homogeneous left U(g)-module, for some integer d, and suppose

that E is an essential extension of M (we do not assume that E is a finitely generated
U(g) -module). Then the set of left U(g)-modules

S = {M' : M C M' C E with M’ finitely generated and GKdim M'/M < d — 2}

contains a unique mazrimal element.

Consequently, if GKdim E/M < d—2, then E is a finitely generated U(g) -module.

REMARK. In every case in which the lemma is used, M will be a domain and so will

automatically be homogeneous.

1.9. Write ¢ = {(z,—xz) : € g} for the diagonal copy of g in gx g. If M and N
are left U(g)-modules, then the natural g-bimodule structure on Homc (M, N) induces
a left U(#)-module structure on it. Define the corresponding module of €-finite vectors
to be

L(M,N) = {6 € Homc(M,N) : dimcU(£)0 < co}.

The basic properties of L(M,N) can be found, for example, in [Ja, §§6.8 and 6.9].
Since n~ acts nilpotently on any finite dimensional g-module, certainly n~, and hence
t~ act ad-nilpotently on L(M, N). On the other hand, D(X}) is defined to be the set
of elements z € Homg (O(X}), O(X})) on which U(x™) = O(x™) acts ad-nilpotently.

Thus we have proved:

LEMMA. As a U(g) -module, O(X}) satisfies D(X) 2 L (O(Xy), O(Xy)) .
1.10. It is now easy to prove the main result of this chapter.

THEOREM. Assume that k is sufficiently small; that is, 1 < k < q < p in Case A,
1 <k<n in Case Band 2 <2k <n—1 in Case C. Write R = ¥(U(g)) C D(X%).
Then:

(i) D(X}) is finitely generated as a left or right R-module and has the same full

quotient ring as R.

(il) D(Xk) = L (O(Xy), O(Xy)).
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PROOF: By Proposition 1.4, R and D(X}) have the same quotient division ring and
so, in particular, D(X}) is an essential extension of R as a module over either R or
U(g). Let d € D(X)), and set K = {a € O(X}) : ad € R}. Then, by Lemma 1.7,

GKdim(R+ Rd/R) < GKdim R/RK < GKdim R — 2.

Thus GKdimrD(X}:)/R < GKdim R — 2 and Lemma 1.8 implies that D(X},) is a
finitely generated left R-module.

By (I, Proposition 3.2) O(X}) is a simple U(g)-module. Also, by Lemma 1.9 and
Proposition 1.4,
R C L(O(Xy),0(Xk)) S D(Xy)

and all 3 rings have the same full quotient ring. Combined with the result of the last
paragraph, [JS, Theorem 2.9] therefore implies that D(X}) = L(O(X}), O(Xy)). Fi-
nally, this implies that D(X}) is also finitely generated as a right R-module (see, for
example [JS, §2.4]).
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2. Dimensions of associated varieties.

2.1. The aim of this section is to prove the Key Lemma 1.6 and so throughout the
section we will assume that & satisfies (1.1.1). We will consistently use the notation set
out in (II, 5.1, 5.2 and 6.6) as on many occasions this will allow us to prove results for

Cases A, B and C simultaneously.
The proof of (1.6) has 3 steps:

2.1.1 The variety Vj is stable under the adjoint action of a parabolic subgroup P =
MR~ of G.

2.1.2 Let 7m_ be the projection of g onto t~ along met™ (notation (II, 5.2)). Thus
T_ maps (é g) € g onto B, in the notation of (II, 5.1). Set

Wi={zeVi:rkn_(2)=k}.

Then for all z €V, P-zNW, # 0. Equivalently, dim V;, = dim Wy
2.1.3 Finally, compute dim Wj.

2.2. At the risk of being pedantic here, but in order to avoid worries later on, we
make some remarks about block matrix decompositions. We have already been writing
z € g as a block 2 x 2 matrix (and will shortly be writing it as a 4 x 4 matrix). By
a slight abuse of notation we will continue to use standard matrix notation to describe

these entries. Thus if a matrix IV is written in block matrix form

a b c

d Nll N12 N13
M = e N21

then we call Ny the (1,1) entry and (N1; Ni2...) the first row, etc. The integers a, b, ...
indicate the sizes of the blocks, but will usually be omitted as the sizes will be clear from
the context. Note that much of elementary matrix algebra carries over to this situation.
For example, if Ny, is invertible then the elementary operation of replacing Row r by
Row r—(N,+N;;') x Row 1 is a well defined operation, in the sense that the various sums

and products of the N;; that one is required to make in this operation are automatically
defined.

2.3. We will also write subgroups of G in block matrix form in a manner analogous



46 T. LEVASSEUR and J. T. STAFFORD
to (II, 2.4). Thus the subgroup M defined in (II, 2.4, 3.4, and 4.4) will be written

M = {(%1 ;): g1 € GL(p), ggEGL(q)}

with the tacit assumption that p = ¢=mn and ¢ = g, g2 = ‘¢! in Cases B and C.

e = {(5 1) remic}

where again p = ¢ = n in Cases B and C, but now we also assume that 7" € Sym,,(C)
in Case B and T € Alt,,(C) in Case C.

Similarly, define

Define P = MR~ . Of course, since P C GG, P acts on g by conjugation. Thus
g-A=gAg~! for g€ P and A€ g. Let m be as defined in (II, 5.1).

2.4. LEMMA. The variety Vi is stable under the action of P . Indeed, for any b < k—1,
the subvariety Oy N {(74) "1 (X)} is stable under the action of P.

PROOF: Since Xy 1 = Xy U X U...UX,_1, it suffices to prove that Oy N (74 )1 (A})
is stable under P. This is achieved by the simple method of multiplying together the
appropriate matrices. However, since the explicit form of v -2z for v € P and 2z €
O N (7m4)"1(A,) will be needed later, we will give the details. Note that, as Oy is a
nilpotent orbit, the fact that v -z € O is automatic.

A B
¢ D

(g1 O (I, T _
71—(0 92)6]\4 and ’}/2—(0 I, c R™.

In Case A we obtain

Agr' g1Bgy! A+TC E
e (91 91" 1By, > and gz — ( ) (2.4.1)

Thus, set z = < ) € Oy N (m4)"HA), and let

92Cg7" g2Dgy " C D-TC

where £ = B+TD - AT -TCT.

In Cases B and C, write g; = g and hence g» = ‘g~!. Thus

gAg~? gB(tg) A+TC E
moz=\{, I and gz = , (2.4.2)
(‘g )Cg= (*g7)D('g) C D-TC

where, again, £ = B+TD — AT — TCT . Here, of course, D = —!A.
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The condition z € 7, '(A) is just the statement that z = (é g) with

rkC = b. Clearly, in each case the (2,1) block of ;- z does have rank b; as re-

quired.

2.5. We will use (2.4) frequently since, at least if one is willing to move around the
P-orbit P -z of an element z € V., one can obtain strong conditions on the entries of
z. In particular, the structure of ~1 - z is just general enough to “diagonalise” B. To

make this more precise, we need some more notation. For an integer r, recall that J,. is

the 2r x 2r matrix (_OI I(;) . Define
% { I, in Cases A and B
o v—1J, 1in Case C.

The point behind this definition is that, in each case, K, ! = K,.. Recall from (II, 5.2)

that, for an integer ¢, we have defined ¢ = ¢ in Cases A and B but ¢ = 2¢ in Case C.

Recall that the M -orbits in t* (or v~ ) are the X; (see (I, 2.4, 3.4 and 4.4)). Thus
we have the following immediate consequence of the description of 7 -z given in (2.4.1.)
and (2.4.2).

COROLLARY. Let z = (A B

C D) € g and set ¥ = rk B. Then there exists v € M

such that

A B K, 0
w o= Y-z = (C’ D’) where B = (0 0)'

A parallel result holds for the block matriz C'.

2.6. Since Vi, C Oy, any w € V, satisfies w? = 0 (see (II, 6.6)). In particular,
if w has the form described by Corollary 2.5, then this places severe restrictions on its

entries.

/ /
LEMMA. Let w = (é, ZB;,) € Vi and suppose that B = (}gc 8) for some c.

Then:

(1) The entries of w have the following block matriz form. (In each case Ay is a

¢ X ¢ matriz, which uniquely determines the sizes of the remaining blocks.)

/o A1A2 /o Kco
o= (Tw) m= (T )
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/ — K, A2 —Ko(A1 Ao + AsAy)
DgKCAl — D4D3KC C’4

and
I -K.A K, 0
N Ds D)
Furthermore, A3 =0.

(ii) Moreover, 'tAy = A1 in Case B while 'Ay = —J.A1J. in Case C.

ProOF: (i) Write

A Ay K, 0

(A B\ _ |4 A 0 0
“"(0' D’)_ C, C, Dy D
Cs Cy Ds Dy

where, again, A;, C; and D; are ¢ x ¢ matrices. Now compute entries of w? = 0,
using the fact that K_! = K.. The computation is left to the reader, with the advice
that one should compute all the conditions on the A; and D, before considering the
Cy.

(ii) In Cases B and C one has the extra requirement that D’ = —*A’. Thus from
the (1, 1) entry of D’ one obtains —*A; = —K.A; K, ; as required.

2.7. Recall that, if z € V}, then rk z = k.

A B
C D

_ _ (A B : , (K. 0
w o= vz = (C” D’) with B_(O O)'

Here ¢ =rk B. Write w as a block 4 x 4 matrixz as in Lemma 2.4. Then:

COROLLARY. Let z= ( ) € Vi and pick v € M such that

(i) ¢ =k if and only if the following conditions hold:
A4 = 0, D4 =0 and 04 — DgKCAQ = 0.
(ii) Thus if &=k, then w has the block matriz form

Ay Az Ky

0 0 0
K A2 —KpAAy —KuAKG
D3K; Ay D3KpAs D

o O o O
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ProOOF: (i) Write out w as a block 4 x 4 matrix, using the entries given by Lemma
2.6. If A4 # 0 then the first two rows of w are

Ay Ay K. O
0 A4 0 0

and so
k = rkz = rkw > rkK.+rk Ay > ¢

Similarly, if D4 # 0 then rk z > ¢. Thus we may assume that Ay = Dy = 0. Thus w

now has the form:

Ay Ao K. 0
0 0 0 0

YT | kA2 —KAA —K.AK. 0
DsK.A,  Cy Ds 0

Now add (K.A1) X Row 1 to Row 3 and (—D3K.)x Row 1 to Row 4. Then we obtain

the new matrix

Ay As K. 0

/ 0 0 0 0
w =

0 0 0 0

0 Cy—D3K.Ay O 0

But k = 7k z = rk w'. Thus k = ¢ if and only if C4y — D3K.As = 0. This proves part

(i), and part (ii) is then an immediate consequence.

2.8. One is lead to consider the subspace

A B ~
W, = {Z:<C D)GVkZ TkB:k’}.

For, let z € W), and suppose that w = v; - z is chosen by Corollary 2.5. Then Corollary
2.7 says that most of the entries of w are fixed and this makes it relatively easy to
determine the dimension of W} . Moreover, as the next result shows, the passage from
Vi to Wi involves no serious loss of generality. This forms the most significant step in

the proof of the Key Lemma.

PROPOSITION. Assume that (1.1.1) holds. Then, for all z € Vi, there exists v € P =
MR~ such that w=~-2€ Wy.
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PrROOF: Among elements of P -z choose one, say z = (é g) , again, such that

¢ = rk B is as large as possible. We assume that ¢ < k and aim for a contradiction.
Observe that, by (2.4.1) and (2.4.2), the rank of B is unaffected if we replace z by
w =y -z for any v3 € M. By Corollary 2.5 we may therefore assume that

K. O
p- (% 9).

By Lemma 2.6, write

A Ay K. 0
. _ (A BY _ [0 4 0 o0
~\¢ p) = |a ¢ Dy oo

Cs Cy D3 Dy
where, as before, A1, C7,and D; are ¢ x ¢ matrices. Only later will we need the more

precise descriptions of the C; and D; given in (2.6). We next wish to conjugate z by a
matrix 7 € R~ . By (2.3) v has the form

— IP T
= (0 )

(with the appropriate extra conditions in Cases B and C). We will take T' to have the

T — c 0 0 '
p—c \0 T

Here T’ is, for the moment an arbitrary (p — ¢) x (¢ — ¢) matrix (although it has to

form

be symmetric or alternating in Cases B or C respectively). We emphasise that such a
non-trivial decomposition is possible. For, by assumption and (1.1.1), ¢ < k< min(p, q),

and so 7" is at least 1 x 1.

Equations (2.4.1) and (2.4.2) combine to show that

_ (A+TC E
VA= C D—-TC )’

where £ = B+ TD — AT —TCT . Since the matrices Ay, C7 and D; are ¢ X ¢ blocks

and T has the zero ¢ X ¢ matrix in its (1, 1) position, computing E gives

. K. — AT
- \T'Ds T'Dy— AT —T'C,T' ]
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Recall that K1 = K... Thus we may replace Row 2 of E by Row 2—(T"D3K_.)x Row 1.

This gives the new matrix

!/ Kc _AQT/
v (T )

where F' = T/D4 - A4T/ - T/(C4 + DchAQ)T/ .

The maximality of ¢ = rk B implies that ¢ > rk E = rk E’. Thus F = 0. To
complete the proof we therefore need to show that this in turn implies that A4 = 0,
Dy =0 and Cy — D3K. Ay = 0. For, Corollary 2.7(i) will then force ¢ = E; as required.
As yet, T’ is (essentially) an arbitrary matrix, and it is by varying 7" that we will show
that these matrices are zero.

We now have to consider the various possibilities separately. Suppose first that
Ay # 0. Let E;; be the 2 x 2 matrix with a 1 in the (4,7)"" position and zeros
elsewhere. Now, as A4 # 0 but A% = 0 (see Lemma 2.6), A, must be at least 2 x 2.

Thus there exist matrices g and H such that A, has associated Jordan canonical form

1 (En O
gAsg— = (0 )
Since Ay isa (p—¢) X (p—¢) matrix, p—c>2and H isa(p—c—2)x(p—c—2)

matrix. (Here and elsewhere 0 X r matrices are held to be vacuous. Thus if p — ¢ = 2

then the above description means that gA,g~! = Fio )

Now consider the 3 cases separately. In Case A, 7" is a (p — ¢) x (¢ — ¢) matrix.

Since, by hypothesis, ¢ > ¢, this implies that 7" is at least 2 x 1 and we may take

/
T = ¢! (E021 8) with Ej; the 2 x 1 matrix ((1)) .

Eyp O
0 O

o ,  (Eyn O\[(Ew 0\ /[E, 0
vr = cvar = (B0 0) (B0 0 (% 0) 4o

This contradicts the fact that F = 0 and hence forces A4 = 0. By a similar argument

Let Y be the (p—c¢) x (p—c) matrix ¥ = ( ) g. Observe that YT’ = 0. Thus

(essentially the transpose of the one above) one obtains Dy = 0.

Now consider Case B. Here T’ must be symmetric, and therefore square, and so
a different choice of T” is required. However, as now p = ¢ = n and p — ¢ > 2, the

submatrix 7" is at least 2 x 2. Thus we may pick

T/ _ g—l (ESZ 8) (tg—l)7
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EOH 8) g. Just asin Case A, YT =0

and so YF = —Y A4T’" # 0. This contradicts the fact that F' =0 and forces A4 =0.

which is symmetric. As before, we take Y =

In Case C, the matrix 7" needs to be antisymmetric. In this case (1.1.1) implies
that n > k = 2k. Thus, by assumption, n > 2k > 2¢ and so p — ¢ =n — 2¢ > 3. Thus
T’ is at least 3 x 3. (We need T to be this large, since there are no non-invertible,

non-zero antisymmetric 2 x 2 matrices.) Now, let J{ and Ej; be the 3 x 3 matrices

0O 0 O 0 0 1
J= (0o 0o 1 and B, = [0 0 0
0 -1 0 0 0 0
/
Set T = g~ ! ({)1 8) (t¢g~1), which is antisymmetric, and Y = <E011 8) g. Then
YT' =0 and so
/
YF = —-YAT = (Egl 8>(tg_1) # 0,

a contradiction. Thus in each case we have shown that Ay = Dy =0.
It remains to consider X = C4y — D3K.A>, which we assume to be non-zero. Note

that now 0 = F = —T'XT’. Thus Case B is particularly easy; we take T’ to be the

(symmetric) matrix [,z in order to obtain the desired contradiction.

Now consider Case C. Thus 7" (and hence X ) are (n—2c) x (n—2c¢) matrices. If n

is even then T = J, for, r = %(n — 2¢), will give the required contradiction. However,

for n odd we need to be a little more careful. Note that
X = Cy—DsK. Ay = Cy—tA5K A

is antisymmetric. Thus, for some g € GL(n — 2¢), one has ¢X('g) = <{)T 8) , where

r=rk X . Thus if we set
/-t Jr O

F = —-T'XT = tg(‘(]{ 8>g £ 0;

then

a contradiction. Thus X = 0, as required.

It remains to consider Case A. As we remarked earlier, 7" is an ¢ X s matrix where

t =p—c >s = qg—c > 1. Thus X is an s x t matrix. Pick invertible matrices
. . I
g1 and go of the appropriate size such that g1 Xgo = (6 8), where r = rk X .
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Therefore, if T" = g9 <]5 8) g1, then

I, 0
F = T'XT' = 92(0 0)91 # 0;

giving the required contradiction.

2.9. Given a quasi-affine variety X and a point x € &X', recall that the local ring of
X at x is written O(X), . Let dim,X denote the dimension of O(X), .

COROLLARY. Assume that (1.1.1) holds. Then dim Vi, = dim Wy, .

Proor: Note that W} is an open subspace of Vj , defined for example by the condition
that at least one of the k x k minors in the (1,2) block is non-zero. Thus dimeWy, =
dim¢Vy, for all & € Wy. However, given { € V., Proposition 2.8 shows that there
exists v € P such that «-§ € Wj. Since dim,.¢Vy = dim¢Vy, this implies that
dim Vi, = dim Wy .

2.10. There is one, further, restriction on the entries of w that holds for w € W, .

A B
C D

B and C, one has D = —'A and so this implies that rk A < k.

LEMMA. Let z = ( ) € Vi.. Then min{rk A, rk D} < k. Of course, in Cases

PROOF: Suppose that rk C = ¢. By the definition of Vi, ¢ < k= rk 2. By Corollary
) A B , K. 0
2.5 there exists v € M such that w=~-x = (C’ D’) where, now, C’ = ( 0 O) .

This gives the block matrix decomposition

A1 AQ B1 BQ

o A B . A3 A4 Bg By

Y=\ p) T~ k. o D D

0 0 D3 Dy
where A1, B; and Dy are ¢ x ¢ matrices and the sizes of the other blocks are defined
accordingly. Since w € Vi, C O, we have w? = 0 (see (1.6)). Thus by multiplying
the third row of w by the second column one finds that K.As = 0 and hence Ay = 0.

Similarly, D3 = 0. But this implies that

k = rkw > rk K.+rk Ay + 1k Dy.

This certainly forces k—¢ > min{rk Ay, k D4}, which in turn implies that
k > min{rkA’, rkD'}. Since vy € M, (2.5.1) and (2.5.2) imply that 7k A’ = rk A and
rk D' =rk D. Thus k > min{rk A, rk D}, as required.
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2.11. In order to complete the computation of dim W) we will use a result of
Eisenbud from [Ei], but to state this we need some notation. Let H = M,,,(C) for

some integers w < v and let F' be a subspace of H of dimension m. Set
F+ = {0 eH" :0(f)=0 forall feF}.

For any integer u write H, = {h € H : rkh < u} and F, = F N H, . Similarly, we
identify H* with M, ,(C) and define (F1), ={f € F*:rkf <u}. Write

§(F) = dim (F); — (w—1).
Then the following result is a particular case of [Ei, Theorem 2.3].
PROPOSITION. With the above notation,

dim Fy_1 < m—(v—(w—-1)) + maz{0, 6(F)}.

2.12. We will apply Proposition 2.11 to compute the dimension of the variety of
matrices of the form described by Corollary 2.7(ii). This amounts to proving the following

result. We have omitted Case A as it will turn out to be a trivial consequence of (II, 5.3).

COROLLARY. (i) Assume that n >k and set
Lp = {A = (Al Ag) € Mk;,n<@)2 A € Symk(C) and rk A < ]C}

Then dim Lp < nk—4k(k—1)—(n—k+1).

(ii) Assume that n > 2k and set
Lo = {A = (A1 A2) € Mo ,n(C): Ay € Altgy(C) and rk A < 2k}.
Then dim Ly < 2nk —k(2k+1) — (n— 2k).
PROOF: (i) We apply Proposition 2.11 with v =n > w = k, while H = M}, ,,(C) and
F = {A= (A A)) € H: Ay € Sym,(C)}.

Thus

m = dimF = 1k(k+1)+k(n—k) = nk—1k(k—1).

It is an elementary exercise to prove that Symy(C)t = Alt,(C) as subspaces of My, (C).
Thus
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FJ' = {B = (Bl> € Mnyk((C) : By e Altk((C) and By = O} .

In particular, (F+); =0 and §(F) < 0. Therefore, by Proposition 2.11,
dim L5 < m—(n—k-—1)),

as required.

(ii) In this case, take v =n > w =2k, while H = My ,,(C) and
F = {A: (A1 AQ) € H: A GAltgk(C)}

Thus m = dim F = 2nk — k(2k + 1). As before, Alty,(C)+ = Symax(C) and,

therefore,

F+ = {B = (?) € M, 21(C): By € Symai(C) and By = o}.
2

Thus (F1); =2 {B; € Symaox(C) : 7k By < 1}. In this case, dim(F1); = 2k (use (11,
Lemma 5.3)) and §(F') = 1. Therefore dim L, < m—(n—(2k—1))+1, by Proposition
2.11.

2.13. REMARK. The proof of Corollary 2.12, though short, does require the use of non-
trivial geometric machinery through [Ei, Theorem 2.3]. It should be remarked that one
can fairly easily give a direct proof of (2.12). For, if one knows that Lp and L, are
irreducible then it is an easy exercise to compute their dimensions (and these equal the
bounds given above). In order to prove irreducibility, the main point is to show that Lp,

respectively L., is the closure of an irreducible quasi-affine variety £. In the two cases
L is defined by

{{A:(AlAg)eﬁB:rkAlzk—l} in Case B
L =

{A=(A1 A2) € Li: 1k Ay =2k —2} in Case C.

The proof of these observations is left to the interested reader.

Let F be defined as in (2.11). If §(F) <0, then [Ei, Theorem 2.3] also proves that
F,,_; isirreducible. Combined with the computations in (2.12), this gives another proof
of the irreducibility of Lp. However, the proof of Corollary 2.12 shows that §(F) =1
in Case C. Thus [Ei, Theorem 2.3] cannot be used to prove that L, is irreducible.
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2.14. When we apply Corollary 2.12(ii), it will be useful to have another description
of the variety L.

LEMMA. L, = Lc, where

ﬁc = {A = (A1 Ag) € Mgk,n((C) : A1 € Mgk,gk((C), tAl = —JkAljk;

and 7k A < Zk}.

PROOF: Since 'J, = J; ' = —Ji, the equation ‘A; = —JyA1J, may be rewritten as
Y JpAy) = —JxA;. Since Jy is invertible the required isomorphism from Lo to Ly is

therefore given by

(Al Ag) — Jk(Al Ag) = (JkAl JkAg)

2.15. The following classical result will prove useful. The proof is left to the reader.

LEMMA. Suppose that 0 : Z — Y is a morphism of quasi-affine varieties. Then

dim Z2 < dimY + sup{dim 67 (y):yc Y}

2.16. We can now combine the earlier results of this section to prove the Key

Lemma 1.6.

THEOREM. (i) Assume that (1.1.1) holds. Then

2k(p+q—k)—(g+1—k) in Case A
dim Vi, = dim W < 2nk —k(k—1)—(n—k+1) in Case B
2(2nk — k(2k + 1)) — (n — 2k) in Case C.

(ii) In particular, if k is sufficiently small, then



III. DIFFERENTIAL OPERATORS ON RINGS OF INVARIANTS 57

REMARKS. This completes the proof of Lemma 1.6 and hence of Theorem 1.10. Suppose

that k is not sufficiently small, but does satisfy (1.1.1). Thus k = ¢, n or i(n—1)

in Cases A, B or C, respectively. Then the given bound on dim W} only provides the
inequality dim Vi < dim Oy — 1. In fact this must be an equality. For, in each case
(IV, Remark 1.5), below, implies that Theorem 0.3 fails for this value of k. But it is
only at the present step that the proof of Theorem 0.3 will fail. Alternatively, one can
fairly easily show that the given inequality for dim W}, is actually an equality whenever
k satisfies (1.1.1).

PrROOF: Recall that dim Vj, = dim W), by Corollary 2.9. By (II, Lemma 6.6) we have

2k(p+q — k) in Case A
dim Oy = 2nk — k(k — 1) in Case B
2(2nk — k(2k + 1)) in Case C.
Thus part (ii) of the theorem and the second paragraph of the remark both follow from
part (i) of the theorem.

It remains to bound dim Wj;. We will first simplify the problem by applying
Lemma 2.15. Recall, from the definitions of Vj in (1.6) and W} in (2.8), that the

projection
W_:(é IB;) — B

maps Wy onto A% . Furthermore, dimension does not change along an orbit, and the
action of the group M, given in (2.3), commutes with that of w_. Thus Corollary 2.5
implies that

sup{dim (7_)"Yy) 1y € Xx} = dim (7_)"'(yo) forany 1y € Xj.

K 0

Obviously, we will take yo = ( 0 0

) . Thus Lemma 2.15, with Z2 = Wy, YV = A}

and 0 = m_ , implies that
dim Wy, < dim Xy +dim (7_) " (o).

The value of dim X} is given in (II, Lemma 5.3), and equals %dim Oy . Thus in order

to complete the proof of the theorem it suffices to prove:

2.17. SUBLEMMA. If yo = (Ig’f 8) then

kp+q—Fk)—(g+1—k) in Case A
dim (7_) " (yy) < nk—1k(k—1)— (n—k+1) in Case B
2nk — k(2k 4+ 1) — (n — 2k) in Case C.



58 T. LEVASSEUR and J. T. STAFFORD

PROOF: At this stage it seems easiest to consider the three cases separately. Thus,
assume that we are in Case A. By Corollary 2.7(ii) and using the notation of that result,
just 3 of the entries of w € (7_)"!(yo) completely determine w; these being A;, A
and Ds. Here, A; € My ;(C), Az € My ,—(C) and D3 € M,_j 1(C). Furthermore, as
Ky = I, Lemma 2.10 implies that

max {dim (A1 As), dim <_A1)} < k.
D3

Thus by ignoring the determined entries of w , Corollary 2.7(ii) implies that (7_)~!(yg) =
L1 U Ly, where

Ly = Av A g (A As) < k
o v) |
o {3 %) () <)

dim L, < dim {A = (A1 A2) € My ,(C) : 1k A< k:} + dim My_ 1 (C).

and

Certainly

By (II, Lemma 5.3) this implies that
dim L1 < {(k=1(p+q) — (k+1)} + (¢~ k)k
= kip+q—k)—(¢g+1-k).

Similarly, dim Lo < k(p+q—k)—(p+1—k). Since p > ¢ this suffices to prove (2.17)
in Case A.

Now repeat the above proof in Case B. Here, Lemma 2.6(ii) implies that one has the
extra conditions D3 = —'4; and A; = 'A; in the formula for w € (7_)"1(yo) given
in Corollary 2.7(ii). Thus by applying Corollary 2.7(ii) and Lemma 2.10, and ignoring

determined entries of w, one now obtains that
(7)) Hyo) = Lp = {(A1 As) € M ,,(C) : Ay € Symy(C) and 7k A < k}.

Thus (2.17) follows immediately from Corollary 2.12(i).

Finally, consider Case C. Now Kj; = +/—1J, and so Lemma 2.6 implies that
D3 = —'A; and A; = —Ji(*A1)J) . Thus the argument used above implies that

(m) M) =2 Lo = {(A1 A2) € Moy n(C) : Ay = —Ji(*A1)Ji € Moy 24(C)

and rk A < Zk}.
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Thus (2.17) follows from Lemma 2.14 and Corollary 2.12(ii).
This completes the proof of the theorem.

2.18. In Chapter V we will require the following variant of Case B of Theorem 2.16.
Fix

0, = { ( ): B, C € Sym,(C), 2> =0 and rkz:n}

> Vo, = {2€0,: rkC<n}

> U, = {#€0,: rkC<n—1}.

PROPOSITION. With the above notation, dim U, < dim O,, —

Proor: If n =1, then U, is defined to be empty, in which case the Proposition follows
from (II, Lemma 6.6). Thus, assume that n > 2. As this proof is similar to that of the

earlier results of this section, some of the details are left to the reader.

It is clear that U, is stable under the action of the group P (see Lemma 2.4.) Thus
by Proposition 2.8, for any z € U, , there exists v € P such that

vz € Wy, = W,nU, = {yz(é _€A>€Un:rkB:n}.

The proof of Corollary 2.9 therefore implies that dim U,, = dim W Furthermore, given
z € V[an, there exists, by Corollary 2.5, some v € M such that

A,
wo= 7%= C’ Yy ’

By Lemma 2.10, the submatrix A’ has rank < n. Since w € U,, C O,, one has w? =0.
This forces C' = —(A’)? and A’ = *(A’). In particular, from the definition of U, , one
has rk(A’)?2 < n — 2. Thus, just as in the first part of the proof of Theorem 2.16, this
implies that

dim W, < dim{B € Symy,(C) : rk B = n} + dim L,
where L is the variety

{AESymn((C): rk A<n-—1 and rkAzgn—Q}.
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Now L C M = {A € Sym,(C) : rk A < n—1}. By (II, Lemma 5.3), M is an
irreducible variety with dim M = in(n+ 1) —1. Since

I,1 O
("t 0) # <
clearly £ is a proper, closed subvariety of M. Thus dim £ < dim M — 1. Since
dim Sym,,(C) = 3n(n+ 1), we conclude that

dim U, = dim W, < n(n+1)—2.
But dim O,, =n(n+1), by (II, 6.6). Thus dim U, < dim O,, — 2, as required.
2.19. COROLLARY. Set R=U(sp(2n))/J(n) . Let I(n —2) be the ideal defining
X, = {C € Sym,(C):rk C <n— 2}
inside O(X,) = O(Sym,,(C)) . Then
GKdim R/RI(n—2)" < GKdim R—2 forall i>1.

Proor: Use the proof of Lemma 1.7, but with Proposition 2.18 replacing the Key

Lemma 1.6.
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3. Twisted Differential Operators.

3.1. Let L = L(A\x+p) = O(X}). Then Theorem 1.10 shows that L(L, L) = D(L),
and this suggests that one should compare L(L, L) with D(L) under translation. More
precisely, let M be a direct summand of L ®c E, for some finite dimensional g-module
E. In this section we will prove that L(M, M) = DY )(M); the ring of “twisted
differential operators” on M regarded as a U(t™)-module. This ring is defined just as

was D(R) in (0.1). Formally, if M is a module over a commutative C-algebra R, define
DE(M) = Endr(M) and, for each i > 0, set

DI(M) = {0 € Endc(M): [0, al € D (M) forall a€ R}.

Then DF(M) = |JDE(M). The basic properties of DF(M) are similar to those of D(R)
and can be found, for example, in [MR] or [SmSt]. We emphasise that, as L is a factor
ring of U(t™), one has D(X}) = DV )(L).

3.2. We fix the following notation. First, all tensor products and endomorphism
rings will be defined over C, unless otherwise indicated. Let g be a semi-simple, complex
Lie algebra and a an abelian subalgebra of n~. Let L be any finitely generated g-
module. Then L will be viewed as a U(a)-module by restriction. We remark that in

these circumstances one always has the inclusion
L(L, L) € DY@(L). (3.2.1)

The proof of this is identical to that of Lemma 1.9.

Next, let E be a finite dimensional g-module and write ' = E ® Cy where Cg
denotes the trivial g-module. Regard L® F' as a g-module, and hence as an a-module,

via the usual diagonal action;

g-(a®b) = (ga)@b+a®(gb) forg€g, a€ L and b€ F.

3.3. PROPOSITION. (Notation 3.2). Suppose that L(L, L) = DY) (L). Then
LLeF, LoF) = DY (LeF).

ProoF: Identify End(L® F) with M, (C)® End(L), where n = dim F'. This induces

the standard decomposition

L(L®F, Lo F) = M,(C)sL(L, L)
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(see, for example, [Ja, §6.8.2]). Also, by (3.2.1) we have the inclusion
LLeF, LoF) € DY (LeF).

Thus there exists the following chain of embeddings:

M,(C)eDYV() (L) = M,(C)oL(L, L) = L(L®F, L&F)
3.3.1
c DYE(LeF) C M,(C)®End(L). (331

Fix a basis {e1,...,ep—1} of E and {e,} of Cy and let {e;;} be the corresponding
matrix units in M, (C) = End(F). In particular, e,, is the projection of F' onto
Co along E. The reason for working with F' rather than F is that, as elements of
Endc(L®F), ey, commutes with a. To see this, note that

enn = enn®1 € M,(C)®L(L, L) C FEnd(F)® End(L).

On the other hand, a is embedded in End(F) ® End(L) via the diagonal map;
a—a®l+1®a, for a € a. Thus

[a, enn] = [a®@1+1®a, €, 1] = aepn®1l —eppa®l+ e, ®a— ey, @a.

Since a acts trivially on Cgy, it annihilates the projection e, from either side. Thus
[a, €nn] = 0.

Let § € DY (L® F) and write § = >_e;;0;; for the appropriate 6;; € End(L).
Certainly each e;; € M, (C) C L(L® F, L® F'). Thus in order to prove the proposition
it suffices, by (3.3.1), to show that 6;; € DY(®(L) for each i and j. Now each e,

commutes with every 0., . Therefore, for any ¢ and j,
ennbi; = enibejn, € DU(“)(L®F).
Thus we need only prove the following inductive statement:
Suppose that o € End(L) is such that e, € DY (LaF)

(3.3.2)
for some integer m. Then ¢ € DY (L).

If we define DY&“)(L) = 0 then (3.3.2) does hold for m = —1, and this begins the
induction. Now suppose that e, ¢ € D%(a)(LQbF) , for some m > 0. For any a € a one

has [a, epn] =0 and so

eanlpy @) = [ennp, a] € DL (Lo F).
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By induction on m, one obtains that [, a] € Dgl(fi (L). Since a € a was arbitrary, this

implies that ¢ € D%(u)(L) ; as required.

3.4. COROLLARY. (Notation 3.2) Suppose that L(L, L) = DY) (L) and that M is a
direct summand of L® E, as a U(g)-module. Then L(M, M) =DV (M),

ProOOF: Clearly M is also a direct summand of L® F' where, as in (3.2), FF = E®Cy.
Let 7 € Endyg) (L ® F) be the corresponding projection L ® F' — M . Then certainly
ne€ L(LeF, L& F) and we claim that

nL(LeF,LeF)y = L(M, M). (3.4.1)

To see this, note that nL(L®F, Lo F)n C L(M, M), by composition of functions (see
[Ja, §6.8.6]). For the other inclusion, suppose that 6 € L(M, M). Let ¢ € End(L®F)
be defined by ¢(z,y) = (6(x), 0) for x € M and y in the complement of M . Then it is
routine to check that ¢ € L(L® F, L® F). Since nyn = 0, this suffices to prove (3.4.1).

As n € Endyg)(L e F) C Endyq)(L®F) a similar argument shows that
nDVO(Le F)yy = DY (M).

Now apply the proposition.

3.5. We can, in particular, apply Corollary 3.4 to L(A; + p) .

COROLLARY. Let L = L(\x + p), for k sufficiently small. Let E be a finite dimen-
sional U(g) -module and M a direct summand of L® E. Then:

(i) M is a highest weight module that is finitely generated as a U(r™)-module.
(ii) L(M, M) =DV ) (M) .

PROOF: Since L is a highest weight module and is a factor ring of U(t™), part (i) is
clear. Part (ii) is obtained by combining Corollary 3.4 with Theorem 1.10.

3.6. Although it is getting rather far from our frame of reference, there exist several
generalisations of Corollary 3.4. Let us mention just one, suggested by recent work of
Joseph [Jo3]. Suppose, now, that a is any sub-Lie algebra of n~. Given an Uf(a)-
module M, let Ay q)(M) denote the set of C-endomorphisms of M on which a acts
ad-nilpotently. Of course, if a were abelian, this would simply be the definition of
DY) (M) given in (3.1).
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With minor alterations, (3.3) and (3.4) can be used to prove that Corollary 3.4 still
holds for any subalgebra a of n~ ,provided only that one replaces DV(®)( ) by Avay( ).
We remark that one does require that a C n™ for this to hold. For, if a & n™, then
a need not act nilpotently on finite dimensional g-modules and so there would be no
reason why (3.2.1) should hold.



CHAPTER IV. THE MAXIMALITY OF J(k) AND THE SIMPLICITY OF D(Xy)

1. Introduction and consequences of the maximality of J(k) .

1.1. We will continue to use the notation and conventions established earlier and
described, for example, in (III, 1.1). Recall from Chapter II that in each of the Cases
A, B and C we have constructed a map ¢ : U(g) — D(X}). Moreover, when k is
sufficiently small we have proved in (III, Theorem 1.10) that (i) the rings R = U(g) and
D(X}) have the same full quotient ring and (ii) D(X}) is a finitely generated left and
right R-module. The aim of this chapter is to complete the proof of Theorem 0.3 of the
Introduction by showing that J(k) = ker is a maximal ideal of U(g) and (as is an

easy consequence) that ¢ is actually onto.

In fact we show that J(k) is maximal under the slightly weaker assumption given
in (III, 1.1.1).

THEOREM. The ideal J(k) is mazimal in the following cases:

1<k<qg<p in Case A
1<k<n in Case B
2<2k<n-—1 in Case C.

1.2. The proof of Theorem 1.1 will take up most of this chapter. Various conse-
quences of this theorem, in particular the simplicity of D(X%), will be given later in this
section. In Section 2 we will outline the various possible approaches to the proof of such
a theorem and we give the proof for the 3 cases in the following 3 sections. In each case,
the proof is purely Lie-theoretic and follows from the fact that we have already computed
the highest weight \; of L(Ax + p) = O(X}) as a U(g)-module.

Thus, on the one hand, the results of this chapter can be used as an introduction
to and illustration of the way in which the theory of primitive ideals, as developed by
Joseph and Barbash-Vogan, et al, can be used to answer specific questions about the
ideals of U(g). Of course the length of the chapter also indicates that the combinatorics

involved are non-trivial.

On the other hand, it would be more satisfactory if one could find a more intuitive

proof of the maximality of J(k). For example, using Lemma 1.3(ii) below, Theorem 1.1

65
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would follow if one could prove that D(X}) were simple. We remark that the maximality
of J(k) is not simply a consequence of the fact that the map 1 is obtained via the
metaplectic representation. Indeed, if 2k = n in Case C, then J(k) is not maximal (see
(5.4), below).

1.3. As we show next, (III, Theorem 1.10) and Theorem 1.1 combine to have The-

orem 0.3 as an easy consequence.

LEMMA. Let A C B be Noetherian domains with the same quotient division ring.
Then:

(1) If A is simple and B is a finitely generated left A-module, then A = B.

(ii) If B is simple and B is finitely generated as both a left and a right A-module
then A=B.

PrOOF: (i) Write B = Y] Ad;. By assumption, we may write d; = b;c™! for some
non-zero b; and ¢ € A. Thus N = r-anny(B/A) > c¢,andso N is a non-zero ideal
of A. Since A is a simple ring, this forces N = A and hence A = B.

(ii) In this case, both N = r-anns(B/A) and M = {-ann,(B/A) are non-zero.
Thus, NM is a non-zero ideal of B. The simplicity of B therefore implies that
B=NM=A.

1.4. COROLLARY. Suppose that k is sufficiently small; that is, 1 < k < g <p in Case
A, 1<k<n in Case B and 2 <2k <n—1 in Case C. Then U(g)/J(k) = D(X}).

Moreover, D(X},) is a simple Noetherian domain and is finitely generated as a C -algebra.

PROOF: By Theorem 1.1, R = ¥(U(g)) is a simple subring of the domain D(X}).
Lemma 1.3(i) and (III, Theorem 1.10(i)) can therefore be combined to show that R =
D(Xk).

1.5. The following result, which complements Corollary 1.4, is a slight generalisation
of [LSS, §3.9]. Recall that the m!* Weyl algebra A,,(C) is the ring of differential

operators on affine m-space.

LEMMA. Suppose that g is a semi-simple, finite dimensional complex Lie algebra and
that 0 : U(g) — An(C) is a ring homomorphism, for some m > 1. Then 6 is not
surjective. Moreover, assume that S = 0(U(g)) and A,,(C) have the same full quotient
ring. Then A,,(C) cannot be finitely generated as a (left or right) S -module.
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REMARK. Suppose that & is not sufficiently small. Then by (II, 2.4, 3.4 and 4.4), O(X})
is a polynomial ring and so D(X}) is a Weyl algebra. Moreover, (III, Proposition 1.4)
implies that R = ¢(U(g)) and D(X}) have the same full quotient ring. Thus the lemma
shows that: If k is not sufficiently small, then D(X}) cannot even be finitely generated
as a U(g)-module.

PROOF: Since g is semi-simple, S decomposes under the adjoint action of g as a direct
sum of simple modules. In particular, S=C-1@®V for some (ad-g)—module V. Now,
for any a,b and ¢ € S one has [ab, ¢] = [a, bc|] + [b, ca]. Thus

(5,8 = [g,8] = [g,V] C V.

Therefore, 1 ¢ [S, S|]. In particular this implies that S # A,,(C). Finally, if A,,(C)
were finitely generated as a one-sided U(g)-module, then [JS, Theorem 2.9] and (III,
Lemma 1.9) would combine to prove that A,,(C) would be finitely generated as both a
left and a right U(g)-module. Since A,,(C) is simple this contradicts Lemma 1.3(ii).

1.6. There is a second way to interpret Corollary 1.4. Recall that ¢ = pw, where
w:U(g) — DX )G/ is the surjective homomorphism defined by the metaplectic represen-
tation and ¢ : D(X)E — D(X) is the restriction map. Thus Corollary 1.4 and Remark
1.5 combine to prove: ¢ is nice (that is, surjective) if and only if O(X)E" is nasty (that

is, singular) if and only if k is sufficiently small.

1.7. The fact that ¢ is surjective when k£ is sufficiently small may be regarded as
a non-commutative analogue of the Second Fundamental Theorem of invariant theory —
which in our notation is just the statement that the restriction map O(X)% — O(X})
is an isomorphism. However, unlike the commutative case, ¢ will (almost never) be an

isomorphism, since it will have a large kernel.

LEMMA. Assume that k satisfies (III, 1.1.1) and let
© = GKdim D(X)Y — GKdim D(X},).
Then

0 = {GKdim D(X) — GKdim D(X;)} = dim X —dim X, = dim G’

Thus © = k? in Case A, © = $k(k —1) in Case B and © = k(2k + 1) in Case C.

1
2
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PRrROOF: Since we do not wish to spend too much time on this somewhat peripheral
result, we will only prove it in Case B, where a short cut is available. In this case the
proof of (V, Lemma 3.7), below, can be used to show that the natural isomorphism of

abelian groups
a:DX) = OX)20(X*) =2 O(Mg,2,(C))

induces an isomorphism

o i D(X)Y = O(Mp2n(C) (1.7.1)
where the action of G’ on the right hand side is that induced from the natural action
g-&=g9g& of g€ G'" on & € My2,(C). Moreover, as « respects the natural finite

dimensional filtration on both sides, this implies that
GKdim D(X)¢ = GKdim{O(My2,(C)¢} = 2nk — 1k(k 1),
where the final equality follows from (II, Lemma 5.3). But (II, 6.4.2) implies that
GKdim D(Xy) = 2dim Xy = 2nk—k(k—1),

Thus this proves the lemma in Case B.

In Cases A and C a little more work needs to be done, as in these cases the action
of G’ on the right hand side of (1.7.1) is slightly twisted. The glitch comes in the proof
of (V, Equation 3.7.1), where one uses the fact that ‘g = g~! holds in O(k) in order to
show that G has the natural action on the right hand side of (1.7.1).

1.8. In [Mul] and [Mu2] Musson examines the rings of invariants obtained from
the action of a torus 7' on C™. In particular, in [Mul] he has obtained necessary and
sufficient conditions for the map ¢ : D(C")T — D(O(C™)T) to be surjective. In [Mu2]
he examines the problem of whether D(C™)? is a factor ring of a Lie algebra. The results
he obtains for T' = C* are, essentially, the same as we have obtained in Case A with
k=1.

1.9. It is fairly easy to use Corollary 1.4 to write down an explicit set of generators
for D(X}). To do this, recall that the generators of sp(2m) under the metaplectic
representation w are described explicitly in (I, §2). Next, rather as we did for the
Cartan subalgebra b of g in (II, 2.6, 3.6 and 4.6), it is easy to compute the image of g
under w. Indeed, Howe’s Theorem (I, Theorem 1.4) can be regarded as saying that w(g)
consists of the “obvious” invariant elements in D(X)E . Finally, as 1) = gw, this gives
the generators for D(X}) .
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In this manner one obtains the following sets of generators for D(X}). In each case
we assume that k is sufficiently small (so that Corollary 1.4 can be applied) and we freely
use the notation of (II, §5). For a Lie algebra a, the set ¥(a) denotes the image under
1 of the standard basis for a, except that one ignores the various scalars coming from

the metaplectic representation.

In Case A, the generators are:

k
Zﬂfujij 1<u<p 1<v<gq = WU(r") = generators of O(X})
j=1
and
k
232/8muj8ijzlgu§p, 1<v<gq = Y(t)
j=1
and

( 3

k
waja/(?asuj 1 <wu,w<p and
j=1

k
Zija/aij 1 <v,w<p

\ J=1 y,

In Case B the generators are:

k
ijuxjv 1<u<v<ny = Uk") = generators of O(X})
j=1

and
k
282/8zju8xj1,:1§u§v§n = U(t)
j=1
and
k
ijwﬁ/&z:ju 1 <u,w<n = Y(m).

J=1



70 T. LEVASSEUR and J. T. STAFFORD

In Case C the generators are:

k
Z(xj’a$j+k’b —TipTitka) 1 <a<b<n = W(r") = generators of O(X})
j=1
and
k
Z(@Q/axj,aaxﬁk,b — 82/8xj,b8xj+k7a) 1<a<b<n = U(t)
j=1
and
2k
Z(mja(‘?/@ij) 1<a,b<np = VY(m)
j=1

1.10. There is a second way of describing the generators of D(X},). For, the second
fundamental theorem of invariant theory allows one to identify O(Xy) = C[Z]/I(k).
Here, Z = (z;;) is an appropriate generic matrix and both it and (k) are given explicitly
in (II, Theorems 2.3(ii), 3.3(ii) and 4.3(ii)) for Cases A, B and C, respectively. One
may then write D(X) in terms of the z;; and 9/dz,, in the following way. Write
Cl|Z] = O(Z2) for the appropriate affine space Z and set L(k) = I(k)D(Z). The
idealizer 1(L(k)) is defined to be

I(L(k)) = {#eD(Z): OL(k) C L(k)}.

The point of this definition is that [SmSt, Proposition 1.6] implies that D(X}) =
I(L(k))/ L (k).

It is now easy enough in principle (although the practice is rather tedious) to compute
the inverse images in I(L(k)) of the generators of D(X}). Moreover, except in a few
low dimensional cases, the degree of elements of L(k) is large in comparison with that
of the generators of D(X%). Thus, each generator of D(X}) has a unique inverse image
of lowest total degree back in I(L(k)). We can now describe the generators of D(X})
in terms of the z;; and 0/0z,,. However we will only give these generators in Case A
(this should at least give the reader an idea of their structure. In the other two cases the
generators have a similar but considerably messier form). As in (1.9), we assume that
k is sufficiently small and we will not distinguish between elements of D(Z) and their
images in D(X},). In each case an element, say a(u,v) € U(t7), is equal to the element

with the same indices, say [(u,v) € ¥(t™) given in (1.9).
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In Case A, the generators are:
k
Zuw = qujij 1<u<p, 1<v<ygq = U(tt) = generators of O(X})

and

P g
ZZzijé’Q/azujazm + k0)0zy:1<u<p 1<v<qp = ¥(x7)

i=1 j=1

and
(g \

Zzwja/ﬁzuj 1 <wu,w<p and

j=1

p
szwé?/@zjv 1 <v,w<p

\ j=1 Y,

In the case kK = 1 Goncharov in [Go, §6] has also written down the generators of

D(X}) in the above manner, but there seem to be some minor errors in his scalars.
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2. Outline of the proof of the maximality of J(k) .

2.1. Recall that, as a U(g)-module, O(X}) = L(\, + p) is a highest weight module
for which the highest weight A; has been explicitly determined (see (II, 2.7, 3.7 and
4.7)). In this chapter we will show that, under the hypotheses of Theorem 1.1, this forces
J(k) = ann L(Ag + p) to be a maximal ideal. There are several methods available in the
literature for proving this and we outline the various techniques in this section. It will

be quickest to use different methods in the different cases.

While the results used in this chapter are due to various people, most are available
in [Ja] and we will reference that book as much as possible. Unfortunately our notation
differs from Jantzen’s since we shift our weights by p, the half sum of the positive roots.
Thus our M(A+p) is his M(A) and our J(w(A+p)), for w € W, is his I(w-A), where
w-A=w(A+p)—p; etc.

2.2. The following standard notation (over and above that given in the index of
notation) will be used without comment throughout this chapter. We will usually write
pr for A +p.

Fix a Cartan subalgebra h for g and write R for the set of roots of the pair (g, ).
Fix a basis B = {«a1,...,a¢} of R and let RT denote the set of positive roots. The
co-root of o € R will be denoted by H, . Let wq,...,w, be the fundamental weights and
write P(R) = ) Zuw,; for the lattice of (integral) weights. We emphasise that p € P(R)
(see [B1, Proposition 29, p.168]). Similarly, write Q(R) = Y Za«; for the lattice of
roots. If A = XA+ P(R) is the coset of A in h*/P(R) then Ry ={a € R: \(H,) € Z}

will denote the corresponding root system, with restricted Weyl group
Wy = {weW:wx—XeQ(R)}.
Fix a basis By for Rj such that By C RT. If w € W, then define
T(w) = {a € Bx:wa<0}.

Let v € A. Then v is dominant (respectively dominant regular) if v(H,) > 0
(respectively v(H,) > 0 ) for all o € By . (Note that this is, again, a shifted version
of Jantzen’s notation.) There will always exist m € WA such that 7 is dominant
(see [Ja, §2.5]), and, moreover, A = m + P(R). Finally, given m € A dominant, set
B2 ={a € By : 1(H,) = 0}.

2.3. Given A = A+ P(R), set u = A+ p and pick 7 € Wpu such that 7 is
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dominant. Write
Cu = {J€SpecU(g):JNZ(g)=J(p)NZ(g)}
Then, by Duflo’s Theorem ([Ja, Satz 7.3]),
G = (I iwe W) = {Jun)iweWa) = G

Moreover, ¢, has a unique maximal element — viz J(7) (see [Ja, Corollar 5.21]). Thus
the aim of this chapter is to prove that J(ug) = J(m) where ux = Ay + p and 7 €
Wa(Ar + p) is dominant.

This motivates the following definition. Let xy € A be dominant regular and pick
w,w’ € Wy. Then define w and w’ to be in the same left cell, written w ~, w’,
if J(wyx) = J(w'x). By [Ja, §14.15] this does not depend on the choice of x. The
advantage of this concept is that, as will be seen later, there exists a combinatorial
procedure for determining whether w ~; w’. Moreover, while the dominant weight 7
will almost never be regular, the following translation principle allows one to pass to the

regular case.

THEOREM. [Ja, Satz 5.8] Let A, m and x be as above. Then there exists an isomor-

phism of ordered sets
TT : {J(wyx) :w € Wy and B C7(w)} — (o

given by T7(J(wx)) = J(wr) .

2.4. This provides the first method for determining whether J(uy) is maximal:

Method (a). Write A = A\, + P(R), set pur = A\x + p and pick m € Wy, such
that 7 is dominant. Next, find y,w € Wy such that

wr = ® = y ‘up and B2 C 7(w)NT(y).

Then by (2.3), in order to show that J(uy) is mazimal, it suffices to show that w ~y y.
In order to do this one uses a combinatorial procedure, called the Robinson-Schensted
algorithm, to compute the standard left tableaur A(w) and A(y). Finally, at least for
the classical Lie algebras, the equality A(w) = A(y) implies that w ~;y and hence that
J(ux) is mazimal (see [Ja, §§16.13, 16.14 and 5.25]).

We have been deliberately vague in the final part of Method (a), since left tableaux
are defined differently for the different Lie algebras. Thus the details for this step will be

given later.
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2.5. The computations involved in Method (a) can be reasonably tedious. However,
there is a second method using special nilpotent orbits which, while not always available,
can be much easier. Unfortunately, the various steps in this method will vary slightly
from case to case and so at this stage we will merely indicate the basic steps and leave

the details until later (see, in particular, Section 4).

In a classical Lie algebra g, the nilpotent orbits can be classified by symbols (see, for
example, [BV1, p.165]), and the orbit is special if the corresponding symbol is special.
Alternatively, by [BV1, §1.10], an orbit O is special if and only if O = V(J) is the
associated variety of a primitive ideal J that has an integral central character. Next, let
Lg denote the dual Lie algebra of g, as for example defined in [BV2, Definition 1.12].
Then to any special nilpotent orbit O in g one may associate via its symbol a (unique)
dual nilpotent orbit “O in Zg (see [BV2, Corollary 3.25]). The orbit 1O is even
if its Dynkin diagram is labelled by 0 and 2 ([BV2, Definition 2.11]). If the orbit
L0 is even, then there exists a dominant integral weight Ao in h* related to O (see

[BV2, §5.4]). For typographical reasons we will write A(O) in place of Ao .

There exists an algorithm for each step in the above procedure, but it will be easier
to describe these in the specific examples than in general. However, the point behind

these definitions is the following result.

THEOREM. Assume that O is a special nilpotent orbit with “O even. Let u € h*
and suppose that J(u) € (yoy and that GKdim U(g)/J(n) = dim O. Then J(p) =
J(A(O)) and J(p) is a mazimal ideal of U(g) .

PrROOF: Use the equivalence of parts (b) and (c) of [BV2, Definition 5.23] together
with [BV2, Corollary 5.20(i)].

2.6. Recall that the nilpotent orbit Oy is defined by Oy = V(J(k)), the associated
variety of J(k). Using Theorem 2.5 one obtains

METHOD (b). Assume that Oy is special and that YOy is even. Then, by
definition, uy satisfies GKdim U(g)/J(ux) = dim Oy. Assume, further, that ux €
WAX(Oy).Then J(ur) € Cro,) and so Theorem 2.5 implies that J(ur) = J(A(Og)).

Therefore, J(ui) is mazimal .

2.7. Of the two methods given above, the second is shorter, but is unfortunately
not always available. This is because either Oy will not be special (which happens in

Case B when k is odd) or “Oj, will not be even (which can happen in Case A). The
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first method is always available. Thus we will use Method (b) in Case B (for k£ even)
and Case C, while Method (a) will be used in Case A and Case B (for k£ odd).

Finally, the question of exactly when Oy is special in Case B will be of interest in
Chapter V, where we consider the ring of SO(k)-invariants as a U(sp(2n))-module (see
(V, 5.5)).
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3. The maximality of J(k) in Case A.

3.1. In this section we will use Method (a) of (2.4) in order to prove that J(k) is
maximal in Case A. Thus, fix g = sl(n) where n = p+¢ and assume that 1 <k < g <p.
We will also fix the following notation. Let h = {D7N\;H; : > \; = 0} be the usual
Cartan subalgebra of g and write {¢; = H}} for the dual basis of {H;}. Then the roots
of g are given by R = {£(¢; —¢;)} with the standard basis

B = {a1 =€ — €3, ...,0pn_1 :en_l—en}.

A weight A € b* will be identified with an element Y Ae; of > Ce; and written \ =
(AL ).

We remark that, while B is the standard basis for R, it is the negative of the basis
given in (II, 2.6). Thus by (II, 2.7) the weight Ay is now the element

Ne = (=k/2,...,=k/2, k/2, ... ,k/2), (3.1.1)

where there are p negative and ¢ positive entries. As before, set ux = A\ + p.

3.2. Tt follows from [B1, Planche I, p.251] that

(n—l, n—3,...,—n—1)

N~

p g
and an easy computation shows that
M = (al, ceey Ap—k, bl, ,bk, bl, ,bk, Cly .. ,Cq_k)

where a; = 2(n—k—1)+1—i and b; = —1(n—k—1)+¢—i and ¢; = —1(n—k—1)+q—k—i
for each 7.

The coroots are {H,, = H; — H;11 : 1 <i <n—1} and hence (3.1.1) implies that
Ak is integral; that is, A} — )\;jl = AH,,) € Z for each i. In particular,

i

A = M+P[R) = P(R).

3.3 We can now begin to describe the elements required of Method (a). The Weyl
group W of sl(n) is just the symmetric group S,, acting on h* by permutation of the
€;. In the description of i in (3.2) note that the entries are descending integers, with

the one exception that by < by at the p'® entry. Therefore

™ = (a17 <ee 5 Ap—f, b17 bla b27 b27 7bk; bk7 C1, --- 7cq—k)
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is dominant and belongs to Wy . Clearly

By = {ap_ps1, -+, 0ppk—1}-

We next want to find w,y € W such that wr = 7 =y 1y and B2 C 7(w)N7(y). For
w take the element that swops each pair of b;’s in the description of 7 and fixes the

other entries. Thus

o (I'(p—k+1)(p—k+2).“ (p+k—-1) (p+k) ‘]>
p—k+2) (p—-k+1) ... (p+k)  (p+Ek-1) '

(Here and elsewhere the I will imply that w fixes the appropriate number of entries at

the beginning and end.) Trivially, wr = m and B2 = 7(w). For future reference we

note that w =w=1!.

In order that B2 C 7(y) we choose for y the permutation that sends the “first b;”

I>.

in m to the “second b;” in u; but fixes the a, and ¢,. Thus

@‘ p—k+1) (p—k+2) (p—k+3) (p—k+4)

v (p+1)  (p—k+1)  (+2) (-k+2)
and

oo, p—k+1) (p—k+2) ... (p+1) (p+2) ;
v (p—k+2) (p—k+4) ... (p—k+1) (p—k+3) '

Once again it is clear that ym = u; and that B2 C 7(y).

3.4. It remains to compute the left tableaux
Alw) = A (w_l(l), w(2), ... ,w_l(n))

and A(y). The algorithm for this is given, for example, in [Ja, §5.23] but in outline is as
follows. A left tableau is an array of numbers (§;;) arranged in rows (&1,&i2, .- &in(i))
such that &; <& ;41 and n(i) > n(i+1) for each ¢ and j. A tableau is associated to a
permutation o as follows. Suppose that o=(1), 07(2),...,071(r) have been arranged
in a tableau. Then o~!(r 4+ 1) will either replace the smallest element larger than itself
in the first row or, if that is not applicable, will be added to the end of the first row. The

displaced element will be added to the second row using the same rule. Using the fact
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that w™! = w, this procedure can be used to prove that

Alw) = Aly) =
i 5 [ [ & [~ [p—Fri[p—F+3] ]
p—k+2|p—k+4|--- |p+k

By [Ja, Satz 5.25] this implies that w ~y y. Finally, by Method (a), one obtains
J(r) = J(wr) = J(yr) = J(u),
and so J(pg) is, indeed, maximal. Thus we have proved:

PROPOSITION. (Case A) If 1 <k <q<p then J(k) is mazimal.
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4. The Maximality of J(k) in Case B.

4.1. In this section g will always denote the Lie algebra sp(2n) and we assume that
1 <k <n. As was remarked at the end of Section 2, in proving the maximality of J(k)
we aim to use Method (b) whenever possible. Thus in this section we will show that, for
k even, the orbit Oy is special and Method (b) can be applied. Unfortunately when k
is odd we will have to use Method (a).

For the reader’s convenience, we begin with some standard notation and results about
g as described, for example, in [B1, Planche III, p.254]. Once again, write h = > | CH;
and let {e; = H}} be adual basis of {H;}. Then theroots of g are R = { +(¢;%¢;), 2¢;}

for which we fix the basis

B = {aizgi—giﬂzlgign—l, an:25n}.
The coroots are {H,, = H;—H;y; : 1 <i<n-1, H,, = H,}. As before,
an element A\ € h* will be written A = > e = (A, ...,\"). In particular,
p=(Mm,n—1,...,2, 1) and, by (II, 3.6), A\x = (=k/2,...,—k/2).

4.2. We first want to determine when Qy is special, which we do by means of the
algorithm from [BV1, p.165] or [Ja, Chapter 16]. This requires the following definition.
For a Lie algebra of type C,,, define a symbol ¥ to be any (2m + 1)-tuple of positive

N o o _ g1 ... Om Om+1
T T1 e Tm
such that the following technical conditions are satisfied: o; < o041, % < Tix1 <
Oit2, 05 < Tip1 + 1 for each i and Y 7o, + > 77 = n+m?. Then ¥ is special

integers

if 0 < 17, < 0441 for each i. From a symbol X one can obtain a partition of n
as follows. Take the set {20;, 27; + 1} and re-order it with an increasing order; say
{vj :1<j<2m+1}. Then {w; = v; — j + 1} provides a partition of n in which
each odd number occurs an even number of times. Given a nilpotent orbit O one can
reverse the procedure by passing to its associated partition (as in (II, 6.6.2)) and then to
the corresponding symbol, Symb O (up to an equivalence relation on the set of symbols,

which we ignore, this is unique). Finally, O is special if Symb O is special.

We may now apply this technique to the orbit Oy .

LEMMA. The orbit Oy is special if and only if either (i) k is even or (it) k =n and
k is odd.
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ProoF: If k is even, then it is easy to check that

01 ... m=—k+17 ... n—%k n—1r4+1
Symb O = ( ( 2 2 2 )

1

where, as usual, the hat ~ indicates that that term is to be deleted. This is a special

symbol, and so Oy is special. If £ =n is odd, then

SymbOk:(i (n=1) %(n—kl))

Nl o
~~
3
—_
N~—

which is again special. Finally, if k£ is odd with k£ < n, then

1 2

R
Symb Oy =
Y ‘ <0 1 ... (n—kJ ... n—

which is clearly not special.

4.3. In order to apply Method (b), we next need to find the element A(Oy). The
algorithm for this is as follows. Recall that the dual Lie algebra “sp(2n) equals so(2n+1)
(see for example [BV2, Definition 1.12]). Given the orbit Oy with symbol

o g1 ... Om Om+1
Z = g s
T T1 Tm

one first attaches a nilpotent orbit Oy in Lg as follows. Let t = 0,41 and write
/
PIES (:,) for the symbol whose first (respectively second) row consists of the integers

j such that 0 < j <t and t — j does not belong to the other row. Then QO is
defined by ¥’ = Symb £O,,. (However, as one now has a Lie algebra “g of type B, ,
the partition of n is obtained from ¥’ by using {v;} = {20} +1, 27/}. For more details
see [Lu, 4.5.5] or [BV2, Corollary 3.25].)

Next, pick an sl(2) -triplet {¢E,“H,LF} in Lg for which ZE € Oy and such that
LH € 'h = b* with “H dominant (see [BV2, §5.3]). By [BV2, Theorem 2.6] LH is
uniquely determined by “Oy,. Finally, A\(Oy) = 3(“H) (see [BV2, §5.4]).

Now apply this procedure to Oy . If k is even then using Lemma 4.2 one obtains

0 n—1ik+1
Symb FO, = ( 2 )

2k

and hence that “Oy has partition (dy, da, d3) = (2n—k+1, k—1, 1). Next, one
uses the algorithm from [SpSt, Chapter 4, §2.32] in order to find “H . In our notation,
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this proceeds as follows. Take the numbers
{tnij) = 1-di+2j :1<i<3and 0<j<d;—1}
and reorder them as {t1 > ... > t2n+1} . Then, using the notation of (4.1),
"H = (ti,....ta) € "p = b~
In this manner one obtains that
'H = (2n—k 2n—k—2,...,k+2, k k—2,k—2,...,2, 2, 0).

Observe that, as k is even, “H(H,) is even for each co-root H, € b (as described in
(4.1)). Equivalently, Oy, is even (see [BV2, Definition 2.7]).

In summary, we have proved the first part of the following lemma. The proof of
the second part of the lemma is left to the reader as it is similar and will not be needed

subsequently.

LEMMA. Assume that Oy, is special. Then L Oy, is even and the weight \(Oy) is given
by:
(1) If k is even then

MOy) = (n—3k, n—3k—1,...,3k, 3k—1, $k—1,...,1, 1, 0).

(i) If k =n is odd then AOy) = 3(n—1, n—1,...,1, 1, 0).

4.4. COROLLARY. (Case B) If k is even and 1 < k < n then J(k) is a mazimal

ideal.

Proor: By (4.1), y = (n—3k, n—21k—1, ...,—(3k—1)). It remains to show
that pur € WA(Oyg). But by [B1, Planche III, p.255] the Weyl group W in type C,, is
a semidirect product of S,, and (Z/2Z)"™. Here S,, acts by permuting the ¢;’s while, if
7; is the generator of the i*" copy of Z/2Z, then ~;(g;) = (—1)%ig;. Clearly, therefore,
wur € WA(Og) . Thus, by Lemma 4.3, the conditions of Method (b) of (2.6) are met and
J(ur) = J(A(Oy)) is indeed maximal.

REMARK. Unfortunately Method (c¢) cannot be applied in the case when k& =n is odd.
For, in this case A(Oy) is integral (see 4.3) whereas py is not. Thus ux € WA(Og).
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4.5. We assume from now on that k is odd and we will use Method (a) in order to
show that J(k) is maximal. Since the principle is the same as that in Case A, although

the details are messier, we will leave a number of the computations to the reader.

From the description of pj in (4.4) one observes that, for each ¢ and j,

pr(Hoe)) =n—gk—i+1 ¢ Z  but  p(Hexey) = p(H;) + p(Hj) € Z.

Thus Ry = {+(ei*e;):1<i<j<n}. Thisis aroot system of type D,, and we
fix a basis

By = {61251_527 7671—1:571—1_57” ﬁnzén—1+5n}~
One can easily check that pj is dominant when £ = 1 or £ = 3 and so in these

cases J(pr) is maximal by (2.3). Thus we may assume that k& > 5. By [BI,
Planche IV, p.257], W is the semidirect product of S, and (Z/2Z)""!. As a sub-
group of W it is generated by S,, and all even products of the ; (notation 4.4).

4.6. (k odd) Write p = $(k — 1) € N and note that

e = (n—%k‘, n—%k—l,...,—(%k—l))

= (al, cee sy Qp—k+1, bl, ,bp, —bp, ,—b1>

for appropriate positive half integers a; and b; satisfying a; > a;4+1 > b; > b4 for

each 7 and j. Set
™ = (alv cee y On—kt1, bl» b17 7bp—17 bp—17 bp7 (_l)pbp>

We claim that there exist w, y € Wy such that wnr = 7 = y~lug. (It should be
remarked that the (—1)P occurs in the definition of 7 because only even products of
7, ’s are permitted in W)y .) The elements w and y are chosen in a similar manner (and
for similar reasons) to that given in (3.3) for Case A. Thus, w swops each pair of b;’s in
7w while y maps the “first b;” in 7 to the “second b;” in uy . But, of course, one must

also now insert the appropriate number of minus signs. More formally,

. ( ‘ (m—k+2) (n—k+3) ... (n—1) n )
w = w ' = |I i1
(n—k+3) (n—k+2) ... n (n—1)
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; m—k+2) (n—k+3) ... (n—p) (n—p+1)
(n—k+3) (n—k+5) ... n (=1 (n=3)...(n—k+2) )

where v = Yo Vn_1-- .fyn_p“fyf;_p. It is readily checked that w, y € W, and satisfy
wr =7 =y k. It is also left to the reader to show that 7(w)N7(y) 2 B2. In this
case, B = {Bn_;ﬁg, Br—ktd, - - ,Bn_,,}, where v = —1 if p iseven but v =0 if p
is odd.

4.7. In order to apply Method (a) of (2.4) it remains to prove that w ~p y. As
in Case A, to do this one uses the standard tableaux A(y) and A(w), although the
algorithm is now a little more involved. Let z € W) .Following [Ja, §16.12], define Z to
be the ordered set:

z = {7'OF, 2 )T, T (), T (=) T

where z(—j) = —2(j) and 77 =7 but (—j)" =2n+1—j for 1 < j <n. Then 2 is
a permutation of {1, ... ,2n} and the Robinson-Schensted algorithm, as described in
(3.4), associates to z a standard tableaux A(z) = A(2). Applying this procedure to w

and y gives

Alw) = Aly) = n—21p~|-2 n—22p—|-4 n+ 2p |2n|
when p is even, but
Alw) = A(y) =
1 D) |2n|
n—2p+2|n—2p+4|--- In—2|n+1|n+2|--- [n+2p

when p is odd. Finally, by [Ja, §16.14(i)], the equality A(w) = A(y) implies that
w ~¢ y. By Method (a) from (2.4), this implies that J(ux) = J(m) is maximal. Thus

we have completed the proof of

PROPOSITION. (Case B) If 1 <k <mn and k is odd then J(k) is mazimal.
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5. The maximality of J(k) in Case C.

5.1. In this case we assume that g = s0(2n) and that 2 <2k <n —1. As will be
shown, Oy is always special and so we may use Method (b) of (2.6) in order to prove
that J(k) is maximal. The calculations are very similar to those used when k& was
even in Case B, and so many of the details will be left to the reader. Unfortunately the
definitions and algorithms — indeed even the definition of a special symbol — differ slightly

from those in Case B. Rather than write them out, again, we will refer the reader to
[Ja, §16.10], [BV1] and [Lu] for the formal definitions.

5.2. As before, write h = > 7 CH;, set ¢; = H; and denote a weight A\ = > \e; €
b* by A= (AL, ..., \").

LEMMA. The orbit Oy, is special, YOy, is even and the weight \(Oy) is given by

MOk) = (n—k—=1,n—k—2,... ) k+1, k k,...,1, 1, 0).

PROOF: From the algorithm for Lie algebras of type D,, given in [Ja, §16.10] or [BV1,
p.165] one deduces that Oy has the symbol

(0 1 ... (n—2k0 ... (n—k))

Symb O =
Y : 2 ... . (n—k)

By [BV1], again, this is a special symbol. By [Lu, p.89], Symb Oy, is non-degenerate
(“nicht symmetrisch” in [Ja]). From [Lu, §§4.6.8 and 4.5.5] one obtains

—k
Symb L0, = (” )

n

Recall that Zso(2n) = so(2n). Thus by [BV1, p.165], again, O}, corresponds to the
partition (2n — 2k — 1, 2k + 1). Using the algorithm from [SpSt, Chapter 4, §2.3.2],

one can show that
H = (2n—2k—2, 2n—2k—4, ... ,2k+2, 2k, 2k, ... .2, 2, 0)

Thus, certainly A(Oy) =

the coroots are

5(“H) has the desired form. Finally, by [B1,Planche IV, p.256]

{Ho, =Hi—Hiy1:1<i<n-1 and H,, =H,+ H,1}.

Clearly each “H(H,,) is even and so by [BV2, Definition 2.7], Oy, is even.
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5.3. In order to apply Method (b) it remains to show that pr € WA(Og). Now
the Weyl group W for a Lie algebra of type D,, was described in (4.5), and we use the
same notation. By combining (II, 4.6) with [B1, Planche IV, p.257] one obtains

pe = Me+p = (n—k—-1,n—k—=2,... .k k—1,...,—(k—1), —k).

Thus by (5.2) pr = wawi A(Oy), where

(n—2k) (n—2k+1)
wp = I
(n — 2k) n (n—2k+1) (n—1) ...
and wy = (Yo—k)*Yn_ks1...Vn. (Here, the term (y,_x)* is included to ensure that

wo has an even number of terms. Of course, since the (n — k)™ entry of puy is zero, it
matters not whether one multiplies it by (—1).) This implies that pu; € WA(Oy) .

Combining these observations with (5.2) and Method (b) of (2.6) yields

PROPOSITION. (Case C) If 2 <2k <n—1 then J(k) is mazimal.

5.4. If 2k = n, in Case C, then it turns out that J(k) is not mazimal. We will not
give details here but merely note that the method of proof is rather similar to Method (a)
of (2.4). Indeed, one must find w and y satisfying the conditions of Method (a), except
that now one requires that w %y y. Once again there exists a combinatorial procedure
for determining this (see [Ja, Chapter 16] and [Lu, Chapter 5]).



CHAPTER V. DIFFERENTIAL OPERATORS ON THE RING OF SO(k) INVARIANTS

1. Introduction and background.

1.1. Fix X = M}, ,(C) and T = O(X), for some integers k£ and n. In this chapter
we aim to mimic the results of Chapter III by describing D(T5°*)). Here the action
of SO(k) is the natural one; g-& = g€ for g € SO(k) and £ € X, and we emphasise
that this is just the restriction to SO(k) of the action of O(k) on X that was given in
(I1, §3). Since O(k)/SO(k) = Z/2Z — which we will always write as {+}, with elements
1 and o — one can expect that differential operators over T59%) and TO® will be
closely related, and this is usually the case. In particular, if £ < n then we will prove

the following results (see Theorem 2.6):

(i) D(TS9W®) s a simple Noetherian ring, and is finitely generated as a module over
the subring R = U (sp(2n))/J(k).
(i) DTW)E = p(To®) = R.
(iii) The natural map D(T)5CK*) — D(TSOWR) is surjective.

1.2. If £ > n then the ring of SO(k) invariants gives nothing of interest (see
Lemma 2.4), but the case k = n is rather curious. For, (1.1(i)) and (1.1(iii)) do still
hold for k£ =n. In contrast the analogue of (1.1(ii)) cannot now hold, basically because
R = U(sp(2n))/J(k) will now have infinite index in D(T?®*)) (see (IV, Remark 1.5)).
However it is still true that D(T°°®*)){#} = R (see Theorem 3.11). We remark that, by
Lemma 1.9 below, the ring T5°(%) is singular if and only if 2 < k < n. Thus, just as in
(IV, 1.6), one has the curious dichotomy that the natural map D(T)%C*) — D(TSOK))
is surjective if and only if TSOW) is singular . (Here we have to exclude the case k=1,

but as SO(1) = 1, this case is bound to be exceptional.)

1.3. In general one should not expect D(T5°(*)) to be isomorphic to a factor ring
of the enveloping algebra U(g) for g semi-simple. However, when k = 2, one has the
coincidence that SO(2) = GL(1) and, moreover, the action of SO(2) on X identifies
with the action of GL(1) on M, 1(C) x M, (C) as defined in (II, §2). As we show in
Section 4, this implies that, for any n > 2, the group {£} acts on the ring

U(sU(2n))/J (<0 + p) = D(TCHD)

86
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(notation (II, 2.7)), and has the ring of invariants
U(sl(2n))/J (=@ + p)'F 2 U(sp(2n))/J (~Tn + p).

(Of course, —w,, is a different fundamental weight on the two sides of this equation —
see (II, 2.7 and 3.7).)

1.4. Assume that £ < n. As a module over R = U(sp(2n))/J(k) the ring D =
D(T59*)) splits as a direct sum of two simple R-bimodules; D = R&D_ where D_ =
{D €D :0-D = —D}. Further, D_ is naturally a Harish-Chandra (g, K)-module,
where K = G = Sp(2n) and g = sp(2n). This is related to (a special case of) some

conjectures of Vogan, and is discussed in Section 5.

1.5. The results of this chapter are well illustrated by, and trivially proven in the
case k=1<n. Here O(1) ={+} D SO(1) = {1} and so

D(T) = D(T°°Y) = D)W = A, = Clpi, ... a0l

the n'" Weyl algebra. The group O(1) acts on A, by o-p; = —p; and o -q; = —q;
for each i and j. It follows easily that

D(T)O(l) = Clpipj, pigj, iq; :1<14,5 <nl.

Moreover, by Theorem 0.3, this ring equals U = U(sp(2n))/J(1). It follows from [LSS]
that J(1) is the Joseph ideal. The remaining results stated in (1.1) and (1.2) follow
trivially. In this case the module D_ of (1.4) is just D_ => Up; + Y. Uq;.

1.6. For the remainder of this section we consider the classical ring of invariants
T59() and describe those results and notation that we will need, most of which come
from [We]. Thus, fix X = M}, ,,(C) and write T = O(X) = C[X], where X = (x;;) is

a generic k x n matrix. As in (I, §3),
TOW = C[('X)X] = ClZ)/I(k),
where Z is the generic, symmetric n X n matrix, Z = (zy,). The isomorphism is given

by mapping zu,, to (!X),X,, where X, denotes the 7" column of X .

1.7. A similar, but far more complicated description is available for T9°®) . Fortu-

nately, the only case in which we need an explicit description of this ring is when k =n,
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and in this case T5°®) has a fairly pleasant form. Thus the following facts, easily derived

from [We, p.77], are sufficient for our purposes.

LEMMA. (i) If k > n then TO®) =759k = C[Z] is a polynomial ring in $n(n+1)
variables.

(i) If 1 <k <n then TSOW 2 TOW put TIOW®) s q finite TO®) -module.

(iii) If k =n then

TSO(H) = C[ya Zom - 1< 14 <m< n]/<y2 - det(,ng))
2 19 = C[2].

Under this isomorphism y maps to det X . Note that T is a polynomial ring.
(iv) The group O(k)/SO(k) = {£} = {1, o} acts on T5OK) with fived ring TO*) .
If kK =n then the action is given by o -y = —y.

1.8. When k = n, it will be convenient to reinterpret (1.7) geometrically. Define
Y = X, = SpecTP™ = Sym.,(C)

and

Z = SpecTS°M = {(61 2):A€Symn((C), a® = det A}.

Thus the co-morphism of the inclusion 79 < 759" ig just the projection

7:Z —» Z/{+}=Y

A O

and is defined by (0 a) —  A. Write

Vi={Aec)Y:rk A=t} and Z = {(61 2)€Z:rkA:t},

for any ¢ < n, but with the convention that ); = Z;, = 0 for ¢ < 0. (Note that ), is
the variety &; of (I, §3).) Obviously n(Z;) = ); and this map is a bijection if and only
ift<n-—1.

1.9. Since the only relation among the generators of 759 is the equation

y? — det(zp,) = 0 it is easy to compute Sing Z .

LEMMA. Ifn=k>2,then SingZ = Zn_o = ZoU ... UZ, 5.
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ProoF: Set V = Cly, z¢m : 1 < ¢ < m < n]. Observe that Z,_o is isomorphic
to {A € Sym,(C) : rk A <n—2}. Thus it follows from (III, Theorem 3.3) that the
defining ideal Z(Z,_») of Z,_» in V is generated by y and the (n — 1) x (n — 1)
minors of the matrix Z = (2¢4,). On the other hand, O(Z) = V/(y? — det(z4,)) . Thus,
the Jacobian criterion [Ku, Theorem 1.15, p.171] shows that Z(Sing Z) is generated by
2y = 0/0y{y* — det(z4m)} and the elements

{Hi‘ = 0/0z; (y2 — det(ng)) D 1<i<j< n}
Let Zij denote the (4,)"" minor of the matrix Z = (zp,). Then an easy com-
putation using partial differentiation proves that H;; = —(—l)i“ﬁij if ¢« = 5 but

H;; = —2(—1)i+j2ij if i #j (see [Mi, Ex.22, p.193]). This proves the lemma.

1.10. (k =n) Write Zs for the multiplicative group {1, —1}. Define an action of
GL(n) X Zs on Z by

0 9-(5 o) = ("5 st o)

for <61 2) €Z, ge G and € € Zy . Since A is symmetric, it is readily checked that

z, - (GL(n)ng-(% (1))

while
I; 0O

z, = (GL(n)xz2)-<0 0

) for 0<t<n-—1.

Note that, if ) is given its classical GL(n)-action and the trivial Zs-action, then 7 is

(GL(n) x Zsy)-equivariant.
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2. Differential operators on O(X)S°®) for k # n.

2.1. We retain the notation of Section 1. In this section we make some fairly
easy observations about D(TS°®) and D(T)5°*) for arbitrary k. However, these are
sufficient to prove the results stated in (1.1) for k& < n , basically because we already
know so much about D(TC®)) and D(T)°*) for these values of k.

2.2. Recall from (I, 1.5) that there are homomorphisms
Y :U(sp(2n)) - D(T)PH) 25 1Ok,
Write J(k) = ker(¢) and R = Im(¢)) C D(TC®)) . Similarly there are natural maps
W UGsp(2n) -2 DIT)O® Ly p(r)som £y ppsow).
Set R' = Im(¢') C D(T°°®). Our first aim is to relate these objects.
LEMMA. (i) The identity TO®) = (TSORNE} induces an embedding
D(TSO(k)){i} SN D(To(k)).
(ii) Under this embedding, R identifies with R’.
PrOOF: (i) Certainly the identity TO®) = (TSO)){+} induces a map
o : D(TOWNE o p(TOk),

The proof of [Lel, Théoreme 5(b)] may be used unaltered to show that « is injective.
(ii) Let d € D(T'). Then the map ¢'i’ is simply defined by

go'i'(d) = d ‘ TSO(k) -

Similarly, ¢(d) = d | pow . Thus ¢ factors through ¢'i’ and hence the map v factors
through ' .
On the other hand, if d € D(T)°®) | then the action of ¢'i’(d) on T9°%) is that

induced from its action on T'. Since d is invariant under O(k), this implies that ¢’i'(d)
is invariant under {£} = O(k)/SO(k). Thus

Therefore, by part (i), ' € R = Im(y)). Combined with the observations of the last
paragraph, this forces Im(y)) = Im(¢’).
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2.3. From now onwards, identify R’ with R by means of the embedding of Lemma

2.2(1). Similarly, write
S = J(DI)°W) < D = DIOW)

and note that R = R’ C S. Thus we have the following commutative diagram:

DiE} SN _ D(TSO(k))

|

D(TO(k))

2.4. We are now ready to describe D(TSC®)) for k # n. The case k > n is a

triviality.
LEMMA. Assume that k > n. Then

D(TO®) = p(TSO®) — pTSOm)E =~ 4
the Weyl algebra of index m = in(n + 1). Moreover, D(TS9k)) £ R.

PROOF: By Lemma 1.7(i), D(T9®)) = D(T°®)) = A,,. Since {£} acts trivially on
TSOH) it also acts trivially on D(TSO®)) (see (I, 1.3)). Finally, R # D(T3°®)) by
(IV, Remark 1.5).

2.5. (Notation 2.3) Note that, by construction, T°°®*) C §. Since elements
of TS9) act ad-nilpotently on D, they do so on S. Therefore any multiplica-
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tively closed subset of T99() is automatically an Ore set in both D and S (see

[KL, Lemma 4.7]). Thus the next lemma is meaningful, and follows immediately from
[MR, Chapter XV, Corollary 5.6].

LEMMA. Let C be a multiplicatively closed subset of T59¥) and assume that (Tso(k))c
is a regqular ring. Then S¢ = D¢ if (and only if ) Der(TS°®)) c Se .

2.6. THEOREM. (Notation 2.3) Assume that k <n . Then:

(i) Im(yp) = DTOW) = DTIOW)t+ .

(ii) D(TS9K)) is a simple, Noetherian domain, finitely generated as a left or right
U(sp(2n)) -module.

(iii) The natural map ¢ : D(T)°F) — D(TSOW) s surjective.

ProoF: By (IV, Corollary 1.4), D(T®®*)) = R and this ring is simple. Thus part (i) is
immediate from (2.3). Combined with [Mo, Corollary 5.8, p.79 & Theorem 7.11, p.116],
part (i) implies part (ii).

Since R C S C D in the notation of (2.3), part (ii) implies that D is a finite S-
module (on either side). Suppose, further, that S and D have the same quotient division
ring. Then (IV, Lemma 1.3(ii)) implies that S =D.

It therefore remains to show that S and D have the same quotient ring. Consider
the co-morphism of T9®*) ¢ TSOK) . that is, the map

m:Z = Spec T°OW —» y = Z/{+£} = Spec TO®.

Since m is surjective, it is certainly dominant (which means that 7(Z) is dense in ).
Also, Z and Y are both irreducible. Thus, by [Ha, Lemma 10.5, p.271], the set of points
at which 7 is étale is a non-empty, open (and hence dense) subset of Z. Since the sets
of non-singular points of ) and of Z are also open dense subsets, we may therefore pick
q€Y and p € 7 1(q) such that ) is non-singular at ¢, Z is non-singular at p and 7
is étale at p. Then by [Lel, Proposition 3, p.169],

Der(T5°W), = (Tso(k))p®(50(k))q Der(S°™),.

But, as k < n, (IV, Corollary 1.4) implies that Der T7°k) - R C S. Thus Lemma
2.5 implies that S, = D,, which certainly ensures that S and D have the same full

quotient ring.
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3. Differential operators on O(X)S°¥) whenk=n.

3.1. Retain the notation of the last two sections, notably (2.3), but assume now
that £ = n. Thus T = O(M, ,(C)) on which O(n) and SO(n) have their natural
action. In (IV, Remark 1.5), we showed that D(T°() is not even finitely generated as
a (left or right) module over R = ¢(D(T)°(™) = 4)(U(sp(2n)). In this section we show,
in contrast, that D(T°°™)) is a homomorphic image of D(T)%°™ and is a finitely
generated U(sp(2n))-module. Indeed, if one deletes the reference to D(TO™*)), then all
of Theorem 2.6 will still hold in this case.

3.2. The proof of these results for £k = n are considerably more complicated than
those for k < n, simply because D(T°™)) cannot be utilised effectively. However,
many of the ideas used in the proof of Theorem 2.6 — and those of Chapter III — do still
work here. In outline, the proof is as follows. The aim is to prove, in the notation of
(2.3), that S, = D, holds for sufficiently many p € Z = Spec T S0(M) to conclude that
GKdim D/S < GKdim S — 2. Once one has this, Gabber’s Lemma (III, Lemma 1.8)
may be applied to show that D =S5. If p € Z,, (notation, 1.10) then one can still “lift”
the equality D, =S, from the results of Chapter III, but this will only give the bound

GKdim D/S < GKdim S/SI(Z,-1) = GKdim S —1.

(This is more or less inevitable — (III, Remark 2.16) implies that, at least for O(n)-
invariants, one obtains an equality at this point.) However Z,,_; also consists of non-
singular points of Z and one can save the proof by showing that S, = D,, also holds when
p € Z,_1. At this point of the proof one has to do some fairly explicit computations

since the “orbit trick” of (III, Lemma 1.3) cannot be applied to Z,,_ .

3.3. We begin by considering S, for p € Z,. Recall that, by (2.3), S D R =
P(U(sp(2n)).

PROPOSITION. If p € Z, then S, = D, . Indeed, if ¢ = w(p) € Y = Spec TOM
then

Der(T%°M), = (T9°M), & rowm)), Der(TOM™),. (3.3.1)

ProOF: This is very similar to the last part of the proof of Theorem 2.6. By (1.10),
Z,, is an orbit for the group GL(n) x Zy and 7 is (GL(n) X Zsg)-equivariant. Thus it

suffices to prove the lemma for just one point p € Z, .
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Now, (II, Proposition 1.4) does prove that
R, = D(T°™), forall ¢ € Y,

Furthermore, just as in the proof of Theorem 2.6, 7 is étale on a dense open subset
V of Z, and, of course, both Z, and ), consist of non-singular points of Z and
Y respectively. Thus by [Lel, Proposition 3, p.169], (3.3.1) does hold for all p € V.
Therefore it also holds for all p € Z,,. Finally, by Lemma 2.5, this in turn implies that
S, =D

3.4. Let p € Z, and put ¢ = w(p) € V. As usual, set
(159, = T°Meron, (TM), and §, = So(T9°M),,

etc. We need to relate S, and D,. Since T9°™ is a finite 79 -module, (T°™),

is a semilocal ring, with maximal ideals corresponding to the points in 7=1(q). It is
immediate from (1.10) that 7~ !(¢q) C Z, . In particular

= ({Sy ' e (@)}

and similarly for D, .

COROLLARY. (i) Let pe Z,, and q=n(p) . Then S; =D

(ii) As a left or right R-module, D is an essential extension of S .

PrRoOOF: Part (i) is an immediate consequence of Proposition 3.3, combined with the
comments given before the statement of the Corollary. In order to prove part (ii) one
need only note that, given d € D\ {0} then d € D, = S, and so d = ¢~ 'b for some
ceT9™) c R and be S. Thus RANS DO Rb; as required.

3.5. If p e Z, 1 then Lemma 1.9 shows that p is still a non-singular point of
Z, but the proof of Proposition 3.3 cannot be used to show that S, = D, . This is for
two reasons. First, R, # D(TO("))q, where ¢ = 7(p). For example, if n = 1 then
Va1 = Y\ Vn and so equality here would imply that R = D(T°™), contradicting
(IV, Remark 1.5). Secondly, = need not be étale at p and so one may not be able to —
and indeed cannot — obtain Der(T9°(), from Der(T°™),. Thus in order to obtain

S, = D, we will need to explicitly compute Der(T5°™) .

3.6. Recall from (IV, 1.9) that the generators of D(T)°(™ are known; indeed in
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the notation of (1.6), D(T)°™ is generated by the elements

Zij = Dopeq Teilej
Dij = S0 240/0xy;  for 1<i<j<n.

Z?:l 8/890&8/8%

In order to keep our notation within reasonable bounds we will use the same symbols to
denote elements of D(T)°(™ (respectively D(T)%°(™ ) and their images in D(T°M)
(respectively D(T59(™) ). Thus the elements displayed above also denote the generators
of R=(U(sp(2n)) c D(TOM).

Certainly the D;; lie in Der(T3°™) | but there is also a second set of derivations
that we will require. These are defined as follows. Given an m x m matrix A = (a;;)
write Zuv for the (m — 1) x (m — 1) minor corresponding to the element a,,. Let A;;

be the derivation
n

Ay = Y (-1)*TX,0/0z,; € Der(T).

s=1

This can be written formally as the determinant

11 T4 T1n 6/8x1j

Tpl oo Tni oo Tpn 0/0Tp;

where, as usual, Z,, means that x,, has been deleted from the matrix. However, in
computing the determinant one must make sure that derivations are always written to

the right of regular functions.

3.7. LEMMA. (Notation (3.6)) Each A;; belongs to D(T)5°(™)

ProOOF: Unfortunately, the SO(n) invariants of D(T') have, apparently, not been de-
scribed in the literature and so for once we will have to explicitly describe the action of
SO(n) on the generators of D(T'). Thus, write T'= C[X]|, where X = (x;;) is a generic
n x n matrix,and let = = (&;) be the n x n matrix with entries &; = 0/0x;;. Note
that, as a subalgebra of D(T'), the ring C[Z] is isomorphic to a commutative polynomial
ring.

Consider the action of O(n) on the §;;. From the final displayed equation of (I, 1.3),
this is defined by

(g . €ZJ) *Tyv = éij * (g_l : xuv)
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for g € O(n) and any integers i, j,u,v. The action of O(n) on C[X] is given explicitly
in (II, 3.2). With respect to an orthonormal basis {v;} of V', one identifies h € O(n)
with an orthogonal matrix and then defines h - z,, = (h71X),, (notation, (II, 2.3)).

Thus, writing g as the n x n matrix (g,») one obtains
(&) ¥ Ty = &ij ¥ (9X)uw = &ij * Zgubxbv = OjuGui-
Equivalently, the induced action of O(n) on C[Z] is given by
g-&; = (th)Z-j = (g_lE)ij for any g € O(n). (3.7.1)

Thus we have shown that the induced action of O(n) on C[Z] is identical to that of O(n)
on C[X]. Equivalently, the action of SO(n) on the commutative ring C[X]®c C[Z] is
that induced from the action of SO(n), by left translation, on

My o (C) x M, o (C) = My 2,(C).

Here, C[Z] is identified with the ring of regular functions on the second copy of M, ,,(C).
The invariants O(M,, 2,(C))°°(™ are described in [We, p.77] and include the element

A;j = det[Xl, ,Xﬁ Xn? Ej]’

where Z; is the j* column of =.

Now return to D(T). At least as abelian groups, D(T) = C[X]|® C[Z]. Thus the
rings of invariants D(7)%°(™ and (C[X]®C[Z])*°™) coincide; providing only that one
is careful to always write the derivations §;; € D(T') to the right of the regular functions

Tyy - Under this identification, A}, is exactly (=1)"""™A; ; as required.

REMARK. The full set of generators of O(M,, ,(C))5°(™ are given in [We] and so
the above proof also enables one to write down a complete set of generators, both for
D(T)%°™) and for D(TSCM). We will give this set at the end of the section.

3.8. By (3.6) and (3.7) the derivations D;; and A;; lie in D(T)%°™) . We next
want to give an alternative description of their images in D(T5°(™)) | which we will again
denote by D;; and A;;. Recall that, from Lemma 1.7,

T50(n)  ~ (C[Zé,rm y:1<l<m< n]/(y2 — det(zgm)).

As before, set Z = (z,p) and write Zab for the (a,b)!” minor of Z. Write O, = 0/02ap
and 0y = 0/0y.
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LEMMA. As elements of Der TS | D;; and A;; are given by the following

formulae. Set

7j—1
D;j = 22’”(9” + sz i + Z Zzbajb
a=1 b=j5+1
Then
yo, + Dy, if 1=
Dy =4 . o
D;; if 1<i<ji<n
and
(1) Z;0, + ydy  if i<
Aij =

Z0y + 2y0y if i=j.

ProoF: This follows from the obvious computations, and so we will just check one case
here — that of A, — and leave the remaining cases to the reader. (We remark that the

A;j, for (i, j) # (n, n), will not be needed subsequently.)

As elements of 759"  one has zq, = Sor_ 1 Tsasp and y = det(xqp) . Thus

App * 2pg = {Z(—l)””)?m@/axm} * szpxsq
s=1

t=1

(23 (1) Xy, = 2y if p=g=n
_ S (D Xy, = 0 if p=n+gq
Z?:l(_l)t+n)’ztnxtp =0 if g=n#p

0 otherwise.

Similarly,

A ¥y = {zn:(—l)”")?ma/axm} x det(X)

t=1

= D (D)X ()X,

t=1

= ijtn)}:tn-

t=1

3
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Given n x n matrices A = BC, recall that Ay = oy BuiClo (see [B2, Ex 6,
p.I11.192 ]). Thus

Ann*y = tj(:nann - Znn

This implies that A,,,, = 2y, + Z nn0Oy; as required.

3.9. PROPOSITION. (Notation 1.10, 2.3) Let p € Z,,_1 and ¢ =7(p) € Vn_1. Then
Sp =D, ;indeed Sy =7D,.

PROOF: As 7 induces an isomorphism Z,_; — YV,_1, one has (TSO(”))p =
(T°°M),. Thus S, = S, and D, = D, . Therefore it suffices to prove that S, =D, .

Since Z is non-singular at p, Lemma 2.5 implies that we need only prove that
Der(T%°M),, c S,. Furthermore, since

I,-1 O
Zno1 = GL(”)( 01 0)7

I,-1 O
0 0
Thus the maximal ideal m(p) = Z(p), of A is generated by the set of elements

(see (1.10)), we need only prove this result for p = . Write A = (T5°M),,.

Q = {zn-—lz 1<i<n—1, zpn, 2em: 1 <€<m<n, y}.
Note that Z,, = (—1) mod m(p) and so is invertible in A. Thus, from the equation
y2 = det Z = Z(_1>u+nzun2una

one obtains that m(p) is generated by the set Q = Q' \ {z,,}. But the cardinality
of Q equals dim A and hence the elements of () form an r-sequence in m(p) (see
[Ma, Theorem 31, p.108]). Consequently, a basis for the module of K&hler differentials
24/c is given by the differentials

{dy, dzij: 1<i<j<m, (i, 5) # (n, n)}

(see [Ha, Theorem 8.8, p.174]). Thus a base for Der A is given by the duals of these

elements.

At this point we should be a little careful about notation. This is because the usual
notation for the dual of dy is 0, but it is definitely not the case that this derivation is
the same as the 0, of (3.8). Thus let {c;;, ,} denote the duals of {dz;;, dy}. Thus,

for example, €, is uniquely defined by the requirement that ¢, € Der A and satisfies

ey(y) = 1 but ey(z;;) = 0 for 1<i<j<n, (i, j) # (n, n).
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Now, consider the matrix equation defining A,, and the D;;, for 1 <i < j <n but

(¢, j) # (n, n), in terms of ¢, and the &;;. Set
D = t(Du, Dia, ... >Dn—1,n; Ann) and ¢ = t(€11, cee 5 En—1,n; 5y)-

Let N be the matrix with coefficients in A defined by D = Ng. The coefficients of
this matrix are determined by using the formulae in Lemma 3.8 and simply ignoring any
occurence of 0,, . Moreover, since we only wish to show that N is invertible, we need

only compute the entries of N modulo m(p). But, mod m(p),

2ijajj = 26jj if i=j<n
Dij =

Zmaz = €ij if i<j,

and A, = (Znn)_lsy. Thus, modulo m(p), N has exactly one non-zero entry in each

row and column and so N is invertible over A. Therefore,
Der A = ZA&;]' + Affy = ZAD” + AA,, C Sp.

As remarked at the beginning of the proof, this suffices to prove the proposition.

3.10. REMARK. Compare (3.3) with (3.9). The former shows that Der(T5°(), is in-
duced from Der T9™ for all p € Z, . However it is implicit in (3.9) that Der(T5°M),
is not induced from DerT™ when p € Z, ;. To see this, note that by (3.6),
Der T is generated by the D;; . Now consider the matrix N’ defining the elements
{D;; : 1 <i<j<n} in terms of the vector . Working modulo m(p) as in (3.9), one

obtains the same equations for the D;; when (i, j) # (n, n) but now
Dpn = 22pp0nn = 0 modm(p).

Thus N’ is not invertible and €, cannot be obtained from the D; .

3.11. We are now ready to prove the main result of this chapter.

THEOREM. Let R = U(sp(2n))/J(n) be the image of U(sp(2n)) inside D(TOM™) .
Then:

(i) B = D(T°M)iE £ p(ToM).

(ii) D(T9CM)) is a simple Noetherian domain that is finitely generated as a (left or
right) R -module.

(iii) The natural map @' : D(T)%°™ — D(TSOM) is surjective.
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PrOOF: We use the notation of (2.3). By [Mo, Corollary 5.8, p.79], D(T)%°("™ is
finitely generated as a D(T)°(™ -module, and so S = ¢'(D(T)%°™) is a finitely gen-
erated module over R = o(D(T)°™). Consider D/S as a R-module. Fix d € D and
let K ={ac T7OM) . qd € S}. Pick ¢ € Y, UY,,—1 with corresponding maximal ideal
Z(q) € T°™ . Then Corollary 3.4 and Proposition 3.9 imply that KH{TO(”)\I(Q)} #0.
Thus, if I(n—2) is the ideal in O(Y) = T°™ defining V,,_o, then we have shown that
K D 1I(n—2)" for some i > 1. Thus, by (III, Corollary 2.19),

GKdim Rd+S/S < GKdim R/R.I(n—2)" < GKdim R — 2.

By Corollary 3.4(ii) and Gabber’s Lemma, (III, Lemma 1.8) this implies that D/S, and
hence D, are finitely generated left R-modules.

By (2.3) there are inclusions R C D{*} C D and so D} is a finitely generated

left R-module. By (2.3) there are also inclusions

R

N

DiE C D(TO("))

and by (ITI, Proposition 1.4) these three rings have the same quotient division ring.
Moreover, R is a simple ring (see (IV, Theorem 1.1)). Thus we may apply (IV, Lemma
1.3(i)), and conclude that R = D{*}. That R # D(T°™) is just (IV, Remark 1.5).

(ii) This follows from part (i) combined with [Mo, Corollary 5.8, p.79 and Theorem
7.11, p.116 ].

(iii) By Proposition 3.3, S and D certainly have the same quotient division ring.
By part (i), D is finitely generated as a left or right S-module, while by part (ii), D is
a simple ring. Thus (IV, Lemma 1.3(ii)) implies that S =D.

3.12. Although the elements become rather messy, Theorems 2.6 and 3.11 can be
used to obtain a set of generators for D(T°°*)) when k < n. This is done as follows.
Write My, 2, (C) = My, ,,(C) x My, ,,(C), as in the proof of Lemma 3.7, and thereby identify

O(My2n(C)) = Clayy, &j, :1<i<k, 1<j<n]

where 2 is the k x 2n matrix (X E). Let SO(k) act on My 2,(C) by left translation.
Then [We, p.77] implies that O(Mjy 2,(C))*°™) is generated by the elements

10,0, for 1<u<v<2n
and

Xa = det [Qayy ooy Qo] forany a = (1< <a<... <ag<2n).
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Finally, in each 'Q,, and x,, replace each &;; by 9/0x;;. However, in formally
expanding these elements, one must always keep the 0/0x;; to the right of any x..
Then the argument used in Lemma 3.7 shows that the elements so obtained do actually
generate D(T)%°*) . Thus, by Theorems 2.6 and 3.11, their images generate D(T59*)).

In one respect, these generators are rather different from those obtained in (IV, 1.9)
for invariants under the groups GL(k), O(k) and Sp(2k). For, the generators described
in (IV, 1.9) all have order < 2 as differential operators. However the generators given
above for D(T)%°%) include, in particular, the k x k determinant, det(d/0x;;). This,

of course, has order k as a differential operator.

3.13. There is one further class of classical rings of invariants, for which the gener-
ators and relations are given in [We], but which have not been considered in this paper.
These are the invariants obtained from the action of SL(k) on affine space. Unfortu-
nately, it would seem that rather different methods from those of this paper are needed to
describe D(C[X]5LF)) | In particular, since GL(k)/SL(k) is an infinite group, one can-
not easily mimic the methods of this chapter, as these used the finiteness of O(k)/SO(k)
rather strongly.
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4. On the identity SO(2) = GL(1).

4.1. The aim of this brief section is to note that the isomorphism of Lie groups
SO(2) =2 GL(1) gives an action of {+} = O(2)/S0O(2) on an appropriate factor ring of
U(sl(2n)) and the fixed ring is then isomorphic to a factor of U(sp(2n)).

4.2. Consider the action of O(2) on X = M, (C) as given in (II, 3.2). This is
obtained by writing X = V ® L* where V is a 2-dimensional vector space equipped
with a non-degenerate symmetric form and L* is an n-dimensional space. Then the
action of O(2) on X is obtained by identifying O(2) with O(V). We have previously
identified the action of O(2) on S = O(X) by picking an orthonormal basis for V' (see,
for example, the proof of Lemma 3.7). However, now we wish to take a polarisation
V=K&K"=CveCv* for V. This identifies SO(2) with the diagonal matrices

0 *
1,,%

inside GL(V'). For such an element g € SO(2) one now has g-v = av and g-v* = a™'v*.
Thus the action of SO(2) on X = V ® L* is identical with the action of GL(1) on
M, 1(C) x My ,(C) given by « - (a, b) = (aa™1, ab) for (a, b) € M, 1(C) x My, (C)
and a € GL(1) = C*. Observe that this latter action is precisely the one considered in
(I, 2.2).

4.3. Assume that n > 2 and let O(2) act on X = M ,,(C) as above. Write

R = Im{p:D(T)°® — DT°?)}

and S = Im{¢' :D(T)%°? — DT5°@)} asin (2.2) and (2.3). By (4.2) and
(I, Proposition 2.7), S = U(sl(2n))/J(—=w, + p). Similarly, by (II, Proposition 3.7),
R = U(sp(2n))/J(—w, + p). Moreover, Theorems 2.6 and 3.11 combine to prove that
S{=} = R. Thus, by combining these results we obtain:

PROPOSITION. For any n > 2 there exists an action of {£} =7Z/27Z on
S = Ulsl(2n))/J(=wn + p)

such that STF} = U(sp(2n))/J (=@, + p).
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5. The structure of D(O(X)SC®)) asa U(sp((2n))-module .

5.1. Throughout this section we assume that k£ < n and we retain the notation of
(1.1). The aim of this section is to study the structure of D = D(T5°*)) asa U(sp(2n))-
module. We prove in particular that D is a Harish-Chandra (g, K)-bimodule, where
K = G = Sp(2n) and g = Lie(G) = sp(2n). Moreover D splits as a direct sum
of two simple (g, K)-modules; D = R® D_, for an appropriate module D_. This

decomposition illustrates a conjecture of Vogan (see (5.5) below).

5.2. Set R = Im{y : U(sp(2n)) — D(T°™)} and recall from Theorems 2.6 and
3.11 that DI} = R. This allows one to obtain detailed information about the structure
of D as an R-module. An automorphism « of a ring A is called inner if there exists a
unit u € A such that a(r) = uru™! for all r € A. If « is not inner then it is defined to
be an outer automorphism. The reader is reminded that the elements of the group {+}

are denoted by 1 and o.

PROPOSITION. (i) o is an outer automorphism of D.
(ii) Set D_ ={re D :0-r = —r}. Then D decomposes; D = R®D_ as an
R —bimodule.

(iii) D_ is projective and uniform as a left or right R —module, and is simple as an
R —bimodule.

PROOF: (i) Suppose that o is inner — say o -r = uru~! for some u € D. Since the
order of a differential operator is a degree function, every unit in D must have order
zero. Thus u € TS9() | But this implies that ¢ acts trivially on T°°®) | contradicting

Lemma 1.7.

(ii) If d € D then
d = Y(r+o-r) + {(r—0o-r) € R+D_.

Thus D = R®D_ as vector spaces and, clearly, D_ is an R—bimodule.
(iii) Since R C D(T")), certainly R is a domain. For any d € D_\ {0} one has

D_. = dD_. =1 C R

Thus D_ is a finitely generated uniform (right) R-module. Suppose, next, that D_ is
not simple as a R-bimodule. Then it has a proper factor bimodule; say D = Zi Rr;,
for some 7; € D. Since D_ = I, D = [/J where I and J are non-zero right ideals

of R. Since R is a Noetherian domain, the elements r; € D therefore have a common
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right annihilator. Thus

r-anng(D) = m'r—annR(m) # 0.

But r-anng(D) is then a non-zero ideal of the simple ring R (IV, Corollary 1.4), a con-
tradiction. Thus D_ is a simple R-bimodule. Finally, D is a simple ring, by Theorems
2.6 and 3.11. Thus [Mo, Theorem 2.4, p.21] and part (i) combine to show that D_ is

a projective R-module.

5.3. Recall from (II, 3.1) that G = Sp(2n) and G’ = O(k) are mutual commutators
in Sp(U~, < , >7). Thus the action of G on D(T) = D(X) restricts to give an action
on the fixed rings D(T)%°*) and D(T)°*) . We wish to use this to induce an action of
G on D.

LEMMA. The action of G on D(T)5°®) induces a locally finite action of G on D The
differential of this action is just the adjoint action of g = sp(2n), where g is identified
with its image in R. Moreover, the decomposition D = ReD_ is G -stable.

PROOF: By Theorems 3.11 and 2.6, the map ¢’ : D(T)°°*®) — D is surjective. Thus
the action of G on D will be defined by

g-o(d) = ¢(g-4d) for geG and deD(T)%°W.
In order to prove that this is well-defined it suffices to show that the ideal
Ker(¢') = {PeD(T): Px(T%°") =0}

is G -stable. Now, the action of G on D(T) is induced from its action on U~ = XoX™,
and so it is certainly a locally finite action. Thus, in order to show that Ker(¢') is G-
stable it suffices to show that Ker(y’) is stable under the differentiation of this action.
But by [Hol, Theorem 5] this is simply the adjoint action of g, where g is now identified
with its image in D(T)°*) under the metaplectic representation w. Thus let P €
Ker(¢') and X € g. Then

(X, P]*Tso(k) - X*(P*Tso(k))_P*(X*TSO(k))
=  — Px(XxT50W),

But as X € D(T)°®) | one has X x TSO%) C T7SO%) | Therefore [X, P]« T5°%) =0,
Thus [X, P|] € Ker(¢') and the action of G on D is indeed well defined. That this
action is locally finite and that its differential is the adjoint action of g both follow

immediately from the observation that these statements hold for the action of G on
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D(T)%°®) | Finally, as G and O(k) are commutators in Sp(U~), the action of G
on D certainly commutes with that of {£} = O(k)/SO(k). Thus the decomposition
D = RoD_ is indeed G-stable.

5.4. COROLLARY-DEFINITION. The ring D is a Harish-Chandra (g, K) -bimodule
for the group K = G and Lie algebra g = Lie(G) = sp(2n). In other words:

(i) D is a g-bimodule that is finitely generated as a left or right U(g) -module.
(ii) D is equipped with a locally finite action of the group K such that the differential

of this action is the adjoint action of g.
(iii) g - (wv) =[Ady(u)](g-v) forall ge K, ueU(g) and v € D.

(iv) Each isotypic component D, , for o € I/(\', is finite dimensional.

ProOOF: Parts (i), (ii) and (iii) follow immediately from (5.2) and (5.3). Since R is a
simple factor ring of U(g), the centre of U(g) must act by scalars on R and hence on
D. Thus part (iv) follows from [V1, Corollary 5.4.16].

5.5. The results of (5.2) and (5.4) illustrate [BV, Conjecture 3.18] (which is true
for g classical) and [V2, Conjecture 1.26] in the case when g = sp(2n). In order to
describe these applications, we will use the notation from [BV2] that was introduced in
Chapter IV.

Suppose, first, that k is even. Then the orbit Oy is special, *O; is even and
Uk = Ak + p is conjugate to A(Oy) (see (IV, 4.2, 4.3 and 4.4), respectively). To Oy (as
to any special nilpotent orbit) one may associate a factor of the component group called
the Lusztig canonical quotient, and written A(Oy). This is defined in [Lu, Chapter 13]
or [BV2, §4.4(a)], but all we need to know about it is that, in the present circumstances,

A(Oy) = Z/2Z (see [Lu, p.88]). Now, [BV2, Theorem III] gives a bijection between
A(O}) and the set of unipotent representations attached to Oy ; that is, to the set of
irreducible Harish-Chandra (g, K)-modules with central character (A(Og), A(Ox)) and
Gelfand-Kirillov dimension equal to dim Oj. In the notation of that theorem, (5.2)
and (5.4) imply that X, = R and X4, = D_ are the two corresponding unipotent
representations. Furthermore, the ring extension R C D satisfies the properties required

in [BV3, Conjecture 3.18].
Suppose, next, that & = n is odd. By (IV, §4), again, Oy is special, “O,, is even
but now A(Oyg) is not conjugate to ui (see (IV, Remark 4.4)). In this case [Lu, p.88]

implies that A(Oy) = {1} . Thus there is a unique unipotent representation attached to
Oy ; namely Xy, = U(g)/J(A(Og)). Note that Xi.4, is not now equal to R.
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Finally, suppose that 1 < k < n, but otherwise that k is arbitrary. Of course, Oy
need not be special (for £ < n odd — see (IV, Lemma 4.2)) but (5.2) and (5.4) are still
true. Thus to O we have attached two irreducible Harish-Chandra modules, R and
D_ and a ring extension R C D. It is known that the component group of G = Sp(2n)
is Z/27 and by (II, Lemma 6.7) Oy, is a normal variety. Thus (5.2) and (5.4) should be
viewed as an illustration of [V2, Conjecture 1.26]; in other words, the two extensions
RCR and RC D of R correspond to coverings of Oy, .



APPENDIX. GABBER’S LEMMA

A.1. The aim of this appendix is to prove the result announced as (III, Lemma 1.8);
that is,

GABBER’S LEMMA. Let g be a finite dimensional Lie algebra (over any field k) and
let M be a finitely generated, s-homogeneous left U(g) -module, for some integer s. Let

E be an essential extension of M and set
Sy = {finitely generated left U(g)-modules M’ such that
M CM' CE and GKdim(M'/M) <d—2}.
Then Sy contains a unique maximal element.

This will be proved using the homological techniques developed in [Bj, Chapter 2],
and so we will use that book as the basic reference for this appendix. As we remarked
earlier, the lemma is proved in [Le2] but, as that paper will not be published, it seems
appropriate to give a proof of it here. In fact since it seems to be a rather useful result,

we will actually prove the lemma in a slightly more general setting than that given above.

A.2. Tt is perhaps worth remarking on the commutative case of Lemma A.1 (thus,
when g is abelian) where one is, in particular, proving the following result. Let R be a

commutative domain of finite type over k, with quotient field @), and write

R = ({Ry:ht(p) =1}.

Then R’ is the unique, maximal R-module M such that R € M C @ with
GKdim M/R < GKdim R — 2. Then Lemma A.l is just the well-known observation
that R’ is a finitely generated R-module, and thus is contained in the integral closure
Rof Rin Q.

In this setting, R is also a finitely generated R-module and this prompts an amusing
question. Suppose that S is a prime factor ring of U(g), for g a finite dimensional Lie
algebra. Then, is S contained in, and equivalent to a maximal order S? (If S C T C
Q(S), then S is equivalent to T' if aTbh C S for some regular elements a,b € S. Further,
T is a mazimal order if it is equivalent to no ring T’ satisfying T CT' C Q(S) .) If g
is a semi-simple, complex Lie algebra and S is a primitive ring, then a positive answer
is given by [JS, Corollary 2.10].
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A.3. The setting in which we will prove Gabber’s Lemma is the following. Let
A=>" -,A, beafiltered ring such that the associated graded ring, gr A = @ A, /An_1
(where ;1_1 = 0) is a commutative Noetherian ring of finite homological dimension,
gldim(gr A) = w. We assume further that this dimension is pure; that is gldim(gr Am) =
w for each maximal ideal m of gr A. Note that, by [Bj, Theorem 3.7, p.44], this
implies that pu = gldim A < w < oo. The dimension of a gr A-module N, in the sense
[Bj, §5.7, p.64], will be denoted dimg,oN but, as usual, the subscript will be omitted

whenever this can cause no confusion.

Let M be a finitely generated, non-zero left A-module, equipped with an ex-
haustive filtration {¥,, : n > 0}. We will always assume that {3,} is a good fil-
tration; that is, that gr M = @ X,,/3,_1 is a finitely generated gr A-module. Define
d(M) = dimg, o(gr M) . This is independent of the good filtration {¥,}, see for example
[Bj, Lemma 6.2, p.69].

The hypotheses on A and any finitely generated A-module M ,as described above,

will remain in force throughout this appendiz.

A.4. The grade of the A-module M is defined by
J(M) = inf{j: Ext) (M, A)+#0}.
The existence of j(M) is, in particular, assured by the following result.

LEMMA. [Bj, Theorem 7.1, p.73] d(M) + j(M) = w.

We remark that this lemma also implies that d(M) > w — p holds for every A-
module M .

A.5. The significance of Lemma A.4 is that it allows one to use the homological
techniques from [Bj, Chapter 2] in order to prove Gabber’s Lemma. We need to set up
the appropriate machinery. Given a finitely generated A-module M, fix a projective
resolution

O — P — - — P — M — 0,

with each P; finitely generated. This complex will be denoted by P, = P,(M) with
dual complex

C* = C*M) = PF = Homu(P., A).

Observe that the homology groups of this complex are the groups Exti‘(M , A) and so
these Ext groups are, in particular, finitely generated A-modules. From now onwards

the subscript 4 will be omitted from Hom and Ext.
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Next, form a projective resolution (Q**®) for the complex C*, as defined, for exam-
ple, in [Bj, §4.15, p.58] or [CE, Chapter XV]. We will not give the construction here,
but merely note some of its properties. Following [Bj], the differentials are of degrees
—1 and +1:

GI:Q”’j — Q”_l’j but 8[1:Q”’j — Q”’j“.
Furthermore:

A.5.1. For all j, the complex (Q®7) is a projective resolution of C7 = C7(M).

A.5.2. For all j, the cohomology groups (H7(QV*),) (which are, again, finitely
generated A-modules) form a projective resolution of H?(C®) = Ext! (M, A).

A.5.3. There is a double complex K(M) of A-modules, defined by KP? =
Hom(QP1, A), with differentials induced from the differentials on (Q**).

A.5.4. By [CE, Proposition 1.2, p.363], this construction is functorial in M . Thus,
let f: M — M’ be a homomorphism of A-modules and write P, = P,(M’) for a
projective resolution of M’, with associated double complex K’ = K(M'). Then f
induces morphisms P, — P, and K** — (K’)**. In both cases, the induced morphism

will again be denoted by f.

A.6. As with any double sequence, one may associate to K = K(M) two spectral
sequences, EYY(M) = HYH},(K) and 'EY? = HY, H}(K). It follows easily from (A.5.2)
that

EYYM) = ExtP(Exzti(M, A), A).

Similarly, (A.5.1) implies that 'EY'? degenerates, with the only non-zero term being
'Eg™(M) = M (where we recall that = gldim A). Consequently, the total cohomology
H*(K) satisfies H"(K) =0 for n # p but H*(K) = M . (The detailed proofs for these
assertions are given in [Bj, pp.60-61].)

The first filtration I'C on the double complex K (see [Bj, §4.11, p.52]) therefore
induces an exhaustive filtration (I'y)M),cz on M = H*(K). Set

M(p) = EZP = Ip(M)/Tpr(M).
The relevant results from [Bj] about these objects are contained in the next result.

THEOREM. Assume that A and M are as in (A.3). Then:
(1) The filtration (I'yM) is finite. Indeed,

I \M=0 C oM C

N

r,M = M.
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Moreover, for 0 < p < p, I'y)M is the (unique) submodule N of M mazimal with
respect to d(N) < p+ (w—pu).

(ii)) EY? = FExzt?(Exti(M, A), A) = 0 if p<gq.

(iii) The convergence of the spectral sequence induces, for each 0 < p < p, an exact

sequence of A-modules
0 — M(p) -5 FEatr P(Ext'~P(M, A), A) — Q(p) — 0.

Here Q(p) is a subquotient of @{EL """ :0<i <p—2} and satisfies d(Q(p)) <
p+(w—p)—2.

PrROOF: This can all be found in [Bj, Chapter 2]. In particular, part (ii) is [Bj,
Corollary 7.5, p.73]. Parts (i) and (iii) then follow from [Bj, Theorem 4.15, p.61,
Theorem 7.10, p.75 and Lemma 7.3, p.74].

A.7. COROLLARY. (Notation A.3, A.6) Let uw : My — Ms be a homomorphism
between finitely generated A-modules. Then:

(i) w induces homomorphisms
ub?: EYI(My) — EYYM,)  and W' HY(K(M;)) — H'(K(My)).

(ii) Furthermore, uw(I',My) C u(I'pyMz) for each p and this induces a commutative

diagram:

LpMy /Ty 1My = M (p) — M;(p) = [pMy/Ty, 1 My

Jra-p J/Up
uPaP

EyP(M;) — EyP (M)
where o, is defined by Theorem A.6(iit)).
p

PROOF: Recall from (A.5.4) that the construction of /(M) is functorial in M . Thus
the map w induces a map between the complexes C(M7) and K(Ms;) and hence between
the various homological invariants. Moreover, the induced map on the invariants depends
only upon u (see for example [CE, Proposition 6.1, p.332]). Combined with Theorem
A.6, this proves all the assertions of the Corollary, with the possible exception of showing

that the induced map from I',(M;) to I'y(M2) (as homological invariants) is just the
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restriction of u. However, recall from (A.6) that H*(KC(M;)) = M; for i = 1,2. Thus

the map u* is none other than wu, and the result follows.

A.8. REMARK. It will be useful to have a concrete description of the map uh? of
Corollary A.7. Given a map u : M; — M, then, by functoriality, again, there exists an

induced map in cohomology
Ext!(u, A) : Ext! (M, A) — Ext!(M;, A).

Of course, by (A.5.2), Ext(u, A) is the map induced from u between the invariants
HI(C*(Mz)) and H7(C*(M;)). Combining this observation with the comments at the

beginning of (A.6) one deduces that u5? is the map

Ext?(Exti(u, A), A): ExtP(Ext!(My, A), A) — Ext?(Ext!(M;y, A), A).

A.9. A finitely generated left A-module M is called s-homogeneous if d(M) =
d(N) = s for all non-zero submodules N of M. We are now ready to prove our version

of Gabber’s Lemma.

PROPOSITION.  Assume that A and M satisfy the hypotheses of (A.3). Suppose
further that M is s-homogeneous, for some integer s, and that E is a (not necessarily

finitely generated) essential extension of M . Set

S = {all finitely generated left A-modules M’ such that
M C M CFE and d(M/M'") < s—2}.
Then S contains a unique maximal element M.

PRrROOF: Since § is clearly closed under finite sums, it suffices to show that S contains

one maximal element.

Note that, if N € S, then d(N) = s and, as M is an essential submodule of N,
that N is s-homogeneous. Set ¢ = s — (w — ). Then Theorem A.6(i) implies that
I'yv(N)=0if p<q while T',(N) =N if ¢ <p < p. In particular, N(¢g) = N. Now, set

N™e® = Egt=3(Ext*~*(N, A), A).

Note that N™% = EJ~>“7*(N), in the notation of (A.6), and that Theorem A.6(iii)
provides an embedding o, : N < N,

The proposition now follows easily from the next sublemma.
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A.10 SUBLEMMA. Let P, Q € S be such that P C Q and write u,, , for this inclusion
map. Then

(i) up, induces an isomorphism a, , : P™ — Q™ . Moreover

(e e’ =

P,Q M,Q"

(ii) There exist natural embeddings <, : P — M™% and 1, : Q — M™*,

Moreover, the restriction of ¥, to P s just v, .

PROOF OF PROPOSITION A.9: Consider the family {¢,(N): N € S} of submodules
of M™% obtained by means of part (ii) of the sublemma. Since M™? is a finitely
generated A-module (see, for example, (A.5)) this family contains a (unique) maximal
element; say 1 (M ). By part (ii) of the sublemma, again, M is then the maximal

element in S.

PROOF OF THE SUBLEMMA: (i) Write u = u, , and consider the short exact sequence

P,Q

0o — P % Q@ — Q/P — 0.

Applying Hom( ,A) gives the exact sequence
— FExt“ % (Q/P, A) — FEzt*"°(Q,A) — Ext* " °(P,A) —
— Bzt st Q/P,A) —

But, by hypothesis, d(Q/P) < s—2 and so Lemma A.4 implies that j(Q/P) > w—s+2.

Thus this long exact sequence reduces to an isomorphism
Ext*™*(Q, A) — Ext“*(P, A).

Applying FExt“~5( ,A) gives the isomorphism « By Remark A.8, this is precisely

P,Q °
the construction of the map uy >“~% of Corollary A.7(i). Also, by the functoriality of

Ext | one obtains the equation

Apo¥mp = Yue-

(ii) By the remarks made before the statement of the sublemma, Theorem A.6(iii)

provides an embedding o, : P — P™. Thus v, and 1, are defined by 1, =

« “lo, and ¥, = (« ~lo_ . Finally, by Corollary A.7(ii) and the final assertion
M,P P Q M,Q Q

of part (i) of the sublemma, the restriction of v, to P satisfies

—1

¢Q|P = (aM,Q) 0Q|P = (aM,Q)_l(aP,QUP) = ¢P'

This completes the proof of the sublemma, and hence of the proposition.
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A.11. REMARKS. Suppose, in the statement of Proposition A.9, that E is the injective
hull of M . Then it is easy to see that M is naturally isomorphic to

M™® = Egt=s(Bat“=* (M, A), A).

For, [Bj, Theorem 7.10, p.74] shows that M™% is s-homogeneous and Theorem A.6(iii)
implies that d(M™** /M) < s —2. It follows easily that M ™" is an essential extension

of M, and our claim now follows from the sublemma.

A.12 If A = U(g) is the enveloping algebra of a finite dimensional Lie algebra g
equipped with its standard filtration, then gr A = S(g) is a polynomial ring, and so
certainly satisfies the hypotheses of (A.3). Moreover, in this case, the dimension d( ) is
just Gelfand-Kirillov dimension. Thus Gabber’s Lemma (A.1) is indeed a special case of

Proposition A.9.

However, Proposition A.9 also applies in other situations — the most obvious case
is when A = D(X) is the ring of differential operators over a non-singular, irreducible,
affine algebraic variety X . In this case A is filtered by the order of differential operators,

and so this is certainly not a finite dimensional filtering.

There is a second class of rings of differential operators to which Proposition A.9
cannot be applied in its present form. For, suppose that R = C[zy, ... ,z,] is a ring of

formal power series and that

ﬁn = D(R) = R[@/axl, ,8/8£Un],

~

which we again filter by the order of differential operators. Then gr(D,) = Rly1, ... ,yn]
and it is readily checked that this ring does not have pure global dimension in the sense
of (A.3). Thus Proposition A.9 cannot be applied.

One can get around this problem in the following way. Suppose that B = @{B,, :
n > 0} is a commutative, graded, Noetherian ring with gldim B = w < co. Define B
to have pure graded dimension w, if gldim By, = w for every graded maximal ideal m
of B. It is fairly easy to check that the results of [Bj, Chapter 2, §7] still hold with this
assumption in place of B having pure dimension w. Since it is only in applying those

results from [Bj] that the concept of pure dimension was used, we obtain:

Proposition A.9 still holds if the assumption that gr A has pure dimension w s

replaced by the assumption that gr A has pure graded dimension w.

~

Of course, the point behind these comments is that the ring gr(D,,) does have pure

graded dimension w, and so Proposition A.9 can now be applied to this ring.
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